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DENSE PERIODICITY ON FINITE TREES 

ROBERT P. ROE 

ABSTRACT. Those continuous functions from a finite 
tree into ~tself for which the set of periodic points is dense 
in the tree are described. 

Introduction. We consider those continuous functions of 
a finite tree into itself for which the set of periodic points is 
dense in the tree. This generalizes the' results of Barge and 
Martin [B-M] where they considered continuous mappings of 
an interval for which the set of periodic points is dense in the 
interval. 

We show there is a collection (possibly finite or empty) 
{J1, J2""} of nondegenerate subcontinua of the tree and a 
positive integer N such that fN (Ji) = Ji' and for all i, there 
is a point Xi E Ji such that {fNk(Xi) Ik 2: O} is a dense set 
in Ji , and if x tt UiJi then fN(x) = x. Thus, after we have 
taken care of the various "rotations" that nlay occur amongst 
various branches of the tree, we are left with regions where 
complicated dynamical behavior is occurring. In fact, in [R2, 
Theorem 3.4] it was shown that a mapping with a dense orbit 
on a finite tree also has sensitive dependence on initial condi
tions. Hence, fNIJi satisfies Devaney's [D] definition for being 
a chaotic map. 

Definitions and Notation. By a finite tree we mean the 
connected union of finitely many arcs intersecting in their end
points such that the space contains no loops, that is the union 
of the arcs is a hereditarily unicollerent continuum. A point 
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x is periodic of period n, where n is a positive integer, if 
fn(x) = f (In-l(x)) = x. The point x has prime period n if 

for any positive integer k having the property that fk(x) = x 
then n divides k. 

By a continuum we mean a compact connect metric space. 
A continuum X is decomposable if there exist proper subcon
tinua Hand K of X such that X = H U K ,otherwise X is 
indecomposable. Equivalently, X is decomposable if there is a 
proper subcontinuum of X having nonempty interior. 

If X is a continuum and f is a mapping of X into X, we 
will denote the inverse limit space having f as its sole bonding 
map and X as the single base space by (X, f). That is, 

(X,f) =	 {(XO,XI,X2, . .. ) IXi E X
 
and f(Xi+l) = Xi for all i ~ O}
 

where the topology is generated by the metric 

d( (xQ, xl, · · . ), (YQ, Yl, · · · )) = L
00 

IXi - Yil/2i 
i=O 

and IXi-Yil represents the metric on the continuum X. Through
out we will denote elements of the inverse limit space using 
underlined letters as in ~ = (XO, Xl, ... ). 

If f: X ~ X is a continuous surjection define the mapping 
1: (X, I) ~ (X, I) by j ((XQ, xl, ... )) = (J(xo), f(Xl), ... ) = 
(/(xo), Xo, Xl, ... ) is a homeomorphism and is sometimes re
ferred to as the induced or shift homeomorphism. The func

tions 1rn: (X,I) ~ X defined by 1rn((XQ,Xl"")) = Xn are 
projection maps and are continuous. Finally, if H is a subset 
of a topological space X we denote the interior of a set H with 
respect to X by int(H) and the closure of H by cl(H). 

Results. We begin by proving several lemmas which corre
spond to extreme cases. The main result, Theorem 5, is then 
proven by decomposing the general situation into these special 
cases. 
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Lemma 1. Let T be a finite tree and suppose that j : T ~ T 
is continuous, the ·inverse limit space (T, j) is indecomposable 
and the set of periodic points of j is dense in T. Then there 
exists a point x in T such that {jnk+ j (x) In E Z+} is dense in 
T for any positive integer k and any non-negative integer j . 

Proof: Let U be an open set in T and let J be the closure of a 
component of U. Suppose that p E int( J) is a periodic point 
of j having period r. Let L ~ cl(U{jnT(J)ln E Z+}). Since p 

is a fixed point of jT, L is a subcontinuum of T. 
Assume that L =1= T. If jT(T\L) = T\L then f-T(L) = 

L. Since fT(L) = L, (L, jTIL) is a proper subcontinuum of 
(T, fT) having nonempty interior. This implies that (T, fT) is 
decomposable. But (T, fT) is homeomorphic to (T, f) which 
was given to be indecomposable. This contradiction implies 
that there exists a point y E T\L such, that fT(y) E L. If 
in fact jT (y) E int (L) then it follows then that there exists a 
periodic point q E T\L, close to y, such that fT(q) E int(L). 
Suppose q has period m. Then fTm(q) = q. But fTm(q) E 

L. This would contradict q E T\L. Hence, if y E T\L and 
fT(y) E L, fT(y) must be an element of L\int(L). Thus f-T is 
invariant on the interior of L. Again this implies that (L, fTIL) 
is decomposable since (L, jTIL) is a proper subcontinuum of 
(T, fT) having nonempty interior. Hence we may conclude that 
L=T. 

