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NONCONTRACTIBLE HYPERSPACE WITHOUT
R'-CONTINUA

CHOON JAI RHEE! AND KUL HUR

ABSTRACT. We resolve the following question of Chara-
tonik in [1,Question 21, p.214] affirmatively: Does there
exist a metric continuum X such that its hyperspace
C(X) of subcontinua is not contractible and C(X) con-
tains no R’-continuum?

1. PRELIMINARY.

Let X be a metric continuum with metric d. Denoted by
C(X) the hyperspace of all nonempty subcontinua of X en-
dowed with the Hausdorff metric H induced by d which is
defined by H(A,B) = inf{e > 0 : A C N(¢,B) and B C
N(e,A)}, where N(¢, A) = {z € X : d(z,a) < € for some a €
A}. And if A = {z} then we agree that N(e, {z}) = N(e, z).
We shall also be considering the hyperspace C(C(X)) = C*(X)
with the Hausdorff metric H? induced by H and C3(X) with
its metric H® induced by H2.

For each point z € X, let T'(z) = {A € C(X) : z € A}.
T(z) is called the total fiber of X at z. T'(z) is always closed
and arcwise connected subset of C(X). An element A € T'(z)
is said to be admissible at z in X if, for each ¢ > 0, there is a
6 > 0 such that each point y in the é-neighborhood of = has an
element B € T(y) such that H(A, B) < e. Let A(z) be the set
of all elements of T(z) which are admissible at z in X. A(zx)
is said to be the admissible fiber at z in X. We denote the

1The author expresses his gratitude to Korean Science and Engineering
Foundation and Won Kwang University for the support.
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246 CHOON JAI RHEE AND KUL HUR

total fiber and the admissible fiber at B € C(X) in C(X) by
A(B) and T (B) respectively. Let M be the set of all z € X
at which T'(z) # A(z). M is called the M-set of X [9]. Corre-
spondingly we denote the M-set of C(X) by V. The points in
the complement of the M-set of a metric continuum are called
k-points of the space. For more about the admissibility and
M-set, we refer [7, 8, 9]. And the concepts of R'-continua are
given in [2].

An order arc in C(X) is an arc a in C(X) such that if
A Bea,then ACBor BCA. If C,D € C(X) and C C D,
C # D, then there is a nondegenerate order arc in C(X) with
end points C' and D [6]. We call such arc an order arc in C(X)
from C to D.

We enlist a few known facts on connectedness im kleinen and
local connectedness in C(X) and several new results relating
to order arcs.

(1.1)Lemma [7, Propositions 1.5 and 1.6 |. Let X be a
metric continuum. (1). For each z € X, {z},X € A(z) and
A(z) is closed. (2). If A,B € C(X) such that A € A(a),
B € A(z), and z € AN B, then AU B € A(a).

(1.2) Lemma. Let X be a metric continuum. If X is con-
nected im kleinen at ¢ € X then z is a k-point of X.

Proof: Let € > 0 and A € T(z). Since X is connected im
kleinen at z, let U be the $-neighborhood of z and let V be
é6-neighborhood of z, 0 < 6 < £, such that if y € V then z
and y lie in a connected subset C of U. Let B = C U A. Then

H(A, B) < €. Therefore A € A(z).

(1.2.1) Lemma. Let X be a metric continuum and z € X.
Then the total fiber T'(z) is a closed and path-connected subset
of C(X). Thus if z is a k-point, then A(z) is path-connected.
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Proof: T(z) is clearly closed and X € T(z). If A € T(z),
then there is an order arc from A to X. If z is a k-point, then
A(z) = T(z) so that A(z) is path-connected.

(1.3) Lemma [10, Proposition 2 |. If X is a metric con-
tinuum such that A(z) contains an order arc from {z} to X
for each z € X, then A(zx) is path-connected.

Proof: Let A € A(z). Let a be an order arc in A(z) from {z}
to X. Then the set 8 = {AUA; : A; € a} is contained in A(z)
by part (2) of (1.1), and it is easy to see that § is an order arc.

