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THE CARDINALITY OF THE COARSEST
QUASI-PROXIMITY CLASS OF LOCALLY
COMPACT T, SPACES

A. LOSONCZI

ABSTRACT. In the class of the locally compact T5 spaces we
prove that the cardinality of the coarsest quasi-proximity
class is equal to 1 if and only if either X is compact or
X is non-Lindelof. If the space is non-compact, Lindelof
then we show that this cardinality is at least 22 A
characterization of the elements of the coarsest compat-
ible quasi-uniformity is also given.

1. INTRODUCTION

In this paper we are going to continue the investigation of the
problems arisen in [12], [13] and [8]. In [12] we partly answer
the following question: what is the cardinality of the set of all
compatible (transitive, non-transitive, totally bounded) quasi-
uniformities for a given topological space. We proved that the
number of the transitive quasi-uniformities that a topological
space admits is either 1 or at least 22°. In the T, case it was
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shown that there are at least 22'° compatible non-transitive
quasi-uniformities if X is infinite. In [8] Kiinzi proved that
there exists a space which admits exactly two compatible to-
tally bounded quasi-uniformities and he also showed that the
number of compatible quasi-uniformities on X is less than or
equal to 22"") where nw(X) denotes the network weight of
X.

In [13] we generalized a theorem of [12] by showing that if § is
a quasi-proximity such that Vs is transitive then the number of
the (transitive) quasi-uniformities compatible with ¢ are either
1 or at least 22°°.

The following question remained open however : what can be
said about this cardinality if Vs is not transitive. An important
and interesting quasi-proximity of a topological space is the
coarsest one if it exists and in most cases it is non-transitive.
In this paper we examine the cardinality of the quasi-proximity
class of the coarsest compatible quasi-proximity of locally com-
pact T spaces.

In the first section we give some basic results. For example
we characterize in two distinct ways when a quasi-uniformity
is in 7(&°). We also verify that 7(6°) is closed for sup hence it
has a finest member. It is shown that if X is compact then the
cardinality of the coarsest quasi-proximity class is equal to 1
and in the next paragraph we prove that this is also true when
X is non-Lindelof. To prove this we use a characterization of
the elements of V°. We also prove that if V € 7(6°), V #
V° then V is uniformly locally compact. In the last section it
is proved that the cardinality of 7(&%) is at least 22" if X is
non-compact and Lindel6f.

Now we shall mention some results and definitions which
will be frequently used later; for elementary results on quasi-
uniform spaces the reader has to consult [3].

We call an entourage V in X open if intV = V where
(intV)(z) = int(V(z)).

If we say that 6 is a quasi-proximity we use it in the sense
of [3]1.22. If V is a quasi-uniformity, then §(V) and 7(V) will
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always denote the quasi-proximity and the topology induced
by V respectively, 7(§) will denote the topology induced by é.
Let 7(6) = {V : (V) = é}. We know from [3]1.33 that for
every 8, w(8) # () moreover there exists a coarsest element of
7(8); it is denoted by Vs and is totally bounded and the only
totally bounded member of 7 (6).

If a topological space X is given such that there exists the
coarsest compatible quasi-proximity then it will be denoted by
8% or simply é° if there is no danger of misunderstanding. If
there exists the coarsest compatible quasi-uniformity then we
use the notation V° or V% for this quasi-uniformity.

If X is Ty then the condition that there is a coarsest compati-
ble quasi-uniformity is equivalent with X being locally compact
(see [11]4.6 and [6]). It is easy to check that V° is transitive if
and only if X is 0-dimensional.

If X is a space, A, B C X then we will use the notation
Ufp=Uap=(AxB)U((X - A) x X). It is known that a
totally bounded quasi-uniformity has a subbase consisting of
sets of the form Uy g where A6(V)(X — B).

It is known from [3]1.46 that if X is locally compact T then
a subbase for V° is {Ukc: K CGC X, K is compact and G
is open}.

We will need a basic definition.

Definition 1.1. Let (X, 7) be a topological space. Then N(X)
or N(7) (T(X) orT(7)) denotes the set of all compatible (tran-
sitive) quasi-uniformities on X respectively.

We emphasize that in this paper each topological space con-
sidered is a locally compact T, space.
2. THE TOOLS

First we give characterizations for V € N(X) being in 7 (89).

Proposition 2.1. Let X be locally compact Ty, V € N(X).
Then V € w(8°) if and only if V € V, V(A) # X (A C X)
implies cl(A) is compact and cl(A) C V(A).
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Proof: To prove the necessity let V € V € n(6°), A C
X such that V(4) # X. Then by [3]1.28 A6(V)(X — V(A))
hence Uy v (4) € V&(V) = V% and there are K; C G; C X such
that K; is compact, G; is open and N{Uk, ¢, C Uay(a). If
z € A then let J(z) = {1 : z € K;}. By assumption J(z) # 0
for every z € A. It is easy to check that

Acl () Kicv(4

z€A jeJ(z)

but (J,esNjes@ K is obviously compact, so is cl(4) and
cl(A) C V(A).
To prove the converse we have to verify that ’Vs(V) c VO

Let Ua,p € Vi) such that B # X. Since A§(V)(X — B) then
there is an open V € V such that V(A) C B so by assumption
cl(A) is compact and cl(A) C V(A). One can easily show that

Ucl(A),V(A) C Ua,p which yields that Uy g € Vo, O

Corollary 2.2. If V € n(6°), Vo,V € V such that VE C
V, and V(B) 76 X (B C X) then cl(Vo(B)) is compact and
A(Ve(B)) C V(B).

