
Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings

Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA

E-mail: topolog@auburn.edu
ISSN: 0146-4124

COPYRIGHT c© by Topology Proceedings. All rights reserved.



Topology Proceedings
 

Vol 16, 1991
 

NOTE ON PARACOMPACTNESS IN PRODUCT 
SPACES 

AKIHIRO OKUYAMA 

1. INTRODUCTION. 

In the theory of product spaces one of the most interesting 
parts seems to investigate topological properties (P), (Q) and 
(R) in theorems of the following type: 

Let C be a class of all spaces with the property (R). The X 
 is a space with the property (P) if and only if X x Y has the 
property (Q) for any space Y in C. 

In view of this point, there are two excellent theorems, as 
follows: 

Theorem T (H. Tamano [5J). Let .:X: be a completely regular 
Hausdorff space. Then X is paracompact if and only if X x Y 
is normal for any compact Hausdorff space Y. 

Theorem M (K. Morita [lJ). Let X be a topological space. 
Then X is a normal ( Morita) P-space if and only if X x Y 
is normal for any metrizable space Y·. 

For a cardinal number m, X is called a P(m)-space, if for 
a set n of cardinality m and for any family 

{G(OI' ... ,Oi): 01, ... '01~ En: i E N} 

of open subsets of X such that 
(i) G(OI' ... ,Oi) C G(OI' ... , 0i, Qi+l) for 01···· , Qi, Qi+1 E 

!l; i E N, there exists a family 

{F(Ql' ... ,Qi): 01,·.· ,Qi E n; i E N} 
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of closed subsets of X satisfying two conditions below 
(ii) F(a1' ... ,ai) C G(a1' ... ,ai) for 01, ... ,ai E!l; i E 

N; 
(iii) X = U:1F(a1, ... ,Oi) if X = U:1G(01, ... ,Oi) for 

any sequence {ail, where N denotes the set of all natural num
bers. 

X is said to be a (Morita) P-space, if X is aP(m)-space for 
anym. 

The purpose of this note is to give another theorem of similar 
type as above theorems: that is, for the class Cof all [<-analytic 
spaces. 

In this note all spaces are assumed to be completely regular 
Hausdorff. 

2. THEOREM. 

Definition 1. A map F from a space Y to the power set of a 
- space X is said to be upper semi-continuous, if for each point 
y of Y and each open subset G of X containing F(y), there is 
a neighborhood U of y with U{F(y') : y' E U} c G. 

A space X is called a K-analytic space, if there exists an up~ 

per semi-continuous map F from NN to the non-empty com
pact subsets of X with U{F({) : { E NN} = X. 

Compact spaces and complete separable metric -spaces are 
all K -analytic ( cf. [3]). 

Definition 2. We say that a space X is a weak P(No)-space, 
if for any family 

{G(nl' ... ,ni): n1, ... ,ni E N; i E N} 

of open subsets of X such that 
(1) G(nt, ... ,nt) C G(nt, ... ,nt, nt+t) for nt, ... ,nt, ni+t E 

N; ieN; 
(2) U:tG(nl' ... ,ni) = X for any sequence {nil in N, there 

exists a family 
{F(nt, ... ,ni) : nt, ... ,ni E N; i E N}
 

of closed subsets of X satisfying two conditions below:
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(3) F(nl' ... ,ni) C G(nl' ... ,ni) for nl, ... ,ni E N; i E N 
(4) U:lF(nl, ... , ni) = X for any sequence {nil in N. 

Clearly, every P(No)-space is a weak P(No)-space; however, 
we do not know whether they coincide or not.1 

Proposition 1. Let X be a paracompact, weak P(No)-space 
and YaK-analytic space. -Then the product space X x Y is 
paracompact. 

Proof. By the assumption for Y, there exists an upper semi
continuous map 'P from NN to the set of non-empty compact 
subsets of Y with U{'P(e) : e E NN} = Y. 

Let U be an arbitrary open covering of X x Y. We are going 
to find a u-Iocally finite open refinement of U. 