(1.4) Lemma [1, Corollary 16 |. Let X be a metric con-
tinuum. If, for each x € X, the admissible fiber A(z) is
path-connected, then X does not contain any R*-continuum for

i € {1,2,3}.

Eberhart’s lemma can be restated as follows.

(1.5) Lemma [3, Lemma 2.1.2 |. Suppose an element A €
C(X) contains a point at which X is connected im kleinen.
Then C(X) is connected im kleinen at A.

(1.6) Corollary. If X is locally arcwise connected at a € A
and A is a point of C(X), then C(X) is locally arcwise con-
nected at A.

Proof: Let V be a connected e-neighborhood of a in X and
let O be the e-neighborhood of A in C(X) and B € O. Let
y € VN B and C be a subcontinuum of V which contains both
a and y. Let o and 3 be order arcs in C(X) respectively from

Aand Bto AUBUC. Then aU B C O. Therefore there is
an arc in O joining A to B.

(1.7) Corollary. Let N be the M-set of C(X). Then, for
each A € N, X is not connected im kleinen at any point of A.

Thus UN is entirely contained in the set N of all points
at which X is not connected im kleinen.
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Let D be a subset of a metric space X. Let C(D) = {B €
C(X):B cC D}. For A€ C(X),let H(A,C(D)) =inf{H(A,B) :
B € C(D)}. The next lemma is contained in [5, Theorem 2].

(1.8) Lemma. Let A € C(X). If, for each open set U in X
containing A, there is a § > 0 such that H(A,C(D)) > § for all
~components D of U not containing A, then C(X) is connected
im kleinen at A.

Proof: Let O, be the e-neighborhood in C(X) of A. Let Ug
be the £-ball about A in X, and let C be the component of
Us containing A. Let 0 < é < § such that H(4,C(D)) = 6
for all components D of Ug different from C. Let V be the é-
neighborhood of Ain C(X) and let B € V. Since H(A, B) < 6,
BND = 0 for all components D of U ¢ different from C. Hence
B C C. Let as and ap be order arcs respectively from A and
B to C. Then a4 Uag C O, so that there is an arc in O,
between A and B.

(1.8.1) Lemma. Let A € C(X). If C(X) is connected im
kleinen at A, then the admissible fiber A(A) at A in C(X) is

path-connected.

The proof is similar to that of Lemma (1.2).

Suppose « is an order arc in C(X). When we say a is
parametrized we mean a = {A:}, t € [0,1], is parametrized
in such a way that A, C A; whenever s < t. We call Ay the
initial element of a and A; the terminal element of a. De-
fine a; = {A, € a: 0 < s < t} for each t € [0,1], and let
& = {as}iepo1)- Then each a; is an order arc in C(X) and &
is an order arc in C?(X). We say that & is the order arc in

C?(X) induced by «.

(1.9) Theorem. Let a = {Ai}iepy) and B = {Bt}telo,ll be
parametrized order arcs in C(X). Let & = {ai}ier and f =
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{Bs}ser be the induced order arcs by o and (3 respectively. Then
H%*(a,B) < € if and only if H3(&,B) < e.

Proof: Suppose Hs(&,B) < e. Since U4 = a and UB = B and
H2(Ué&,UB) < H3(é,B) < ¢, we have H?(a, f) < .

Suppose H?*(a,8) < €. Let oy, € &. Then ay, is an order arc
from Ao to As. Then there is an element B,, € 3 such that
H(A, Bs,) < €. Let 3, € B be an order arc from B, to B;,,
such that H(A;,, Bs,) < €. We show that H?*(ay,,Bs,) < € by
contradiction. Suppose there is an element A; € oy, such that
H(A:, B;) 2 efor each 0 < s < so. In particular, H(A;, By,) >
e. Let By € B such that H(A;, By) < €. Then sp < s’ so that
B,, C By . But then (i). By, C By and H(A; By) < €
imply that B,, C By C N(e¢, Ay), and (ii). A; C A and
H(A:y, Bs,) < € imply that A, C A;, C N(¢, By,). Combining
(i) and (ii) we have H(A;, B,,) < € which is a contradiction.
Thus for each A; € oy, there is an element B, € 3, such that
H(A:, B) < €. Similarly one can show that, for each B, € 8,,,
there is an element A; € ay, such that H(A;, B;) < €. There-
fore we have H?(ay,, Bs,) < €. Since ay, and B, are arbitrary,
we have H3(&, 3) < e.