Let A = int(T)\Un~o(Jn(endpoints(J)). Then A is dense 
in T since the set of endpoints of J is finite. From above we 
see that A ~ U{jnT(J)ln E Z+}. So for any x E A there exists 
a positive integer k such that f-k(x) n int(J) =10. Thus given 
any open sets U and V of T there exists a positive integer k 
such that f-k(V) n U =1= 0. This implies that for any ope~ 
set V in T, Uk>O f-k(V) is dense in T. It follows then from a 
result of Auslander and Yorke, [A-Y, Lemma 3], that there is 
a point x E T such that {fn(x)ln E Z} is dense in T. 

Since (T, f) is indecomposable, it follows from [R2, Theo
rem 4.1] that fN has a dense orbit on T where N is the least 
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common multiple of the integers less than or equal to the max
imum order of any branch point in T. But then from [R2, 
Corollary 3.2] we have that {fnk+j(x)ln E Z+} is dense in T 
for all k > 0 and j ~ 0 as claimed. 

Lemma 2. Suppose that the set of periodic points of F is dense 
in the finite tree T and that (T, f) contains no indecomposable 
subcontinua with nonempty interior. Then fN is the identity 
where N is the least common multiple of the set of positive 
integers less than or equal to the number of endpoints of the 
tree T. 

Proof: If (T, f) contains no indecomposable subcontinua with 
nonempty interior then it follows from [Rl, Theorems 2.13 and 
2.17] that there is a monotone upper semicontinuous decompo
sition 9 of (T, f) such that the quotient space G = (T, f)/9 is a 
finite tree having no more endpoints than T and every element 
of the decomposition has empty interior. Further, if g~ is the el

ement of 9 containing the point ~ and j : (T, f)/9 ~ (T, f)/9 
A A 

is defined by j (g5£.) = gj(:£), then j is a homeomorphism. 
If ~ is a periodic point of f having period m then 

~ = (x, fm-l(x), fm-2(x), ... ,f(x), x, fm-l(x), ... ) 

is a periodic point of j in (T, f) of period mJ. Thus jm(g~) = 
gj(:£) = g5£.' So g5£. is a periodic point of j with period a divisor 
ofm. 

Let Y == (Yl' Y2, ... ) E (T, f). Given E > 0 choose M such 
that L~M diam (T) /2 k < E/2. Since the set of periodic points 
of f are dense in T there is a periodic point x, say of period 71J, 

such that L~11 IfM-k(x) - Ykl/2k < E/2. Hence d(~, y) < E 
where ~ == (x, fn-l(x), f n- 2 (x), ... ). Thus the set of periodic 
points of j is dense in (T, f). 

If gy is a point in G and U is any open neighborhood of gy 

then ;-l(U) is open in (T, f), where p is the projection map 
onto the quotient space. Hence there is a periodic point ~ of j 
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in p-l(U). Thus 9'!!.. is a periodic point of j in U. So the set of 

peroidic points of j is dense i~ G. But G is a finite tree and j 
is a homeomorphism. Thus jN, where N is the integer given 
in the lemma's hypothesis, must fix all of the endpoints of the 
tree. I~ follows then that each edge of the tree is invariant 

under jN and the endpoints of each edge are fixed points of 
A A ~ A 

jN. Since the periodic points of jN are dense in G, jN must 
be the identity mapping. 

Let g E 9 and go == 1fo(g). If x E go then fN(x) E go and 
f- N(x) ~ go. This follows, since, if y (j. go but fN (y) E 90 

then there is H E 9 such that jN(H) =I H. But jN(H) == 

H for all H E 9 which implies that jN(H) == H. Thus 
g == {(xo, Xl, ... ) IXNk E go}. Now if go is nondegenerate 
it must have nonempty interior being a subcontinuum of a 
finite tree. But go cannot have nonempty interior for oth
erwise g would be an elenlent of the decomposition 9 with 
nonempty interior contradicting [R1, Theorem 2.13]. Finally, 
fN(gO) == f N(1fN(g)) == 1rO(jN(g)) == 1ro(g) == go. Thus fN is 
the identity map as claimed. 

