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"APPROXIMATIONS
 

TERENCE WILSON 

ABSTRACT. Suppose Y is a compact metric space and 
T : Y -+ Y is continuous. Let £, denote the set of cluster 
points of {TRxo}, Xo E Y, and let £,' denote the derived 
set of £'. We consider questions, raised in an earlier note, 
about the cardinality of £, \ £,' and T [,' \ [,', and discuss 
briefly the (non)existence of fixed points of T. 

Let Y be a compact metric: space, let T : Y --+ Y be contin­
uous and let Xo E Y. For n = 0, 1,2, ... , set Xn = Tn(xo), let 
8 = {xn}~=o and let X = cl{s). For any A C Y, we will denote 
the derived set of A by A'. Following [1], which followed [2], we 
write £ for X'. Assume 8 is infinite. Then [, =F 0, T£ =[, and 
£1 C T£'. It was shown in [1] that [, \ [,' is countable (more 
generally, of course, if Z is a second countable, Hausdorff space 
and A C Z then A \ A' is countable); necessary and sufficient 
conditions for T[,' = [,' were given; it was shown that one does 
not always have T£' = £'; and it was also shown that £' need 
not consist entirely of fixed points, even that £1 need not have 
a single fixed point. This answered two questions raised in [2]. 
The authors of [1] then asked the following questions. 

(1) Suppose £ \ [,' =F 0. Is £ \ [,' infinite? Does [,' contain 
a fixed point of T? 

(2) What are necessary an'd sufficient conditions that £' con­
sist entirely of fixed points of T? 

(3) Can T [,' \ [,' be infinite? 
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The answer to both questions in (1) is "not necessarily." We 
will give a sufficient condition for £\£' to be infinite. Question 
(2) seems quite difficult, and we will not say too much about 
it. The answer to (3) is "yes." 

Our approach will be to begin with a s'et and a map hav­
ing the desired properties of T, £ and £' and work back­
wards to obtain {xn }. Naturally, most of our answers in­
volve the construction of examples, even example schemas. 
Before proceeding, we give some terminology and technical re­
sults which will make the construction of our examples more 
efficient. From here on, A denotes a compact metric space, 
Z = A x 1 (1 = [0, 1]) and 9 : A --+ A is a continuous sur­
jection. Suppose 8 = {xn}~=o C Z such that (i) A = 8', (ii) 
the function To defined by Toxn = Xn+l is continuous on 8 

and (iii) To has a continuous extension T to cl(8) such that 
TIA = g. Then 8 will be called a generating sequence for g. 

-Thus, if a generating sequence exists, we have £ = A and 
9 = TI£, whence many questions about T, £ and {,' become 
questions about g, A and A'. Given a sequence 8 = {xn}~=o, 

set 80 = {X2n}~=0 and 81 = {X2n+l}~=O. If each of 80 and 81 is 
a generating sequence for g, we will say 8 can be split. 

Suppose A is connected and D is a countable dense subset 
of A. It is easy to obtain a sequence {Pn} C A such that 
the distance between succeeding terms goes to zero and such 
that each element of D occurs infinitely often in the sequence. 
Then {(Pn' lin)} is a generating sequence for the identity on 
A. The reader may easily convince himerself that any such 
generating sequence can be split. On the other hand, suppose 
A is the disjoint union of two open sets U and V and glU is 
the identity on U. Suppose, further, that 8 is a generating 
sequence for g. Then every subsequence of 8 in U x 1 must 
have all of its cluster points in U, which means that B n(V x I) 
is finite. Therefore, no such sequence exists. It follows that if 
a generating sequence for 9 exists and p is a fixed point of 9 
then pEA'. (We will say more about this later.) However, 
Example 3 will show that 9 may have any finite number of 
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fixed points. 
Now suppose there is a generating sequence for g: A --+ A, 

suppose q : A --+ B is continuous and suppose there is a con­
tinuous map f : B --+ B such that q 0 9 = f 0 q. Let q be the 
extension of q to Z where q(a, b) = (q(a), b). Then if {Xi} is a 
generating sequence for g, {q(Xi)} is a generating sequence for 
/. 