(1.9.1) Corollary. Let a = {A;}se[0,1) be a parametrized order
arc. Let & = {a;}efo) be the induced order arc by a. If, for
each € > 0, there is 0 < § < € such that whenever By € C(X)
with H(Ag, Bo) < 6 there is an order arc § with the initial
element By such that H*(o, 8) < €, then each a; € A(Ao).

(1.10) Lemma. Let X be a metric conitinuum. Let o =
{Ai}teoq) be an order arc in C(X) from Ao to A;. Let C €
C(X). (a). If AoNC # 0 and A1 \ C # 0, then the set
B ={CUA; : A € a} is an order arc in C(X). Further-
more, if, in addition, H(C, Ao) < € then H*(a, ) < €. (b). If
CNA; #0,C\ A1 #0, B is an order arc in C(X) from A, to
A1UC , and H{CU Ay, A1) < ¢, then vy = a U f' is an order
arc from Ag to C' U A, such that H*(a,v) < €.
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Proof: First we prove that the set § is a continuous image of
a. Define g : a — B by g(A:) = C U A; for each A; € a.
Let € > 0. Let A, As € @ such that H(A;, A;) < €. Then
H(g(A:),9(As)) = HCU A;,,CUA,) < H(A,As) < € by
[7, Lemma 1.4]. Hence g is continuous. It is clear that g is
onto. Since 3 is linearly order by the strict set inclusion C, we
use a Whitney map u : 8 — [p(Ao U C), u(A; U C)] which is
one-to-one and onto. Hence 3 is an order arc.

Now suppose H(C, Ap) < €. Let CUA; € 8. Then H(A;,CU
A;) = H(ApU A, CU A;) < H(C,A;) < € by [7, Lemma 1.4].
Hence H(g(A:), At) < €. Hence H?*(a, 8) < e.

The proof for the part (b) is similar.

(1.11) Lemma. Let X be a metric continuum. Let o = {A; }ser
be an order arc in C(X) from Ao to Ay such that Ay has a
point a at which X is connected im kleinen. Then, for each
€ > 0, there is a 6 > 0 such that if B is an element of the 6-
neighborhood Vs of Ao in C(X) then there is an order arc 8 in
C(X) from B to an element of C(X) such that H*(e, 8) < €.

Proof: Let 0 < 7 < 3 min{e, H(Ao, A;)}. Since X is connected
im kleinen at a, there is 0 < § < 7 such that the component
D of N(3,a) containing a contains N(é,a). Let Vs be the é-
neighborhood of Ag in C(X) and B € V5. Then BN D # 0 so
that BUDUA, is a subcontinuum of X. Since D is contained in
the closure of N(Z, Ag) and B C N(8, Ao), we have BUDUA, C
N(7,Ap). This fact together with Ay C N(7,B U D U Ay)
yields H(B U D U Ay, Ay) < 7. Since Z < H(Ap,A;) and
Ao C Ay, we have Ay C N(7,A;) and A; ¢ N(7,Ap) so that
A\ (BUDUA) #0. Let 32 ={BUDUA, : A, € a} to
be an order arc in C(X) from BU D U Ay to BU D U A, such
that H?(e, #?) < 7 by the part (a) of (1.10). Let 8' be an
order arc in C(X) from B to BU D U Ay, and let 8 = g U 82.
Then B is an order arc from B to BU D U A;. We show that
H%*(a,pB) < €. For each C € f', we have BC C C BUDU Ay
and H(Ao,C) < H(Ay, BUDUA,) < 7 and H?({Ao},8") < .
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Thus this fact together with H?(a, 8?) < 7 yields H?(,8) <
T <€

Definition. A continuous mapping f of a topological space X
onto a topological space Y is said to be confluent if, for each
subcontinuum K of Y, each component of the inverse f~!(K)
is mapped by f onto K.