In the previous lemma, if the number of endpoints of the 
tree is even moderately large then N 'Yill be quite large. In 
fact for a particular fixed ma~ping f, the endpoints of G form 

a permutation group under f. Thus N needs to be order of 
this permutation group. But if k is a positive integer less than 

or equal to the number of endpoints, E, of T then f may fix 
E-k of the endpoints and form a k cycle on the remaining. The 
order of this group would then be k. Thus the least common 
multiple of the inte~ers less than or equal to E is the smallest 

number for which jN would fix all of the endpoints of G for 
any mapping f. 

A finite collection C of subcontinua of a finite tree T is said 
to be non-overlapping provided int(H) n int(K) == 0 for each 
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two (distinct) members Hand K of C. An element H of C 
is interior to T with respect to C if there are subcontinua K I 
and K 2 in C such that if M is the irreducible subcontinuum 
between K 1 and K2 then M n H has nonempty interior. 

Lemma 3. If T is a finite tree having 111 endpoints and C is 
a collection of at least 111 + 1 non-overlapping subcontinua of 
T, the.n there is an element oj' 0 which is interior to T with 
respect to c. 

Proof: Let T be the minimal subtree of T containing C ob
tained by taking the intersection of all subcontinua of T which 
contain C. The tree T has at most n endpoints. Each of 
these endpoints is contained in exactly one of the elements of 
C. Since the number of elements of C is greater than n, at 
least one element of C does not contain an endpoint of T. Let 
H be such an element. Then the closure of T\H contains at 
least two components. Choose elements of C from two different 
components. The intersection of the irreducible subcontinuum 
between these elements of C and H has nonempty interior. 
Hence H is interior to T with respect to o. 
Lemma 4. Suppose that T is a finite tree with 111 endpoints; 
f : T ~ T is a continuous surjection, C = {Ho, HI,· .. ,Hk} 
is a collection of non-overlapping subcontinua ofT, k ~ 111, and 
f(Hi ) == H i+1 (mod k), then there are integers, 0 ~ i,j, s ~ k 
such that the irreducible subcontinuum M between Hi and H j 
does not intersect any other element of 0 and f(M) n H s has 
nonempty interior. 

Proof: Let T be the minimal subtree of T containing 0, as 
in the proof of Lemma 3. Suppose He is an element of 0 
which contains an endpoint of T. Let 0 1 be the subset of C 
containing He and any Hi E 0 with the properties that, (i) 
if M is an irreducible subcontinuum between He and Hi then 
int(M n H j ) = 0 for all j and (ii) Hi is not interior to T 
with respect to C. It follows from the unicoherence of T that 
there is a unique H s in C such that if M is the irreducible 
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subcontinuum between Hs and He then int(M n Hj ) = 0 for 
all j and H s is interior to T with respect to C. Finally, let 
C2 = C\(C1 U {Hs }). 

Suppose that there is an Hi E C1 such that f(Hi) = H s · C2 

is not f invariallt. Thus there is an H j E C2 such that f(H j ) E 

C1 . If there is an Hk E C2 such that f(Hk) E C2 then let K be 
the irreducible subcontinuum between H j and H k. The image 
of K contains H s . By assumption none of the elements of C2 

are mapped onto H s . Thus there is a subcontinuum between 
elements of C2 having the desired property and the lemma 
follows. Otherwise, f(Hj ) E C1 for all Hj E C2. 

Suppose that there does not exist an element of C1 which f 
maps into C2 . Tllen C2 has only one element and f(Hs ) E C2 . 

The subcontinuum between H s and the element of C2 is the 
desired subcontinuum M and the lemma follows. Otherwise 
there exists an element of 0 1 which is mapped into 02 by f. 

If there is an Hk E C1 such that f(Hk) E 0 1 , then there 
is a subcontinuum between elements of 0 1 which f maps as 
desired and the lemma follows. Otherwise f(H k ) E C2 for all 
Hk E C1\{Hi }. 

Suppose that f(Hs ) E C 1 . Then the subcontinuum between 
H s and one of the elements of 0 1 is the desired subcontinuum 
M. If, on the other hand, f(Hs) E C2, then the subcontinuum 
between H s and an element of C2 is the one required. Thus 
the lemma is true if an element of 0 1 maps onto H s . 

