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0. Introduction.

Wallace Semigroups: It is known since long ago that ev-
ery two-sided cancellative semigroup endowed with a compact
semigroup topology is a topological group. In 1955, A. D. Wal-
lace [Wa] asked what happens if we replace “compact” by
“countably compact”, that is whether every countably com-
pact two-sided cancellative semigroup is a topological group
(see the surveys [Col], [Co2] and [CHR] for a discussion on the
Wallace Problem). Many researchers have obtained various
results related to this question by adding either a topological
or a algebraic condition. For instance, Mukherjea and Tser-
pes [MT] showed that a first countable sequentially compact
two-sided cancellative semigroup is a topological group and
Pfister [Pf] showed that a counterexample for Wallace’s ques-
tion could not be algebraically a group ([Grl], [Gr2] and [Re]
contains generalizations to these results.).

However, only recently was it shown that there are (consis-
tent) counterexamples to Wallace’s question (such semigroups
will be called Wallace). Robbie and Svetlichny [RS1] showed
that if a topological group satisfies certain properties then it
contains a subsemigroup which is Wallace. The conditions re-
quired in [RS1] were known to be satisfied only by Tkacenko’s
group constructed under the Continuum Hypothesis (we dis-
cuss more about this group later). Thus, Robbie and Svetlichny
[RS1] solved Wallace’s question only under this axiom.

In [Tol] we showed that the existence of a Wallace semi-
group which is initially wy-compact is independent of ZF'C'. In
particular we constructed a Wallace semigroup using a strong
form of the Baire Category theorem:

(#) The circle is not the union of fewer than ¢ many closed
meager subsets, which is equivalent to Martin’s Axiom re-
stricted to countable partial orders (M A ountable)-

Countable compactness in free Abelian groups: It is
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also an old result that a free Abelian group cannot be endowed
with a compact group topology. In [Tk], Tkacenko showed that
the free Abelian group of size ¢ can be endowed with a count-
ably compact group topology without non-trivial convergent
sequences (by [RS1] the existence of such a group implies the
existence of a Wallace semigroup).

In [To3] we showed that the existence of an initially w;-
compact group topology on some free Abelian group is inde-
pendent of ¢ = Ry. In particular, we showed that a group as
Tkacenko’s could be constructed under M A, _ccntered-

As a shortening, by a “countably compact free Abelian
group” we mean a “free Abelian group endowed with a com-
patible group topology which is countably compact”.

Products and powers: The existence of two countably
compact topological groups whose product is not countably
compact is a difficult question which has not been solved yet
in ZFC (see the surveys [Co2],JCHR]). The first example of
two countably compact groups whose product is not countably
compact was obtained by van Douwen [vD] under Martin’s Ax-
iom. Later, Hart and van Mill [HvM] showed under M A ountabie
the existence of a countably compact group whose square is not
countably compact.

This motivates the study of countable compactness in the
products of Wallace semigroups and the products of free Abelian
groups endowed with a countably compact group topologies.
In [Tk], Tkacenko mentioned that using an argument similar
to that in [vD], one can construct under CH two countably
compact free Abelian groups whose product is not countably
compact. In [RS2] Robbie and Svetlichny also used an argu-
ment similar to that in [vD] to obtain two Wallace semigroups
whose product is not countably compact.

In this work, we give a complete proof of the existence, un-
der M A ountabie, of a Wallace semigroup whose square is not
countably compact. We will then sketch the construction, un-
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der M Ay _centered, of a group topology on the free Abelian group
of size ¢ which makes this group countably compact and its
square not countably compact.

In this paper, T will denote the unitary circle group with
the usual metric inherited from the plane and T® will be en-
dowed with the Tychonoff product topology. Given y € T¢, we
denote by suppy the set {a < ¢: y(a) # 0}, the support of y.
The set of all non negative integers will be denoted by N.

1 Wallace semigroups

In [Tol], we showed under M A suniabie the existence of an z €
T*¢ such that the subsemigroup S of T¢ generated by z and
G = {g € T°: suppg is bounded in ¢} is a Wallace semigroup
(S={nz+g: neNandgeGqG}).

One can show that S“ cannot be countably compact. How-
ever we were not able to decide whether the square of S is
countably compact. Thus, instead of a single z, we use count-
ably many elements of T* to construct the Wallace semigroup
below.

Example 1. (M Acountabic) There exists a countable subset
X of T® such that the semigroup generated by X and G = {g €
T¢ : suppg is bounded in ¢} is a Wallace semigroup whose
square ts not countably compact.