Fix a point e = (nl, n2, ... ) of N'N. Since 'P(e) is compact 
and X is paracompact, there exists a locally finite open cov

ering {Ye,Q : Q E Ae} of X and for each Q E Ae there exists a
 

 finite family We,Q of open subsets of Y satisfying the following
 
conditions: 

(1) V(,Q x 'P(e) c Ye,Q x (UWe) for each Q E Ae, 
(2) {Ye,Q x W: W E We.Q} < U. 

Since 'P is upper semi-continuous, for each Q E Ae there exists 
ke,Q E N such that u'P(T(elke,Q)) C UWe,Q' where for e= 
(nl, n2, .. . ) E NN elk denotes the finite sequence (nl' n2, ... , 
nk) and T(elk) = {" E NN : '1lk = elk}. . 

Let N i be the i-fold product of N". For each (nl, ... , nil E 
N i and a natural number j with j ~; i, put 

G'(nl, ... nj) = U{V(,Q : ke,Q = j, eLi = (nl' ... , nj), Q E Ae} 

and 

G(nl' ... ,ni) = U{G'(nl' ... ,nj):j = 1,2, ,i}. 

Then we can easily see that for each e= (nl, n2, ) E NN 
the family {G(nl' ... ni) : i E N} is an open covering of X. 
Furthermore, the family {G(nl, ... ,ni) : nl, ... ,ni E N, i E 

1Professor S. Watson pointed out that they are distinct; that is, there 
exists a weak P(Na)-, non-PeNal-space. 
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N} satisfies the assumption (1) for X being a weak P(~o)
space. 

Since X is a normal, weak P(~o)-space, there exists a family 
{H(nl' ... ,ni) : nl, ... ,ni E N, i E N} of open subsets of X 
satisfying the following conditions: 

(3) H(nl' ... ,ni) C G(nl' ... ' ni) for each nl, ... , ni E 
N; i E N, . 

(4) U{H(nl' ... ,ni) : i E N} = X for each e= (nl, n2' ... ) E 
NN. 

Since X is paracompact, for each (nl' ... , ni) E Ni there 
exists a locally finite family V(nl' ... ,ni) of open subsets of X 
which satisfies the following conditions: . 

(5) U{V : V E V(nl' ... , ni)} = H(nl, ..... , ni), 
(6) V(nl' ... ,ni) refines {Ye,o : ke,o < i, elke,o = (nl' ... , 

nkE,Q)a E Ae}· 
According to (6), correspond each V E V(nl' ... , ni) to Yev,ov 
with V c Yev,ov. 

Now, we show that for each (nl' ... ,ni) E N i the fami
ly Q(nl' ... ,nil = {V x W: V E V(nl' ... ,ni), W E 
Wev,ov} is locally finite in X x Y and it covers H(nl' ... ,ni) x 
(Ucp(T(nl' ... ,ni))). Since V(nl' ... ,ni) is locally finite and 
each Wev,ov is finite, Q(nl' ... ,ni) is locally finite in X x Y. 
It remains to show that Q(nl' ... ,ni) covers H(nl' ... ,ni) x 
(Ucp(T(nl' ... ,ni))). . 

Let < x, y > be an arbitrary point of H(nl' ... ,ni) x (U~(T 

(nl' ... ,ni))). Since y E Ucp(T(nl' ... ,ni)), there exists TJ E 
NN such that y E (TJ) and TJli = (nl, ... ,ni). By (5) there 
exists V E V(nl' ... ,ni) with x E V and by choice of Yev,ov 
we have V c Yev,ov. Let j = kev,ov. Then by (6) we have 
j < i and evlj = (nl, ,nj). By the choice of kev,ov' we 
have cp(1/) C Ucp(T(nl' ,nj)) C UWev,ov and hence, there 
exists W E Wev,ov with y E ~ As a consequence, we have 
< x, y >E V x ~ which shows the remaining part. 

Let Q = U{Q(nl' ... ,ni): (nl' ... ,ni) E N i, i EN}. Then 
by (1), (2) and (6) "refines U and, hence, "is a O'-locally finite 
open refinement of U. This shows that X x Y is paracompact. 
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Proposition 2. Let X X NN is paracompact, then X is a weak 
P(No)-space. 

