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QUASI-DEVELOPABLE MANIFOLDS

H. Bennett and Z. Balogh

In [R2] Reed and Zenor showed that a connected,
locally connected, locally compact normal Moore space‘is
metrizable. This result re-opened interest in the
general question of metrization of manifolds, pending the
solution of Wilder's Problem ([RZ], [R]).

Recall that a manifold is a connected regular Tl
space for which there is a natural number n such that each
point has a neighborhood that is homeomorphic to R".
Hence manifolds are locally compact and locally connected,
but not necessarily metrizable or, equivalently, paracom-
pact. The Reed-Zenor theorem has as a corollary that
normal Moore manifolds are metrizable.

For an excellent source of information on non-
metrizable manifolds see Peter Nyikos' article in [Nyl].

A natural generalization of a developable space is
a quasi-developable space. Recall that a space X is de-
velopable (quasi-developable) if there exists a sequence
(Gn: n € w» of open covers of X (collections of open sub-
sets of X) such that for each x € X, if U is open in X
and x € U then there is a natural number n such that
st(x,Gn) # # and st(x,Gn) C U. If a quasi-developable
space is perfect (= closed sets are GG sets) then it is
developable [B]. A regqular T, space that is developable

is a Moore space. It is shown in [BL] that if (Gn: n €



202 Bennett and Balogh

is a quasi-development for X and if x € U where U is open
in X then there exists n such that g # st(x,Gn) C U and
X is an element of only one member of Gn'

In this note an example of a qguasi-developable
2-manifold that is not developable is given. A different
example was independently obtained by Peter Nyikos [Ny2].
Also partial results are proved concerning the metriz-
ability of quasi-developable manifolds.

Let all spaces in this paper be Tl-spaces. The
following lemma (proved in [RuZ]) is -needed to develop

techniques used in constructing the example.

Lemma 1 [Ruz]. Let {Un: n € w} be a nested sequence
of open connected subsets of D' = (-1,1) (0,1) sueh that
ﬂ{cl(Un,D'): n € w} = 0 where cl(u ,D") denotes the
elosure of U, in D' with the relative topology from R°.
Furthermore let P, € Uy for each n € w., Then there is a
homeomorphism g of D' into D' such that:

(i) D' - g(D') is homeomorphic to J = [0,1),

(ii) D' - g(D') C cl({g(pn): n € w},D') and

(iii) p*' - g(D!') C Int(cl(g(Un),D'),D') for each n € w.

where Int(A,B) denotes the interior of A in B,
This lemma is a tool in the following definition.

Definition 1. Let M be a 2-manifold, D a subspace
of M homeomorphic to D', {Un: n € w} a nested seguence

of open connected subsets of D with ﬂ{cl(Un,M): n€wl=9g
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and Pp E'Un for each n € w, A Rudin-Zenor extension of M
with respect to D, {Un: n € w} and {pn: n € w} is a topo-
logical space M' described as follows:
Let\g be a homeomorphism of D into D as in Lemma 1.
Let g' be a homeomorphism of J onto D - g(D) where J is
a copy of [0,1) disjoint from M. Let g* be the union of
g and g' (thus g* maps D Y J onto D). Then M' is the
unigue topological space satisfying:
(i) the underlying set of M' is M U J,
(ii) M and J VU D are open in M',
(iii) M keeps its original topology as a subspace of
M', and
(iv) the subspace topology on D V J is such that g*
is a homeomorphism.
Notice the Rudin-Zenor extension of M adds one copy of J

to M.

Definition 2. Let M be a 2-manifold and A an index
set., Let D = {Da: o € A} where each Pa is a subspace of
M homeomorphic to D'. For each a € A let u, = {U(a,n):
n € w} be a decreasing sequence of connected open subsets
of D, such that N{cl(U(a,n) ,M): n € w} = # and let Ux =
{Ua: a € A}. For each o« € A and n € w, let p(a,n) € U(a,n)
and let P = {pla,n): n € w}. Let P = {Pa: a € A}. Let
J = {Ja: a € A} where each Iy is a copy of [0,1), Iy N Jg
=@ if o # B and each Ja is disjoint from M. The free

Rudin-Zenor extension of M relative to (D,U,P,J), denoted

by FRZ (M), is the unigue topological space such that
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(i) the underlying set of FRZ(M) is U{Ja: a € a} UV
M,
(ii) for each a € a, MU Ja is an open subspace of
FRZ (M), and
(iii) for each a € A the subspace topology of M U Ja

is a Rudin-Zenor extension of M.

Notice that FRZ (M) adds |A| many copies of J to M

and that FRZ (M) is a T,-space.

Theorem 1. Every free Rudin-Zenor extension is
locally RZ. It ts Hausdorff (and thus.a 2-manifold) if
the following property (*) holds:

(*) for each o,8 € A, o # B, there exists n € w such

that
cl(U(a,n),M) VU cl(U(B,n),M) = 0.