The sketch of the construction. To make the semi-
group generated by X and G countably compact, we will use
an argument similar to one used in [HvM] and [Tol]. Consider
the following condition

(%) every sequence in the semigroup generated by X has an
accumulation point in G.

We will show that if X and G satisfy (*) then the semigroup
generated by X and G is countably compact.
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To be sure that the semigroup S generated by X and G is
not a group, we use a modification of an argument from [Tol].
We will construct X to satisfy

(%) for any distinct zq,...zx € X and positive integers
ni,...,nk, the support of Zle n;x; is unbounded in c.

To make the square of the semigroup S not countably co-
pact, we will make sure that the sequence of pairs {(z2n, Zant1) :
n € w} is closed and discrete in the semigroup S, where
X ={z, : n € w}. For this, we will construct X to satisfy

(% * ) for all eg and e; on the semigroup generated by X
and for each § < ¢, there exist a € [3,¢) and M € N such that

{n€w: VjE2|ramy;(a) —ei(a)] < } is finite.

M+1

Let us show now that (%) — (**x) imply all other properties
we are interested in.

First, we recall the concept of p-limit. Given a free ultra-
filter p over w and a topological space X, we say that z € X
is a p-limit of a sequence {z, : n € w} if for each open neigh-
bourhood U of z, the set {n € w: z, € U} belongs to p. A
space X is p-compact (for this ultrafilter p) if every sequence
in X has a p-limit. We use in the proof of Lemma 2 below the
following facts:

- for each sequence {z, : n € w} C X and for each accu-
mulation point z of this sequence, there exists an ultrafilter p
such that z is the p-limit of {z, : n € w};

- w-boundedness of G (the closure of every countable subset
is compact) is equivalent to “G is p-compact, for every free
ultrafilter p over w”;

- in a Hausdorff topological semigroup, the p-limits are
unique and the sum of p-limits of two sequences equals the
p-limit of the sum of those sequences;

-the p-limits of a sequence are, in particular, accumulation
points.

Lemma 2. If X satisfies (x) then the semigroup generated
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by X and G is countably compact.

Proof: Let FE be the semigroup generated by X and let S be
the semigroup generated by X and G. Let {s, :,n € w} C S
be arbitrary. Then there exists a sequence {e,: n € w}in E
and a sequence {g, : n € w} in G such that s, = e, + g, for
each n € w. If {e, : n € w} contains a constant subsequence
then {e, : n € w} has an accumulation point. Otherwise,
there exists a subsequence {e,, : k € w} such that for distinct
k,l € w; we have e,, # e,. Then, by (%), {en, : k € w} has
an accumulation point in G C S.

In any case, there exists a p-limit of {e, : n € w} in S, for
some ultrafilter p over w. Since G is w-bounded, the sequence
{gn : n € w} has a p-limit in G. Thus, the sequence {s, : n €
w} ={en+gn : n € w} has a p-limitin S+ G = S. This proves
that every sequence in S has an accumulation point. O

Lemma 3. If X satisfies (*x) then the semigroup generated
by X and G is not a group.

Proof: Every non-zero element of the semigroup E gener-
ated by X is of the form Zle n;z;, for some finite subset
{z1,...,2x} of X and positive integers nq,...,ng.

Let z be a non-zero element of E. We will show that z does
not have the inverse in the semigroup S generated by X and
G. Indeed, suppose that there exist e € E and g € G such that
z+e+ g =0. Then, z + e cannot have unbounded support in
¢, thus by (#x), we have £ + e = 0. This contradicts (**), since
z is a non-zero element of E. O

Lemma 4. If X satisfies (* x %) then the square of the semi-
group generated by X and G is not countably compact.

Proof: Let E be the semigroup generated by X and S be the
semigroup generated by X and G. Let (so, s1) be an arbitrary
point of Sx.S. We will show that (so, s1) is not an accumulation
point of the sequence {(zn,Z2n4+1) : 1 € w}. There exist
eo,e1 € E and go,91 € G such that s; = e; + g; for 5 €
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2. Let B < ¢ be large enough such that suppgo U suppgi C
B. By (* x %), there exist a € [#,¢) and M € N such that

{n €w: Vj € 2zmyi(a) —ei(a)] <

} is finite. Since

M+1
go(@) = g1(e) = 0, we have s;(a) = ej(a) for j € 2. Thus
. 1 :
the set {n € w : Vj € 2 |zan4i(@) — sj(a)] < M—l—l} is

finite. This means that (so,s1) has an open neighbourhood
which misses all but finitely many elements of the sequence
{(z2n, Tant+1) : n € w}. Since (s, s1) € Sx.S was arbitrary, the
sequence {(Zan, Tont+1) : € w} does not have an accumulation
point in § x S. O

We will now start the construction of a set X satisfying
properties (*) — (** *). We recall that such a set X cannot be
constructed in ZFC (see [Tol]).