A pair {{X,}22,, f} consisting of a sequence {X,}2, of
pairwise disjoint subcontinua of a metric space X and a con-
tinuous map f : US2,X, — X is said to be a c-pair if it
satisfies the following property: for each n, the restriction
f| X, = fn: X, = Xois a confluent map and f is the
identity map on Xy such that, for each ¢ > 0, there is an NV
such that f7!(z) C N(e,z) for all z € X, and for all n > N.

Let {X,}22, be a sequence of subsets of a space X. Denote
the limit superior of the sequence by LsX,, the limit inferior
of it by Li:X,, and the limit of the sequence by LtX,,.

(1.12) Lemma. Let {{X,}2,, f} be a c-pair. Then LtX, =
Xo and LtC(X,) = C(Xo).

Proof: Let us first prove that LtX, = X,. It is clear from
the definition that X, C LiX,. Let z € LsX,, and {z,,}?2,,
z,, € X,,, be a sequence which converges to z. By the con-
tinuity of f the sequence {f(z,,)}20 = {fr.(Zn,)}20 con-
verges to a point y € Xo. Let € > 0 be given. There is
a positive N; such that f,, (z.,) € N(5,y) for all & > N;.
By the hypothesis, there is a positive integer N, such that
Tny € filfri(Zn,) C N(5, frp(2n,)) for all & > N; so that
Zn, € N(e,y) for all k > max{N;, N;}. Therefore y = z € Xo.
Thus LsX, C X,. This proves that Lt X, = X,.

We now prove the second part. Let ¢ > 0. Let N be an
interger such that f;!(z) C N(e,z) for all z € X, and for all
n> N. Let K € C(Xp). For n > N, let B, be a component
of f71(K). Then B, C U{f;'(y) : y € K} C N(e,K). On
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the other hand for each z € K, there is some y € B, such
that f.(y) = z. So that d(z,y) < e. Hence z € N(¢,y). Thus
K C N(e, By). Therefore H(B,, K) < €. This proves that the
e-neighborhood of K in C(X) intersects C(X,) for all n > N.
Hence C(X,) C LiC(X,).

Now suppose B € LsC(X,). Since LtX, = X, it is obvi-
ous that B € C(Xo). Thus LsC(X,) C C(Xo). This proves
C(Xo) = LtC(X,).

(1.13) Theorem. Let {{X,}22,, f} be a c-pair. Let e > 0 and
let a be an order arc in C(Xo). Then there is a positive interger
N such that, for each n > N, there is an order arc T in C(X,)
such that H*(a,7) < €. Futhermore, if A is the initial point of
o which contains a point at which Xy is connected im kleinen,
then there are a positive integer N and a §-neighborhood Vs of
A in C(U2,X,) such that, for n > N and for each element
B € Vs N C(X,) there is an order arc v in C(X,) having its
initial point B such that H*(a,v) < e.

Proof: We prove the first part. Let € > 0 be given. Let «
be an order arc in C(X,) from Ay to A;. We parametrize
a = {At}iepo,) so that A, C A; and A, # A, whenever s < t.
Let N be a positive integer such that f;!(z) C N(e, z) for all
z € Xp and for all n > N. For each fixed n > N, let By be
a component of f;!(Ap). We fix this component. Let 8, be
the collection of all B, where B; is the component of f;!(A;),
A; € a, which contains By. We claim that there is an an
order arc in C(X,,) containing ,. Let B; be the component of
f7Y(A;) which contains By. Let S, = {B € C(B,) : By C B}.
We give an relation < on S, to be B, < B if B, C B and
B, # Bg. Then < is a strict partial order. We claim that 3,
is a simply ordered subset of S,,. To see it let By, By € B,.
Let A, A; € a such that B; and B; are the components of
71 (As) and f;'(A,) respectively containing By. Since « is
also simply ordered set by < we may assume that A; C A,
and A, # A;. Then by the confluency of f,, it is easily seen
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that B, < B:;. The transitivity is obvious. So that 8, is simply
ordered set. Then by the maximal principle, there is a maximal
simply ordred subset 7 of §,, containing 3,. Then 7 is an order
arc in C(X,) from B, to B;.