Define a transitive relation ~ on A by a ~ b =for some n, 
gft(b) = a. Let C be the set of all maximal ~-chains. Note that 
if c E C E C then C is the union of {gn(c)}~=o and a maximal 
comparable subset of {g-n(c)}~l. We will use C to denote 
both the chain C and its underlying set in A. Thus, if C (as 
the underlying set) has a single cluster point P, we may write 
C ~ p. Consider the following properties: 

(1) For all a E A, there is an n such that gn (a) is a fixed 
.point of g. 

(2) Every <-chain is well ordered. 
(3) There are no nontrivial cycles. (A cycle is a finite subset 

{ao, ... ,an-d of A such that g(a,) =a'+l(mod n) for all i. 
A cycle is nontrivial if necessarily n ~ 2.) 

(4) < is a partial order. 

Obviously, (1) <=> (2) ~ (3) <=> (4), and (4) # (2). Also 
observe that if C E C then giG is one-to-one. 

Lemma. Suppose (2) holds, and let C E C. Then C converges 
to a fixed point ofg. 

Proof. Observe that for all C E C, either C is infinite or C = 
{a} where a is a fixed point. Suppose C is infinite. Let X be a 
cluster point of C. By hypothesis, there is an n such that p = 
g"(x) is a fixed point of g. Let {Xi} be a sequence of distinct 
points of C converging to x. Since giG is one-to-one, {gft(Xi)} 
is a sequence of distinct points of C converging to p. Suppose 
that necessarily, n > 1. Let U be an open neighborhood of p 
missing (g-l(p) n C) \ {pl. There is a sequence {Pi}, cofina} 
in {g"(Xi)}, such that for all j, g(pj) ¢. U. But then g(p) ¢. U 
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which contradicts the fact that P is a fixed point. Therefore 
n = 0 and P is the only cluster point of C. 

In general, the point to which C converges need not be in 
C. Let A be the union of the harmonic sequence and {O} 
and define 9 by 9(0) = 0, 9(1) = 1 and for n = 2, 3, ... , 
g(l/n) = l/(n - 1). If C is the maximal chain whose least 
element is 1, then C -+ 0 but 0 fI. C. Note that there 'is no 
generating sequence for this function, however. Naturally, we 
may redefine 9 by setting 9(1) =O. 

Corollary. Suppose, in addition to the hypotheses of the lem­
ma, that 9 has exactly one fixed point and C is countable. Then 
there is a generating sequence for g. 

Proof. Well order C as {Gi } and for all i, let Gi = {ak(i)}~o 

such that for k > 1, 9(ak(i)) = ak-1(i). For all n, i ~ 1, let 
s(i,n) denote the string an (i),an -1(i), ... ,ao(i). Let {Xk} 
denote the sequence which arises from concatenating strings 
as follows: 

s(l, 1) · s(2, 2) · s(l, 3) · s(2, 4) · s(3, 5) · s(l, 6) · s(2, 7) · 

Then {(Xk, 11k)} is a generating sequence for g. 

Theorem 3 will show that, under the hypotheses of the lem­
ma, the fixed point must be unique. 

We now turn to question (1). 

Example 1. Let B = {Xi} be a generating sequence for the 
identity on I and let A = B U I. Let {.An}~=1 be a sequence of 
copies of A such that for all i and j, Ai and Ai are coplanar 
and the An's converge to a single point Po. Let {Pi}:1 ·be 
a sequence of distinct points in the plane containing the arcs 
where Pi -+ Po. For n = 1,2, ... , let hn : An +1 -+ An be 
a homeomorphism which preserves order in each coordinate, 
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i.e., hn merely scales up A n+1 • Let [,0 = {UA~} U {Po}, and 
for k > 1, set [,k = [,k-l U {Pk} . .Define 9k : [,k -+ [,k by 

hn(x) if x E A~+l' n ~ 1 
PI if x E A~ 

Pn+l if x = Pn, 1 < n < k 
Po if x = Po or Pk. 

This is shown schematically below. 