Further details. The construction of X = {z,, : n € w} will
be by induction. At stage o + 1 < ¢, we define z,(c) for each
n € w. Thus at stage 8 < ¢, we know what the restricton of z,,
to [ is, and by abuse of notation, we will denote this element
of T? by x,|s.

If g: § — N\ {0} is the empty function and 8 < ¢ then
> ner 9(n)(zn]g) will be the the zero of T#. Note that if f
is a function from a finite subset F' of w into N\ {0}, then
Yomer f(M)(2nls) = (X0,er f(R)z4)|s. During the inductive
construction we will use the functions f as above to code the
semigroup generated by X.

To make (**) true, we fix an enumeration {f, : a < c}
of the family of all non-empty functions from a finite subset
of w into the positive integers such that each element of this
countable family appears ¢ times. Then, at stage o+ 1, we will
make sure that 37, o fa(n)zn(a) # 0.

To guarantee that (***) is satisfied, we fix an enumeration
{(¢%,9L) : a < ¢} of the family of all pairs of functions from
a finite subset (which can be empty) of w into the positive
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integers such that each element of the family appears ¢ many
times. Then, at stage a + 1, we will ensure that {n € w :

Vi € 2 |22n45() = Chedom gir) I (K)Ti(0)] < }is finite
for some M € N.

To make (%) true, let {F, : @ < ¢} be an enumeration of
all countably infinite subsets of the family of functions from
a finite subset of w into the positive integers. Then for every
countably infinite subset A of the semigroup generated by X
there exists a < ¢ such that A ={}_ .. f(n)zn: f € Fu}.

At stage a + 1, we will assign a function h, € G to be
an accumulation point of the sequence {}_ ;. , f(n)zn: f €
Fo}. If we keep this promise then h,|s will be an accumulation
point for {37 ciom s f()Znlp: f € Fo} for each g < c.

In particular, this must hold for # > «. By Lemma 5 below,
this suffices to guarantee that h, be an accumulation point of

A.
Lemma 5. Let {h,: n € w}U{h} be a subset of T*. Then for

a limit « < ¢, h|y is an accumulation point of {h,|s : n € w}
if and only if h|g is an accumulation point of {h,|s : n € w}
for each B < a.

1
M+1

Let us fix the enumerations {(¢%,¢}) : o < ¢} and {F, :
a < ¢} as above. Instead of fixing an enumeration {f, : a < c}
we can use the enumeration {g2 : a < ¢ A g2 # 0}. Here we
resume what we have concluded so far:

Lemma 6. Suppose that there exists a family X = {z,: n €
w} C T and a family {hy : a < ¢} C G such that for each
a < ¢

(2) of dom g, # 0 then Zkedamgg go(k)zr(a) # 0;

(12) hola s an accumulation point of the sequence

{Ekedomf f(k)xk|a : f€ :Fa};
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(232) if B < a and hgls is an accumulation point of the
sequence {D pciom s F(K)Tkla © f € Fp} then hglatr is an ac-
cumulation point of the sequence {) yciom s f(K)Zklas1 : f €
Fﬂ}f

(1v) the set {n € w  |T2n4i () — X redom i @ (k)zr(a)] <
T Vj € 2} is finite for some M € N.

Then the semigroup generated by X and G is a Wallace
semigroup whose square is not countably compact.

Lemma 7. (M Acountabie) There exist the sequences {z, : n €
w} and {hy : a < ¢} satisfying the conditions of Lemma 6.

Proof. At stage v = 0, we have nothing to do, since z,|o = 0.
Suppose we have constructed z,|s and hg for all n € w and
B < v satisfying the conditions (z) — (iv).

At a limit stage 7, define .|, = (Jg, Znls for each n € w.
Clearly all four conditions are trivially satisfied.

At stage v = a + 1, we first define the function h, € G.
The sequence {) ;¢ om s f(K)Tkla @ f € Fa} C T is already
defined, thus one can fix an accumulation point y € T for this
sequence. Define hy = y U 0|[4,). Then, (i) is satisfied by a.