The case where there is an Hj E O2 such that f(Hj ) = Hs 
may be argued sinliliarly. 

Theorem 5. Suppose that f: T ----+ T is continuous, that the 
set of periodic points of f is dense in T and N is the least com
mon multiple oj' the positive integers less than or equal to the 
number of endpoints oj' the tree T. Then there is a collection 
(perhaps finite or empty) {Jl' J2' ... } oj'subcontinua oj'T hav
ing mutually disjoint interiors such that (i) fN (Ji ) = Ji , (ii) 
for each i, there is a point Xi E Ji such that {fNk(Xi) Ik ~ O}. 
is dense in Ji, and (iii) if X E T\ U Ji, then fN(x) = X 
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Proof: Suppose H is an indecomposable subcontinuum of (T, f) 
having nonempty interior. Since the periodic points of fare 
dense in T, there is a point ~ in int (H ) which is a periodic 
point of the shift homeomorphism j. Suppose that the pe
riod of ~ is k. The set H U jk(H) is a subcontinuum of H. 
If it were a proper subcontinuum, then H would be decom
posable contrary to our assumption. Hence jk(H) == H. Let 

Hi = 1fi(H), the projection of H onto the i th coordinate. Then 

jk(Ho) = jk(1fo(H)) = 1fo(jk(H)) = 1fo(H) = Ho. 
Consider the collection of subcontinua C == {Ho, HI, ... , Hk-I}. 

We have that f(H i ) == Hi+l(mod k). If for i =I j, int(Hi) n 
int(Hj ) =1= 0 then ji(H) n jj(H) is a subcontinuum of ji(H) 
having nonempty interior. This contradicts H being indecom
posable. Hence, the elements of C are non-overlapping. 

Suppose that k is greater than the number of endpoints of 
the tree T. By Lemma 4, there are distinct integers i, j, S, 0 :s; 
i, j, S :s; k such that the irreducible subcontinuum M between 
Hi and Hj has the properties that int(MnHi) == 0for 0 :::; i :::; k 

and int ( j (M) n Hs) =1= 0. Hence there is a periodic point y, 

y t/. uC such that f (y) E Hs. This contradicts f being forward 
invariant on C. Thus the number of elements of C is at most 
the number of endpoints of T and there is a positive integer l 
less than the number of endpoints of T such that flk(Hi ) == Hi 
for 0 ~ i ~ l. 

Next let {HI, H 2 , ... } be the collection of all indecompos
able subcontinua of (T, f) which have nonempty interiors. For 
each i, let Ji == 7ro(Hi). It follows as before that int(Ji) n 
int( Jj) == 0 whenever i =1= j. 

From the previous argument there is a positive integer n(i) 
which is less than the number of endpoints of the tree T such 
that fn(i)(Ji ) == Ji. Let N be the least common multiple of the 
positive integers less than or equal to the number of endpoints 
of T. Then f N(Ji) == Ji for all i. Since (Ji , fiJi) is homeomor
phic to Hi, we may apply Lemma 1 to obtain the existence of 
a point Xi E Ji such that {fNk(Xi) IkE Z+} is dense in Ji . 
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Let J be the closure of UJi. If x E J\ U Ji then there is 
a sequence of subcontinua J i converging to x and each J i is 
forward invariant under fN. Hence fN(x) == x. Therefore, if 
J == T the proof is complete. 

Suppose that J =I T. Let Kobe the collection of components 
of J. Define the decomposition V of T such that the only 
nondegenerate points of the decomposition are the components 
K o . Let T* be the decomposition space T\V with the quotient 
topology. Then T* is a finite tree with no more endpoints than 
T. Define g: T* ~ T* by g([x]) == [f(x)], where [x] denotes 
the point in T* which corresponds to the element in V that 
contains x. 

Let P: T ~ T* be the projection map P(x) == [x]. Then P 
is a continuous monotone closed surjective map and goP == 

P 0 f. Define P: (T, f) ~ (T*, g) by P(xo, Xl, x2, . .. ) == 

(P(xo), P(Xl), P(X2), ... ). Then P is easily seen to be a con
tinuous monotone closed surjective map. 

If (T*, g) contains no indecomposable subcontinua with non
empty interior then the theorem follows from Lemma 2. Sup
pose that (T*, g) contains an indecomposable subcontinuum 
H having nonempty interior. Then P-I(H) is a subcontin
uum of (T, f). By the Brouwer Reduction Theorem (a version 
of Zorn's Lemma that does not require the Axiom of Choice 
because of the compactness of (T, f)) there is a minimal sub
continuunl K of (T, f) such that P(K) == H. 