_I .... ...- . . ..-- . 
~ ~ ~ ~ ~ ~ ~ ~ 
I__~_. t 

Figure 1 
Denote the generating sequence for the identity on A~ by {Xi(n)} 
and let Yi(n) = (Pn' l/(n+i)). The sequence xI(I),Y2(1), , 
Yk+l (k), Xk+2(2), Xk+3(1), Yk+4 (1), . .. ,Y2k+4(k), X2k+S(3), , 
is a generating sequence for gk. It is not too hard to see that 
if we set [,00 = U[,k with 9 = limgk then we can obtain a gen­
erating sequence for [,00. Note that [,k \ [,k = {PI, ... ,Pk}. 
This schema gives proof to our first theorem. 

Theorem 1. £'\£" may have any cardinality A where 0 ~ A < 
No. 

Theorem 2. Suppose £,' =1= 0 and T is at most No-to-l . Then 
£, \ £,' is either empty or infinite. 

Proof. Suppose [, \ [,' = {PI, , Pm}. Then there exist 
pairwise disjoint open sets lI, V'i, ,Vm with [,' C U and 
Pj E ~ for j = 1, ..., m and there exists a subsequence 
{x~} C ~ which converges to Pj for j = 1, ... ,m. For some 
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j, there must be a subsequence {x~Ie}' each point of which is 
mapped to U. It follows that Tpj E U. Since T£ = £, there 
must be an x E £, \ £" such that Tx = Pi for some i. Then 
there is an open neighborhood N of x, with N c U, such that 
TN C Vi. By Theorem 3 of [1], {,' is perfect which means 
that N n £" is uncountable. Since T is at most No-to-l and 
T(N n £") c Vi n [" Vi n [, is uncountable. But Vi n [, is 
countable. 

Suppose 9 has a generating sequence {Xi} that can be split. 
Let Y be the disjoint union Y U Y where Y is a copy of Y. 
Given any point or set I of Y, 1 will denote the corresponding 
point or set in Y. Let S : Y -+ Y be the map which switches 
x and x. The set of cluster points of {(ST)n xo } is [, U f, and 
(£ U l)' = [,' u l'. However, there is no fixed point of ST. 
This leads one to ask, If £, \ £' ~ 0 and £' is connected, 
does £' contain a fixed point of T? Again, the answer is "not 
necessarily" as the next example shows. 

Example 2. For convenience, we employ complex notation. 
For all n, let an = 1 + lin, let 8 1 = {z : Izl = l} and set 
A = 81 U {an}~=1 U {-an}~=1. Define 9 by 

-z if Z E S1 
an if z = an, n ~ 2 

g(z) = -an if z = -an,n 2: 2 
1 if z = -a1 

-1 if z = aI 
- z otherwise. 

For even n let 8 n denote the string {zo, ... ,zn} C 8 1 where 
Zo = Zn = -1 if 41n, and Zo = Zn = 1 if 4 f n; and let t n 

be the string an, -an-I, ... ,a2, -a1 if 41n and -an, ... ,a1 
otherwise. Let {Zi} be the sequence formed by concatenating 
strings as follows: 82· t2 • 84 • t4 • 86 • t6 • ••• • For all n ~ 1, set 
Xn = (zn, 1/n) E Z. Then {xn} is a generating sequence for g. 

Hence, if £' is a continuum, it may consist entirely of fixed 
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points, have no fixed points or have some, but not all, of its 
points be fixed points. The same trichotomy occurs if [,' is not 
connected. This leads to question (2). We note that if [,' # 0 
and x E X is a fixed point of T then x E [,'. The obvious 
sufficeint condition for [,' to consist entirely of fixed points is 
that [,' be a singleton. Question (Q2) at the end of this note 
suggests another condition. 

Example 3. Let A = {(x 2 y)ly = 0,1;0 ~ x ~ 1} U 
{(x,y)lx = O,l;y = 1/n,1-·1/nforn = 2,3, ... } Define 9 
by 

(O, l/(n - 1)) ify = I/n,n ~ 3 
(0,1 - l/(n -t. 1)) if y = 1 - l/n, n 2: 2 

g(x,y) = (1,1 - l/{n _. 1)) if y = 1 - lin, n ~ 3 
(I, I/{n +1)) ify = I/n,n > 2 
(x,y) otherwise. 