We show that H%(a, 7) < e. First we note that (i). H(A;, B;) <
e for each t € [0,1].

We show that (ii). if B € 7\ S,, then there is A;, € o such
that B < B,,, fo(B) = As, and H(B, A;,) < €.

Let B € 7\ B, be an arbitray element. Then By < B < B;.
Let S={s:B;<B}and T ={t: B < B;}. Then Sand T
are both nonempty. We let s = sup S and ¢ty = inf T. Then
So S to.

Let {tm}°_; be a decreasing sequence in T' which converges
to to, and let { B, }2°_; be the corresponding sequence of ele-
ments of §,. Without loss of generality we assume that { B, }>°_,
converges to C' € T and the sequence {A;_ }3_, converges to
A4,. Since By, < By, for all m, B;, C LtB; = C. On the
other hand by the property of the map f,, we have C C B, .
Hence we have C = B,,. Therefore B < B,, = C.

Now let {s,}2_; be an increasing sequence in S converg-
ing to so. We may again assume that the corresponding se-
quences {B;,}%_, and {A,,, }2_, converge to C' € 7 and A,,
respectively. Then B, , < C' =X B,, for all m and C' <X B.
Since sg < to, we also have B;, < B;,. Hence we have either
B < B,, or B, < B. If B;, < B, then there would exist an s,
S0 < 8 < to, such that B,, < B, < By,, B, € ,. This contra-
dicts the choice of either sg or to. Thus we have C' < B < B;,.

Since fn(B;,) = As, — fa(C') as m — oo, and A,, =
fn(Bs,), we have f,(B) = A,,.

We now show that H(B,A,,) < e. Since B C B,, and
H(B,,,As,) < €, we have B C N(¢, As,). Let z € A,,. Then
there is y € BN f;7!(z) such that y € f;'(z) C N(e,z). Hence
z € N(e,y). As, C N(e, B). Therefore H(B, A;,) < e

Now we combine (i) and (ii), one conclude that H?(a,7) < €.

We prove for the second part. Let N be a positive integer
such that f;'(z) C N(%,z) for all z € Xp and all n > N. Let
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A € C(X,) contains a point a at which X, is connected im
kleinen. Let Z = U;’;’_OX . Since X is connected im kleinen at
a, there is 0 < §; < 5 such that the é;-neighborhood N(é;,a)
in the subspace X of a is contained in the component C of
N($5,a). Since the induced map f* : C(Z) — C(Xo) by f
is continuous at A, there is a 0 < § < 6; such that the é-
neighborhood V5 of A in C(Z) \ UY_,C(X,) is mapped into
the é;-neighborhood Vs, of A in C(X,).

Let B € Vs N C(X,) for some n > N. Then H(A,B) < §
and H(f.(B),A) < é so that H(f.(B),B) < £.

Since fo(B) N C # @ (becuase H(fu(B),A) < é1, f(B) =
fa(B), and f(A) = fo(4) = A ), AU fa(B) UC is a sub-
continuum of Xo. Let 7 be an order arc in C(Xj) from A to
AU f(B)UC and let 7, = {AUf,(B)UCUA, : A; € a}. Then
7 = 1, U T, is an order arc in C(X,). Since H(A,AUC) < <
(C € N(5yya) € N(55,4)) and H(A, £,(B)) < &, H(4, AU
CuU f.(B)) = H(A U A,AUCU f,(B)) < max{H(A,AU

C),H(A, fa(B))} < < by [7, Proposition 1.5], we have
H*(e,m3) < & by (1.8).

Now let A’ € 7. Then A’ C AUCU{,,(B) so that H(A, A") <
H(A,AUCU f,(B)) < £ by [9, (0.63.3), p.34]. This means
that H*({A},n) < . Hence H*(o, 7) < .