We will construct a function ¢ : w — T so that if we
define z,(a) = ¢(n) for each n € w then conditions (z), (¢1¢)
and (7v) are satisfied by . To deal with condition (7i7), we fix
the following notation.

Definition 8. For each B < 7, a finite subset F' of « and m €
N, let E(ﬁ’f’m) = {f € fﬁ : V€ €EF |Ek€domf f(k):l:k(.f) -
ho()l < =}

Clearly, every set E(8, F,m) is infinite if and only if hg|a
is an accumulation point of the sequence {}_, ;.. 5 f(k)Zkla :
f € Fg} for each B < a.

It is left to the reader to check that conditions (z), (¢3¢) and
(2v) will be satisfied if ¢ satisfies the properties listed in Lemma
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9 below.

Lemma 9. (M Acountabte) There exists a function ¢ : w — T
satisfying the following properties:

(A) if domgp, # 0 then Ekedomgg 9a(k)$(k) # 0.

(B) for every B < 7, a finite subset F' of o and m € N, the
set {f € E(B,F,m) : | Y peaom s F(K)$(k) — ho(a)| < }
s infinite.

(C) There exists M € N such that the set {n € w: Vj €

2 |¢(2n +.]) - Zkedomgg gfx(k)(ﬁ(k)l < M + 1} is ﬁnlte a

The construction of ¢ requires the use of a partial order
and dense sets, so the proof of Lemma 9 will be done in the
next two subsections.

m+1

The partial order. Let B be a countable basis for T
consisting of non-empty connected open sets and such that
T € B. Fix M € w such that 2M D dom ¢°> Udom gL. For each
1 < 2M, fix V; € B and Wy, W; € B whose length is at most 7
such that:

(a) if domg? # @ then 0 ¢ ZkEdomgo ¢%(k)Vi and
D kedom g0 Ia(k)Vi © Wo;

(b) if dom gg # @ then 35, ... 1 9a(k)Vi C Wr;

(¢) if j € 2 and dom g/ = 0 then 0 € W;.

Definition 10. Let (P, <) be a partial order whose underlying
set P consists of functions p for which In > M such that
domp = 2n,rngp C B and (Vk € 2M) (p(k) C Vi).

Denote by M, the unique integer such that domp = 2M,,.
Given p, q¢ € P, we define p < ¢ if and only if dom p O dom ¢, for
each k € dom p \ dom q either p(k) = g(k) or p(k) C ¢(k) and
for each m € [M,, M) we have p(2m)xp(2m+1)NWyx W; = .
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Clearly (P,<) is a countable partial order. By abuse of
notation, this partial order will be denoted by P. We will find
a generic set G for a family of suitable dense subsets of P which
we will define later; and for each k € w, we will choose ¢(k) as
an element of () cg redompP(K) = (peg redomp P(K)- The last
equality holds because of the ordering of PP and the fact that G
is a filter.

Suppose that ¢ : w — T, that is, for each k£ € w, there
exist, p € G such that & € domp. We will check now that
conditions (A) and (C) are satisfied.

We have to worry about condition (A) only if dom g2 # 0.
In this case we have chosen Vi’s so that 0 ¢ >, 4, 0 92 (k) V.
Furthermore, ¢(k) € Vi for each k € dom ¢° thus
Zkedomgg 9a(k)$(k) € Zkedomgg 9a(k)Vi € T\ {0}.

For condition (C), first note that 3, ;... . g% (k)$(k) € W;
for 7 € 2. Thus, we can fix m € N such that

: 1
B(Zkedomgg 95 (k)$(k), Y 1) C W; for j € 2, where B(z,r)
is the open ball of center z € T and radius r in the usual metric

of the plane. Let ¢ be an arbitrary element of G. We claim
that

{new:Vje2(|$@2nti)— > gl(k)e(k) <

k€dom gﬁ,

C .
m-l—l}_Mq

Indeed, let n > M,, Then there exists p < ¢ in G such that
2n € dom p. Since n € [My, M,), we have p(2n) x p(2n + 1) N
Wo x Wy = 0. However, (#(2n), #(2n+1)) € p(2n) x p(2n+1).
Therefore ¢(2n + 1) ¢ W; for some : € 2 and hence (C) is
satisfied.

Thus, all we have to do now is to show that ¢ has domain
w and that condition (B) holds.

Dense sets. To show that, ¢ has domain w it suffices to prove
the following.
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Lemma 11. The set D, = {p € P: M, > n} is dense in P
for each for n € w.