Proof Let {G(nl' ... ,ni) : nl, ... ,r;ti E N; i E N} be a family 
of open subsets of X, which satisfies conditions (1) and (2) in 
Definition 2. Then 

U = {G(nl' ... ,ni) x T(nt, ... ,ni): nt, ... ,ni EN; i E N} 

is an open covering of X x NN. By the assumption, there exists 
a locally finite open covering {L,\ : A E A} of X x NN such 
that {L,\ : ,X E A} refines U. For each (nt, ... ,ni) E N i and 
,X E A put L(nl' ... ,ni;'x) = U{W: W is open in X and W x 
T(nl' ... ,ni) C L,\}. Then {L(nl' ... ,ni; A) x T(nl, ... ,ni) : 
nt, ... ,ni E N, i E N, ,X E A} is an open covering of X x NN. 

Again, for each (nl,... ,ni) E Ni and ,X E A there exists 
(ml' ... mj) E Nj such that L(nl' .. " ,ni; A) x T(nl, ... ,ni) C 
L,\ c G(ml' ... , mj) x T(ml, . .. ,mj) holds. In this case, we 
have j < i and n/c = m/c for k = 1, ... ,j and, hence, 
G(ml' ... , mj) = G(nt, ... ,nj) C G{nt, . .. ,nj, ... ni). 
Put 
M(nt, , ni; A) = U{L(nl' ... ,nj : A) : j ~ i, L(nl' ... ,nj;'x) 
C G(nl' ,nj, ... ,ni)}. Then {M(nl' ... ,ni; A) x T(nl' ... , 
ni) : nl, ,ni E N, ,X E A, i E N} is an open covering of 
X x NN such that M(nl, ,ni; A) x T(nl, ... ,ni) ~ L,\ and 
L(nl' ... ,ni; A) C G(nt, ,ni) hold. 

Finally, for each (nl' ,ni) E Ni put F(nl' ... ,ni) = 
U{M(nt, ... ,ni; A) : A E A}. Then F(nl' ... ,ni) is a closed 
subset of X, because {LA; A E A} is locally finite and 
{M(nl' . .. ,nj;,X) x T(nl' ... ,ni) : 4~ E A} refines {L,\ : ,X E 
A}. 

To complete the proof we show that {F(nl, . .. ,ni) : nl, . .. , 
ni E N, i E N} satisfies conditions (a) and (4) in Definition 2 
for X x NN. By the construction, (3) is clearly satisfied. It 
remains to show (4). Let < x, ~ > be an arbitrary point of 
X x NN, where ~ = (nl' n2' ... ). Since {L(nl' ... ,ni : ,X) x 
T(nt, ... , ni) : nt, ... ,ni E N, i E N, ,X E A} covers X x NN, 
there exist ,X E A and ml, ... mk E N such that < x, e>E 
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L(ml' ... mk; A) x T(ml' . .. ,mk) holds. By eE T{ml'. · · mk) 
we have nj = mj for j :5 k and, hence, x E L(nl' ... ,nk; A), 
which is contained in M(nl' . .. ,nk; A). As a consequence, we 
have x E F(nl' ... ,nk), which shows U{F(nl' ... ,ni) : i E 
N}=X. 

As a consequence, we have the following theorem. 

Theorem. For a space X, X is a paracompact, weak P(No)
space if and only if X x Y is paracompact for any K -analytic 
space Y. 

3. COMMENT. 

As for Theorem T in Introduction X x Y is normal for any 
compact Hausdorff space Y if and only if X·x Y is paracompact 
for any compact Hausdorff space Y. Also, as for Theorem M 
in Introduction, if X is paracompact, then X x Y is normal for 
any metrizable space Y if and only if X x Y is paracompact for 

. any metrizable space Y, because for a paracompact space and 
a metrizable space M the normality of X x M is equivalent 
to the paracompactness of X x M (cf. [4]). Relating to these 
fact, here is one question: 

If X x Y is normal for any]{-analytic space Y, then is X x Y 
paracompact for any K -analytic space Y'I 
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