Let D be the component of f7'(AU C U f,(B)) which con-
tains B. Let 4; be an order arc in C(X,,) from B to D, and
let 4, be an order arc in C'(X,) whose initial point is D such
that H?(73,72) < § which is provided by the first part for £.
Let 4y = 41 U~;. Then « is an order arc in C(X,).

In order to show H?*(a,v) < €, we show first that H*(y1,71) <
19¢

For each B' € v, H(A,B) < H(A,B) + H(B,B'). Since
H(B,B')=H(B,BUB') < H(B,D) by [9, (0.63.4), p.34], we
compute H(B,D) < H(A,B) + H(A,AUCU f,(B))+ H(AU
C U f.(B),D) < 17‘ So that H(A,B') < ££. On the other
hand, for each A’ E 1y H(A’ B) < H(A, A’) + H(A,B) <
H(A,AUCU f,(B)) < %. Combining these two, we conclude
that H?(r;,m) < 2%
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Since H?*(73,72) < §, we see that H?*(7,vy) < X%. Hence
H*(a,y) < H*e,7) + H*(1,7) < % < e. This completes

30
the proof.

2. NONCONTRACTIBLE HYPERSPACE WITHOUT
R*-CONTINUUM.

Charatonik exhibited a dendroid X [1, Example 5, p.209]
without R'-continuum whose hyperspace C(X) is not contrac-
tible. We take this space X to prove that C(X) does not con-
tain any R'-continuum by showing that the adimissible fiber
A(A) at A in C(X) is path-connected.

Let X be the dendroid (Example below). We use the same
notations as in the example. We need some additional nota-
tions: Let T, be the triod in (), whose vertices are c,, a,, and
d,. Let T, be the image under the central symmetry map g
with respect to the origin b. We denote the unique arc between
two points = and y by [z,y]. If z = y then [z,y] = {z}.

We now define several subsets of C(X): For each positive
in teger n, let £, be the collection of all triods A in T, \ {a,}
such that one vertex of A is a point of the half-open interval
[¢n, bs), the other vertex lies in [d,,, b,), the third vertex of A lies
in [b,,a,) ( here we allow the third vertex can be b,). Let L,
be the set of all images of elements of £, under the symmetry
map g. Let K; = {A € C(X): A contains a point at which X is
locally connected }. Let K, be the set consisting of only the
vertical arc [c,a]. Let W = K; UK, U (U2, (£, U LY)).

Lemma 2.1. C(X) is connected im kleinen at each A € W.

Proof: If A € Ky, we apply (1.5). f A e K, UL, UL
apply (1.8) or [5, Theorem 2].

/
ny We

For each positive integer n, let U, = C(T,, \ (X1 U L,) and
let U] be the collection of all images of elements of U, un-
der the symmetry map g. Let V = C([c,a]) \ K2 and let
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N =VU (U2, (U, UUL)). Now one can easily show that:

Lemma 2.2. N =C(X)\W.

Proof: Let A € C(X)\W. Then A C UZ,([Tn \ {a.}] U
[T\ {a.}]) U [c,a]. Since all T,,, T., [c,a] are disjoint, either
AcCT,\{a.}, A C T\ {a,} for some n, or A is a prop-
er subset of [c,a]. Also A & (L, U L) for any n. A must be
an arc in X such that either A € V or A € (U, UU.) for some n.

Proposition 2.3. Let X be the dendroid. Then, for each A €
C(X), there is an order arc in A(A) from A to C(X).

Proof: Suppose A € W. Then C(X) is connected im kleinen
at A. So that A is a k-point of C(X) by (1.2). Hence A(A) =
T(A), where 7 (A) is the total fiber at A in C(X). Thus any
order arc & in C*(X) from {A} to C(X) is contained 7 (A) so
that & C A(A).

Suppose A € N. Since each element of A is an arc in X,
we write A = [z,y] with the end points z and y.