Proof: Fix n € w and let ¢ € P be arbitrary. We can assume
that n > M,. We will extend ¢ to some p such that M, = n.
For each m € [My,n) and j € 2, fix Uzpmy; € B such that
Uzm+; NW; = 0. Then p=qU {(k,Ux) : 2M, < k < 2n} is an
element of D,,. O

Definition 12. For each 8 < 4, for each finite subset F' of
a and for each m € N fix a partition {E(8, F,m,l): | € w} of
the set E(3, F,m) from Definition 8 such that each element of
the partition is infinite.

We will now define dense sets which will take care of con-
dition (B) from Lemma 9. Note that (B) is satisfied if the sets

(F € BB Fyml) : Siesom s F(R)S(K) € Blhs(a),——)}

m+1
are not empty.
Lemma 13. Theset S(B,F,m,l)={p e P: 3f € E(B,F,m,l)

1
s.t. dom f C domp and Ekedomf f(k)p(k) C B(hg(e), — 1)}
is dense in P, for each f < =, for each finite subset F of a,
for each m € N and for each | € w.

Proof: Fix 3, F,m, and [ as above and let g be an arbitrary
element of P. Let us consider two cases:

Case 1. dom f\dom q is not empty for some f € E(8, F,m,l).
In this case, let n be the largest element of dom f and let
n=2t+1, wheret €wandi €2 Let j=2—7and fixU; € B
such that U; N W; = 0. We can extend ¢ to some ¢; whose
domain is 2t. Then define § = ¢, U {(2t + 5, U;), (2t + 1, T)}.
Case 2. domf C domgq for all f € E(B,F,m,l). Then
there exists a finite subset F' of w and an infinite subset E
of E(B,F,m,l) such that dom f = F for all f € E. By finite
number of refinements one can find an infinite subset E; of E
such that either {f(s) : f € E;} is constant or pairwise dis-
tinct for each s € F. In particular, there exists n € F' such
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that {f(n) : f € E;} are pairwise distinct. Let us extend
q to any ¢ such that dom§ D F. Since ¢(n) is a non-empty
open subset of T, there exists a positive integer K such that
Kg(n) =T. Fix f € E; such that f(n) > K.

Thus, in either case, there exists § extending ¢ such that
dom f C dom§ and f(n)§(n) = T for some n € dom f. Fix
as € §(s) for each s € dom f \ {n}. Since f(n)§(n) = T there

exists a, € §(n) such that 3, f(s)as € B(hg(a), :_ 1).
m
Clearly, there exists O; € B for each | € dom f such that
— . ~ 1
a € 0, C0O C q(l) and Zledomf f(l)Ol C B(hg(a), - 1)

Let p={{(l,qg()) : 1 € dom g\ dom f} U{{{,0)) : | € dom f}.
Clearly p < § < g and p € §(8, F,m,l). O

Note that we have defined less than ¢ many dense sets,
thus applying M A ,untabie, there exists a generic filter for these
dense sets. Therefore the proof of Lemma 9 is complete and
Example 1 is complete.

A connected countably compact group whose square
is not countably compact. The countably compact group
whose square is not countably compact obtained by Hart and
van Mill [HvM] is a subgroup of 2°. In particular, the group is
zero-dimensional. There are connected groups like this as well.

Example 14. (M A ountanie) There exists a connected count-
ably compact group whose square is not countably compact.

By means of a small modification of Example 1, one can
construct under M A ountable, a countable subset X of T such
that the group generated by X and G is countably compact
but its square is not. Note that group G = {z € T*: suppz is
bounded in ¢} is connected and dense in T®. Thus any subspace
of T containing G is also connected.

2. Free Abelian groups
We will give now a sketch of a construction of the following.
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Example 15. (M A,—centered) There exists a countably com-
pact group topology on the free Abelian group H of size ¢ which
makes H countably compact but H? not countably compact.

We will construct a family Y = {y, : a < ¢} C T° such
that the group H generated by Y is countably compact, Y is
a free basis for H and {(y2n,Y2n+1) : 7 € w} witnesses that
H x H is not countably compact. At stage o+ 1 < ¢ we will
define yg(a) for every 8 < a.

In Example 1, we needed a condition to make S not a group.
A similar argument will be used to guarantee that Y is free. To
obtain the countably compactness of H, we will enumerate all
possible countably infinite subsets of H in length ¢ and the a-th
sequence will have z, as an accumulation point. The sequence
{(y2n,Y2n4+1) : n € w} will be made closed and discrete in
H x H as in the construction of Example 1.