For all n, we define the following finite sequences: 

Fn,l = {{k/2n
" 1, l/n))%:o 

Fn ,2 = ((1, 1 - I/k, I/n))k = n2 

Fn ,3 = {(I, I/k, I/n))k=3 
Fn ,4 = ((1 - k/2n 

, 0, l/n))k=o 
Fn ,5 = {(O, I/k, l/n))%=n 
Fn ,6 = ((0,1 --I/k, 1/n))i:=3 

Note that in Fn ,2 and Fn ,5 the sequence runs "backwards". 
Define 8n by concatenating the Fn,i'S in order, i.e., 8n = 
Fn,l • Fn ,2 • Fn ,3 • Fn ,4 • Fn ,5 • Fn ,6. Let 8 = 8 1 • 8 2 • 83 • ••• • 

We may easily modify the example in such a way that A' 
consists of any finite number of arcs and glA' is the identity on 
A'. Furthermore, we may replace any of the arcs with points. 

Example 3 shows that if [,' has a finite number of com­
ponents then it may consist entirely of fixed points. Is this 
condition necessary for £' to consist entirely of fixed points? I 
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do not know, and again, refer the reader to (Q2). Obviously, 
if 'card(£') ~ 2 then one necessary condition is that nC = 0. 
Although we have nothing more to say about question (2), we 
do have more to say about nC. 

Theorem 3. Suppose 9 : A -+ A contains no nontrivial cycles. 
Then if nC :F 0,- 9 .has. e.xactly one fixed point. 

Proof. Note that A can not be finite. Note, too, that there is 
at most one fixed point. Now, if nC has no upper bound then 
there can be only one maximal chain. If there were only one 
maximal chain and there were no least element, then 9 would 
be one-to-one and every point of A would be a cluster point of 
A, which is impossible since C is countable. Thus nC has a least 
element which must be the one and only fixed point. Suppose 
nc has a least upper bound, say a. Then nC = {gn(a)}~=o. 

Suppose nC is infinite. Let p be a cluster point of nC. For 
 some m, gm(p) E nc, and for all n ~ 0, gm+n(p) is a cluster 
point of nC contained in nC. But again, this implies that A is 
uncountable. It follows that nC has a least element and hence, 
9 has a fixed point. 

Finally we show that T[,' \ [,' can be infinite by modifying 
the first example given in [1]. 

Example 4. Let (an) be a strictly decreasing sequence with 
limit 0 and at = 1. For ea~h n, let (bn,k)k be a strictly increas­
ing sequence with limit an such that bn,t > an+t. For n ~ 2 
and for all k, let (Cn,k,j)j be a strictly increasing sequence with 
limit bn,k' where en,l,l > an+l and for k > 2, Cn,k,l > bn,k+l. 
Let A = {O, an, bn,k' Cn,k,jln, k,j > I}. Define 9 : A -+ A by 
9-1(0) = {O,l,bt,klk ~ I}; g-l(bt,k) = {b:z,k,C2,k,jlj ~ I} for 
all k; for n ~ 2 and all k, g(an) = an-l and g(bn,k) = bn- l ,k; 
and for n ~ 3, for all k, for all j, g(en,k,j) = en-l,k,j. Now, 
g(A') \ A' = {b l ,klk ~ I} is infinite. Easily,C is countable 
and nC = {O}. Therefore, there is a generating sequence for 
g. Hence, T [,' \ [,' can be infinite. Notice that 9 is at most 
No-to-l. 
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We pose two questions. 

(Qi) When do generating sequences exist? 
(Q2) Assume A is countable. Suppose a generating sequence 

exists for 9 and suppose 9 has a fixed point p. Let AQ .denote 
the o:th derived set of A and let 0:0 be the least ordinal such 
that AQO is finite. Is p E AQO? (If so, then if card(l') = w, 
£' can not consist entirely of fixed points.) More generally, is 
AQ C g(AQ) for all o:? 

I wish to thank Jim SoloIIion for calling these problems to 
my attention, and I wish to thank David Bellamy for an illu­
minating discussion about fixed points, derived sets and count­
able ordinals. Finally, we point out that today l would most 
commonly be referred to as the w-limit set of x (under T). 
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