Let A€ V. Let ¢c <z <y < a. We find an order arc
& =& U d, from {A} to C(X) in A(A) as follows:

Let o = {[(1 —t)z + tc,(1 —t)y + ta] : t € [0,1]}. Then a is
an order arc in C(X) from A to [¢, a]. For convenience, we let
A; =[(1—t)z +tc,(1 —t)y + ta]. Then a = {A; : t € [0,1]}
such that A = Ap and [c,a] = A;. For each t € I, let a; =
{As € @:0 < s <t}. Then o is an order arc in C([c,a]) for
each t € (0,1] and &; = {e; : t € I} is an order arc in C?*(X)
from {A} = o to oy = a. We note that [c,a] € ;.

We show that o, € A(A) for each ¢ € [0, 1].

Suppose z # c. Then we take the following c-pair {{X,}32,, f}:
For each n, let X3, = Qn, Xon-1 = @, Xo = [c,a], and
frn : Xn — Xo the horizontal projection. Then each f, is a
confluent map and f = UX,f, : U2,X, — X is contin-
uous and fp is the identity on X,. For ¢ > 0, let N and
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8 > 0 be the same as in the proof of (1.13). We choose 6y,
0 < 6, < min3{d(z,c),6,¢,d(a,y)}. Let B be an elemen-
t of the &;-neighborhood of A in C(X). Then B is entirely
contained in @, (or Q). Hence by (1.13), there is an order
arc v in C(Q,) (or C(Q%)) such that H?*(a;,v) < € and so
that H3(&;,4) < € by (1.9). Hence there is 4, € 4 such that
H?*(ay,v,) < €. If B € C([c,a]), by (1.10) we have an order
arc 4 € C?*(X) such that H?(a;,7) < € so that H3(¥,é&) < e.
Hence, by (1.9.1) a; € A(A) for each t € [0,1].

If £ =c,let N and 0 < é be the same is in (1.13) for 5. Let
B € C(X) and H(B, A) < 6. If B in entirely contained in @,
or in @/, then we get the same v and 4 as above. Otherwise
B must contain more than one ramification points a, of Q.
Let a!, € B such that d(al,,c) > d(a!,c) for all a], € B, and
let C = [al,,c]. Then H(A,CUA) < é and H(B,C U A) < 6.
Then applying (1.10) twice we get an order arc v in C'(X) with
the initial point B such that H?(y,a;) < € so that and 4 such
that H3(&4,%) < e. Hence there is an element v, € 4 such that
H?%(ay,7s) < €. This proves that «; € A(A) for each t € [0,1].

Let &; = {o:}ier be any order arc in C?(X) from a; to
C(X). Since [c,a] is a k-point of C(X) and [c,a] € a; C oy
for each t € I, ; € A([c, a]) for each t € I. Since a; € A(A),
o: € A([c,a]), and [c,a] € a1 N0y, ay U oy = o € A(A) by
(1.1). It is clear that & is an order arc in A(A) from o = {A}
to C(X).

Now suppose A = [z,y] € U, UU.. Suppose A € U,,. Then
either A C [c,,a,] or A C [d,,a,]. We prove only for ¢, < z <
y < a,. Let € > 0 be given. Since a, € A, so we must have
d(y,a,) > 0. There are two cases to consider:

Case 1. ¢, < z < b,. Let 0 < € < ;min{e,d(y,an),
d(bn,an),d(z, [bn,dn])}

Let e,, be the unique point of the intersection of [cpm,an]
and the horizontal line y = (1 — €’). For each m, let e, be the
unique point of the intersection of [c,,a,] and the horizontal