The enumerations needed in this construction are similar
to the ones used to construct Example 1, but the elements of
H which we can work with at stage o must be generated by
{ys : B < a}, since at this stage we will have only defined yg|a
for each f < a.

Let {¢%,9)) : @ < ¢} be an enumeration of all pair of
functions from a finite subset of ¢ into non-zero integers so
that dom g2 U dom ¢° C a for each a < ¢.

Let {F, : a < ¢} be an enumeration of all countable sub-
sets of the family of functions from a finite subset of ¢ into
non-zero integers so that (J,cz, dom f C o for each a < c.

It is left to the reader to check that a group H generated
by Y in Lemma 16 is a group as in Example 15.

Lemma 16. (M A(o-centered)) There exists Y = {y, : a <
¢} satisfying

(Z) Zf domgg # m then Efedomgg gg(ﬁ)yf(a) # 0;
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(12) Yala 15 an accumulation point of {3 ;caom ¢ F(€)Yela :
f € Fa};

(vie)  of B < a and yg|s is an accumulation point of
{dedomff(f)yda : f € Fp} then yplat1 is an accumulation
pOZnt Of {Efedomf f(&)yf|a+1 : f e fﬁ};

() The set {1 €  : [yanss(@) — Seesom g1 94(E)e(a)] <

1 . : .
Wil Vj € 2} is finite, for some M € N.
Proof: At stage 0 there is nothing to do, since zg|o is the
empty function. At limit stage v define ysly, = Uscqc, ¥sla-
In both cases conditions (z) — (iv) are satisfied.

At successor stage v = a + 1, fix an accumulation point

Yalo for the sequence {3 .csm s f(§)yela : f € Fo}. Asin

Lemma 9, we construct a function ¢ : ¥ — T and define
yg(a) = ¢(p) for each B < 4. We will only give the partial
order and the dense sets and leave the details to the reader.

The partial order. Let B be a countable basis for T consist-
ing of non-empty connected open sets and such that T € B.
Fix M € w such that 2M D (dom g2 U domg!) Nw. For
each ¢ € (dom f \ w) U 2M, fix an open set V; € B and fix
Wy, W1 € B which covers at most half of the circle such that:

(a) if domg? # 0 then 0 ¢ Zsedomgggg(ﬁ)vg and
Zfedomgg gg({)‘/ﬁ g WO)

(0) if dom g, # 0 then 3 oec g1 9a(€)Ve C Wi

(c) if j € 2 and dom ¢g?, = 0 then 0 € W;.

Definition 17. Let P be a partial order whose underlying
set is the family of all finite functions p such that domp C ~,
dn € M such that dompNw = 2n,rngp C B and p(¢) C V;
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for all ¢ € (dom f\w)U2M. Denote by M, the unique integer
such that dompNw = 2M,. Given p,q € P, we define:

__p < qif and only if domp 2 dom g, either p(8) = ¢(B) or

p(8) C q(B) for each B € domp \ dom q and p(2m) x p(2m +
)ﬂWgXWl—ﬂforeachmE[Mq,M)

Let us show that P is o-centered. Indeed, consider B as a
discrete space and take a countable dense subset S of B”. Let
F be the family of all finite functions from some 2n € w into
B. Then P = Ufep,ses{P €P: f=plompnw) and p C s} is a
countable union of centered subsets.

The dense subsets. The following dense sets are used to
make dom ¢ = ~:

Definition 18. Foreach f < ylet Dg = {p € P: 3 € dom p}.

Fix 8 < 4, a finite subset F' of « and m € N. By hy-
pothesis, the set {f € Fp : V€ € F Zﬂedomff(,u)y#(f) €

B(yg(c), mi— 1)} is infinite. Let {E(B8, F,m,l): | € w} be a

partition of this set into infinite pieces of infinite size.

Definition 19. For each § < «, for each finite subset F' of a,
for each m € Nand | € w let S(8,F,m,l) = {p e P: 3f €
E(B, F,m,l)such that dom f C dom p and Efedomff(f)p(g) C

Blys(a), =25} -
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Remark (added in July 1998) A new argument from the
author and S. Watson makes it possible to construct a count-
ably compact group without non-trivial convergent sequences
under M A ountable- This argument can be used to modify the
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construction of Example 15 to obtain a group as in Example

15 under MAcountable-
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