Proof. FRZ(M) is locally n2 since, for each o € 3,
MU Ja is a Rudin=-Zenor extension of M. The only diffi-
cult case for Hausdorffness of FRZ(M) is when x € Ja’

y € JB and a # 8. Property (*) covers this case.

In order to construct the desired example two topo-

logical spaces must be reviewed.

Example 1. (Example 2.17 of Gary Gruenhage's article
in [G]). Let B be a Bernstein subset of R and let
{Ba: a < 2“} be an enumeration of all countable subsets
of B such that cl(Ba,R) is uncountable. For each a < 2¥

choose
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X, € cl(Ba,R) \ (B U (xB: B < al)
and choose points xa(m) € Ba such that the sequence
(xa(m): m € w converges to X, in R. Let H = (xa: a < 29}
and X = B U H, Topologize X by letting points of B be
isolated and, if N(xa,k) = {xa} U {xa(m): n > k} for each
k € w, by letting (N(xa,k): k € w} be a local base at X, -
Then X is a locally compact quasi-developable space such
that H is not a G -subset of X (the details of these re-

§
sults are in [G]).

Example 2. This example is the Priifer Manifold P(R)
([Ra]) (see example 2.7 of Peter Nyikos' article in [Nyl]).
To construct this example collared copies of the real line
(i.e. [0,1) x R) are attached at each point of the x-axis
to the open upper half plane. Thus the Priifer manifold
as a point set can be visualized as a subset of R3. In
fact
P(R) = {(x,y,2): X ER, vy >0, 2z =0} U (UV{{x} x [0,-1)

x R: X € R}).

Let M(x) denotes the collared real line that is attached
at the point X on the x-axis. A Prlifer manifold can be
obtained from each subset S of R by attaching an M(x) to
the open upper half plane at each point x of S. The re-
sulting Priifer manifold P{S) is a developable 2-manifold
that inherits its topology from P(R). Notice that if §
is a countable discrete in itself (i.e. S contains no

limit points) subset of R then P(S) is homeomorphic to Rz
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(which is homeomorphic to D' = (-1,1) x (0,1)). Also

notice that P(S) as a point set is contained in R3.

Using these two examples the desired example can be

constructed.

Example 3. There exists a quasi-developable 2-
manifold 2 that is not developable.

Consider the set X = B U H of Example 1 as a subset
of the x-axis and let P(B) be the Priifer 2-manifold con-
structed over the Bernstein set B. Recall that H =
{xa: a < 2%},

For each o < 2%, let

Da = {(x,¥,2): X €ER, v >0, z=0} U

(U{M(Xa(n)): neEuwl.
Since {xa(n): n € w} is discrete in itself as a sub-

set of R, Da is an open subset of P(B) that is homeo-

morphic to D'. Let D = {Da: a < 2%},

For each o < 2%, let U(a,n) = A(a,n) YU B(a,n) where
A(a,n) = {(x,y,2) € RB:I(xa,O,O) - (x,y,0)] <
l/n,y > 0}
and
B(a,n) = UiM(x (m)):|x - x (m)] < 1/n}.

It follows that U(a,n) is an open connected subset of and
that Da,U(a,n) O U(a,n + 1) for each n € y, and

N{cl(U(a,n),P(B)): n € w} = 4,

Let Uy {U(a,n): n € v} and | = {Ua: a < 2w}. Let

p(a,n) (xa(n),0,0) for each ¢ < 2¥ and n € . Notice
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that p(a,n) € U(a,n). Let P, = {p(a,n): n € ¢} and P =
{P : a < 2%,
a

Let J = {Ja: a < 2¥} where each J, is a copy of (o, 1)

disjoint from P(B) and if a # 8, then I, N Jg = 0.

Let Z be FRZ(P(B)) with respect to (D,U,P,J). Notice
that P(B) satisfies property (*). Thus FRZ(P(B)) is a 2-
manifold.

To see that FRZ(P(B)) is not perfect consider the

subspace
Y = U{J : o <2} U {(x,0,0)0: x €B}.

Notice that B' = {(x,0,0) € FRZ(P(B)): x € B} is an
open subset of Y. Hence if FRZ(P(B)) was perfect, then
B' would be an F -set in Y. Assume B' = U{Fé: n € g}
where Fﬁ is closed in Y. There exists n € g such that
|F$| > w. Let F = {x € B: (x,0,0) € Fé}. Then F as a
closed subset in the space X of Example 1 contains a Ba'
In this space X, is a limit of Ba and hence of Fn. Thus,
in Y, J, is contained in cl(Fé,Y). But J NB' =4,

Thus B' is not an F0 and it follows that FRZ(P(B)) is not

perfect.

The following theorem is used to show that FRZ(P(B))

is quasi-developable.