Suppose K is decompoable. Then there exists proper sub
continua A and B of K such that K == A U B. Thus H == 
P(A) U P(B). But P(A) and P(B) are subcontinua of Hand 
H is indecomposable. This implies that either P(A) or P(B) is 
H, contradicting K being a minimal subcontinuum of P-I(H) 
having this property. Thus K must be indecomposable. 

Let C == {~ E (T*, g) IX n E P(J) for all 11, ~ O}. The set C 
is closed. To see this suppose that ~ E C\C. Then there is 
a positive integer n such that 1T"n(~) tJ. P(J). The set P(J) is 
closed so there exists E > 0 such that the open ball, BE (7fn(,?<.)), 
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does not intersect P(J), But for all 8 > 0, B6(~) net- 0. We 

may choose 0 so that if y- E B6(;ll..)nC then d(1Tn(~), 1Tn(Y-)) < E. 

This contradiction implies that C\C == 0. Thus C is closed. 
Next let ~ E C. Since P(J) has empty interior, for any € > 0 
and for all positive integers 'n and for all 8n > 0 there is a 

point Yn E T*\P(J) such that d(1Tn(~), Yn) < On' Choose N 
such that Ei>N dianl(T*)/2i < E/2 and choose 8N such that 

if d(1TN(~),YN) < ON then d(1Ti(~),fN-i(YN)) < Ej4 if a :s; 
i ~ N. Let 'l E 'Tr"N1(YN) then d(~,'l) < E. Thus C has empty 
interior. 

Then int(H) n ((T*,g)\C) is a nonempty open subset of 

(T*, g). But each point in T*\P(J) has a unique preimage un
der P and it follows that each point in (T*, g) \ C has a unique 

preimage under P. Therefore p-1 (int(H) n (T*,g)\C) is an 
open subset of K. 

Thus K is an indecomposable subcontinuum of (T, I) with 
nonempty interior. So K == Hi for some i. It follows that 
P(K) == H is a single point, contradicting H having nonempty 
interior and the theorem is proven. 

Results similar to Theorem 5, obtained using different meth
ods, appear in [Bl] and [B2]. 

The following lemma follows from [R, Lemma 3.3]. As pre
viously in this paper, N will denote the least common multiple 
of the integers less than or equal to the number of endpoints 
ofT. 

Lemma 6. The junction IN has a dense orbit on T if' and 
only if for any subcontinua J and K oj T with int( J) =1= 0 
and K ~ int(T) there is a positive integer M such that f'or all 
n 2:: M, K ~ In(J). 

Lemma 7. If' I N has a dense orbit, then I has a periodic point 
of period p, where p is any prime larger then the integer M of 
Lemma 6. 
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Proof: Let J and K be nondegenerate intervals containing no 
branch points of T which are contained in the interior of T 
and such that J n K = 0. It follows from Lemma 6 that there 
is a positive integer M such that if n ~ M, then fn( J) ::J K 
and fn(K) ::J J. Let p be a prime that is larger than 2M + 2, 
r = (p - 1)/2, and s = (p + 1)/2 then r, s > M and r + s = p. 

There is a subinterval J1 of J such that fT (J1) = K. Then 
fT+S(J1) ::J J. It follows from [A-Y, Lemma 2] that there is 
a periodic point of j in J1 having period r + s = p. Since 
J n K = 0 this point has prime period p. 

We now have the following corollary to Theorem 5. 

Corollary 8. Suppose that the periodic points of f are dense 
and if x is a periodic point of f then the prime period of x 
is a divisor of N. Then f is a periodic homeomorphism with 
fN(x) = x for all x in T. 

Proof: Suppose (T, f) contains an indecomposable subcon
tinuum H with nonempty interior. Then there is an integer 
n ~ N such that fn(H) = H. Let 9 = fNIH' it follows that 
(H, g) is indecomposable and the set of periodic point of 9 is 
dense in H. By Lemma 1 there is a point x in H which has a 
dense orbit under g. By Lemma 7, 9 has a periodic point with 
period p > N where p is prime. But then p does not divide N. 
Therefore (T, f) contains no indecomposable subcontinua with 
nonempty interior and thus the set of subcontinua {J1, J2, ... } 
of Theorem 5 is enlpty and the corollary follows. 
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