line, and let e be the point in the intersection of the line and
[¢n,an]. Then d(a,,e0) = €. Let {{X,,}m=0,f} be the c-pair
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defined by, for each m, X, = [y m,em] and Xy = [cn, €0] and
fm ¢+ X — X, be the horizontal projection of X, onto X,
and fo the identity on X and f = US_, f,n. Then each f,, is a
confluent map and f: Z = U2 X,, — X is continuous. Let
a' be an order arc in C(X) from A to [z, €] and let o® be an
order arc in C(X) from [z, eg] to [z,a,]. Then o! is an order
arc in C(X,) and a = o Ua? is an order arc from A to [z, a,].
We note that, since H([z, eo], [z,a,]) < €, H} (e Ua?,a?) < ¢
by (1.10). Let & = {ot}se[o1] denote the induced order arc by
a. Now let N and § > 0 be given by (1.13) for €. Let Vs
be the é-neighborhood of A in C(X), and B € VN C(Z). If
B € C(X,), m > N, then there is an order arc 8 from B
such that H2(a',8) < € by (1.13) and H3(4!,8) < €, where
a' = {04 }iepo,1) and B = {Bt}tefo,1) are the induced order arcs by
a' and B respectively as in (1.9). If B € C(T,,) then BNA # §
and H(B, A) < é; so that the order arc 8 obtained by (1.10)
is such that H%(8,al) < & and H3(j,4') < ;. In any case,
we have H?*(a, 8) < H*(a* Ue?,a') + H*(a?, 8) < 2¢' < e and
hence H3(&, ) < € by (1.9). Furthermore, one can show that,
for each oy € &, thereis 8, € § such that H(ay, 8,) < €. Hence
a; € A(A) for each o;. Let & = {a;}er and let ¥ = {7s}ser
be any order arc in C?(X) from o; to C(X). Since [z,a,] €
a; € A(A) and [z,a,] is a k-point of C(X) and &; C «, implies
[z,a.] € v; for each v, € 4, so that by (1.1) v, € A([z, a,]) for
each 7, € 4. This prove that & U 4 is an order arc in A(A)
from {A} to C(X).

Case 2. b, < z. In this case we let 0 < ¢ < 3{¢,d(y,a,), 15}-
We need two c-pairs. Let {{Xn}2_o, f} be the c-pair for this
€ as in Case 1. Let y = (1 — €') be horizontal line. For each
positive integer m, let e/, be the point of the intersection of
the line y with [dy m,a,]. Let ) the point of intersection of the
line y with [d,,a,]. Let

Y., = [pl,,e,] for each m and Yy = [d.,e}]. Let g :
Y. — Yo be the horizontal projections. Let ¢ = Ug,. Then
{{Y }2 o, 9} is a c-pair. Let o' be an order arc in C'(X) from
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[z,y] to [z, e0] and let o? be an order arc in C(X) from [z, eo]
to [z,a,). Let = o' Ua®. Then a is an order arc in C(X)
from [z,y] to [z,a,]. Applying the same technique and argu-
ment as in Case 1 with each one of the c-pairs, we see that
each element o; of the induced order arc & = {A:}p1) by «
is admissible at A = [z,y] in C(X). This order arc & is an
order arc in C%(X) from oy = {A} to a; = a. As before, we
let 4 = {7:}tepo,1) be an order arc in C?*(X) from a; to C(X).
Since [z, a,] € &1 € A(A), and [z, a,] is a k-point of C(X) and
[z,a,] € v for each v; € 4, we have v, € A(A) for each v, € ¥
by (1.1). Thus @ U4 C A(A) is an order arc in C?(X) from
A = og to O(X).

Corollary 2.4. C(X) does not contain any R'-continuum.

By (2.3) there is an order arc in A(A) from A to C(X) for
each A € C(X). Hence by (1.3) and (1.4) we conclude that

C(X) does not contain any R’-continuum.

Charatonik’s Example [1, Example 5, p.209]. In the
Euclidean plane let a = (0,1), b = (0,0), ¢ = (0,—1) and
for each positive integer n let a, = (27°",1), b, = (27°,0),
cn = (276G 1), and d,, = (2-©*~1, —1). For each positive
integer m, let by, = (2737(1 — 20m+9),0), ¥, . = (27°"(1 +
2-(m+3)) 0), o = (27CH)(1 — 2-(m+3)) _1) and d,,, =
(2—(3n—1)(1 + 2—(m+3)), _1)

For each n let Q,=[ax, bn]U[bn, ¢, ]U[br, dn]UUR_; ([br,m, an]U
[enmy bn,m]) U U=y ([0m) @] U [dnm, b7, 1n]). Let Y'=[a,a:] U
[a,c] UUSZ, @~ and let Q' and Y’ respectively be the images
of @, and Y under the symmetry map g with respect to the
origin b. Finally we put X =Y UY".
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