Theorem 1. Let X be a regular, locally quasi-
developable, T,-space. The following are equivalent:
(1) X <s quasi-developable,

(ii) X Zs weakly submetacompact, and
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(iii) X has a g-relatively discrete cover by quast-
developable sets.
Proof. (i) » (ii) see [BL]. For (ii) - (iii) let
0(x) be an open quasi-developable subset of X containing
x for each x € X. Then {0(x): x € X} has a g-relatively
discrete refinement (that is also a cover) by quasi-
developable subsets. For (iii) - (i) let X = U{UF(n):
n € w} where F(n) = {F(n,a): a € In} is a relatively
discrete collection of quasi-developable (hence weakly
submetacompact) subsets of X. For each F(n,a) € Fn
there exists an open set U(n,o) such that
U(n,a) N (UFn) = F(n,a).
Fix n and o and for each x € F(n,a) let O(x) be an open
quasi-developable set that contains x such that 0O(x) C
U(n,a). Since {0(x) N F(n,a): x € F(n,a)} is an open
cover of F(n,a) it has a o-relatively discrete refinement
R(n,a) = {R(n,a,k): k € w that covers F(n,a). Fix k.
For each R € R(n,0,k) let V(R) be an open set in X such
that
{V(R) N F(n,a): R € R(n,a,k)}
witnesses that R{(n,a,k) is a relatively discrete collec-
tion. If R € R(n,a,k) let x(R) € F(n,a) such that R re-
fines O(x(R)). Let (G(n,a,k,R,m): m € ) be a guasi-
development for O(x(R)) N V(R) N U(n,a). Let
H(n,k,m) = {G € G(n,a,k,R,m): F(n,a) € Fn' R €
R(n,a,k)}

Then H = {(H(n,k,m): n € w, Kk € w, m € W is a
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quasi-development for X. To see this let x € U where U is
open in X. There exists n and a such that x € F(n,a)
and there exists k € w and R € R(n,a,k) such that x € R.
Then there exists m such that

st(x,6G(n,a,k,R,m)) CUNO(x(R)) NV(R) NU(n,a).
Hence st(x,g(n,k,m) cu.

Notice that the underlying set in FRzZ(P(B)) is
P(B) U (U{Ja: a < 2¥). since P(B) as a subspace is de-
velopable it has a og-relatively discrete cover and since
{Ja% a < 2%} is a pairwise disjoint collection it is ¢-
relatively discrete. Since FRZ(P(B)) is a manifold it
is locally quasi-developable. Hence, by the preceding
theorem, FRZ (P (B)) is quasi-developable.

The same argument as Peter Nyikos gives in [Nyl]

shows that FRZ(P(B)) is not normal.
The following question remains open:

Question 1. Is every hereditarily normal quasi-

developable manifold paracompact?

w
A partial affirmative answer is given if 2 L > 2Y.

w
Theorem 2. Assume 2 L > 29, Every hereditarily

normal quasi-developable manifold is paracompact.

Note that an actually stronger result was announced
without proof by one of the authors (see the remark after

Theorem 2.5 together with Lemma 2.1 in [Bal).
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According to that result "quasi-developable manifold"
can be weakened to "connected, locally c.c.c., hereditarily
weakly submeta-Lindelof space" in Theorem 2 (weakly
submeta-Lindelof = weakly 86-refinable). Since the proof
of the more general result has not appeared in print we

feel justified in giving a proof of Theorem 2 here.

Proof of Theorem 2, First recall a result of Taylor
[tal] showing each first-countable hereditarily normal

[A]

space has the following property under 2 L 2Y:

(#) if C is a cub subset of w, and {x,: « €Cl is a
weakly O-discrete set of distinct points then there is a
stationary subset S C C such that {xa: a € s} has an
expansion by pairwise disjoint open sets.

Now suppose indirectly that there is a non-
paracompact, hereditarily normal, guasi-developable mani-
fold X. Then X has a caonnected open submanifold Y of
weight wy. Let {Ua: a € wl} be an open cover of Y by
separable open subsets. Since Y is connected we can
choose, for each a € wys @ point

Yo € cl(U{UB: B < al)\ U{UB: B < al}.

Let C be a cub subset of w, such that L = {ya: o € C} con-

1
sists of distinct points. Note that L is locally count-
able and, thus, a o-scattered space which is hereditarily
weak submetacompact and, hence, weakly o-discrete ([NyZ],
Corollary 3.5). By (%) there is a stationary set S C wy
such that {ya: a € S} has a pairwise disjoint expansion

{Ba: o € S} by open sets. Since
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Yy € cl(V{Ug: B < a )\ U{Ug: 8 < al.

for each o € 8§ there is an f(a) < o such that Ba N Uf(a)

# @§. By the pressing down lemma there is a B € wy such
that f(a) = 8 for uncountably many o« € S. Therefore un-

countably many of the Ba‘s intersect U, violating the

B
separability of UB'
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