Proof: Let A:=Vy(B), V:=Vyin2.1. O

Corollary 2.3. [f AC X, A# X, V(A) = A (V eV e
7(8°)) then A is compact. O

Corollary 2.4. [f there exists a transitive V € 7(8°) then X
s 0-dimensional. O

Recall that a quasi-uniformity V is called uniformly regular if
for every V € V there is V5 € V such that Vo € X cl(Vo(z)) C
V(z) (see [2]1.10, [1]). 2.2 yields that if V € 7(8°) then V

fulfills a much stronger condition.

Definition 2.5. Let us call a quasi-uniformity V strongly uni-
formly regular if for every V€ V there is Vo € V such that
cl(Vo(A)) c V(A) (VA C X).
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Obviously every uniformity is strongly uniformly regular and
the converse does not hold. A possible counterexample is V° of

a 0-dimensional, locally compact, non-compact T3 space (see
2.16).

Remark 2.6. The two notions, uniform regularity and strong
uniform regularity do not coincide.

Proof: Let X = {0;1 : n € IN} C IR with the standard
topology and let V = filxxx{V,. : n € IN} where V,(z) = {z}
if z # 0 and V,(0) = {0;z : £ > n}. It is obvious that
V € T(X). It is straightforward to check that V is uniformly
regular. If A = X — {0} then V(A) = Aand cl(V(A)) = X
for every V € V which shows that it is not strongly uniformly
regular. O

Proposition 2.7. If V € ©(&°) then V is strongly uniformly
regular, moreover each Vo € V is suitable which satisfies V2 C

V.
Proof: 2.2. O

Proposition 2.8. LetV € V € N(X), AC X. Then (V(A) #
X implies cl(A) C V(A)) is equivalent with the condition that

for every z € X, V~1(z) is a neighbourhood of z (<= V* =

sup{V,V7'} € N(X)).

Proof: Let us prove first the necessity. Suppose indirectly
that there is a point z € X which does not satisfy the con-
dition. Let A = {y € X : z ¢ V(y)}. Obviously = ¢
V(A), z € cl(A)and V(A) # X. By assumption we get
cl(A) C V(A) hence z € V(A) which is a contradiction.

To prove the opposite case suppose that there exists a subset
A of X such that V(A) # X and cl(A) ¢ V(A). Now there is
z € cl(A) such that z ¢ V(A), and there is y € V~1(z) N A.
Obviously z € V(y) and z ¢ V(y). O

Proposition 2.9. Let V € N(X) and V' be one of its sub-
bases. In this case V € 7(&°) if and only if Vz € X, VV € V'
1. V7Y(z) is a neighbourhood of z and
2. X —int(V-1(z)) = cl(X — V~(z)) is compact.
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Proof: First we prove the necessity. 2.8 implies 1, and let
A={ye X :2¢ V(y)}. Obviously V(A) # X hence cl(A) is
compact by 2.1 and A = X — V~1(z).

If we want to prove the sufficiency then by 2.1 and 2.8 it
is enough to show that V(A) # X implies cl(A) is compact.
Let N7V; C V where V; € V'. Let 2 € X — V(A). Then AN
V-1(z) = 0 therefore A C cl(X —V~Y(z)) C UZcl(X — V7' (z))
which is compact by assumption. O

We emphasize a trivial but important consequence.

Corollary 2.10. Let V € N(X). Then V € 7(&°) if and only
ifVe € X, YV € V V7(z) is a neighbourhood of x and cl(X —
V=1(z)) is compact.

Examining the second condition we may say that it means
that V~!(z) is a huge set (V € V € n(8°),z € X) in the sense
that its complement is contained in a compact set where we can
think that compact sets are small (since the set of all compact
sets is an ideal in the lattice of all closed sets).

Proposition 2.11. Let V € N(X). In this case V € 7(8°) if
and only if V™' € N(7') where ' = {N € 7: X — N is compact

yu{0}.

Proof: First observe that 7/ is a topology.

Let Ve (%) and z € X, V €V. By2.10z € int,V~(z) C
V-1(z) and intV~1(z) € 7.

Let z € G € 7'. Then K = X — G is compact and z ¢ K. It
is known that there exists a compact set K; such that K C
intK; and ¢ ¢ K;. Obviously Uk, € V° hence UI_{}Kl -
Ux-k,x-x € (V)™ € V7'. Now Ux_k,c(z) = G which
yields that 7/ C 7(V71).

To prove the sufficiency let z € X, V € V. V-1(z) is a 7/
neighbourhood of z so it is a 7-neighbourhood too and there
is N € 7/ such that z € N C V~(z). By 2.10, X — V() C
X — N yields the required statement. O

Corollary 2.12. 7(8°) is closed for sup.
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Proof: Let V; € n(6°) (¢ € I). By the previous proposition
(2.11) V7' € N(7') and so is (sup{V;:1 € I})™". O

Corollary 2.13. 7(&°) always has a finest member.

The following fact is known in some ways (see e.g. [3] 1.45)
but we give here a simple direct proof.

Proposition 2.14. If X is compact Ty then there exists a
unique compatible uniformity on X, moreover it equals to the
coarsest compatible quasi-uniformity.

Proof: Let V be a compatible uniformity and V° be the coars-
est compatible quasi-uniformity whose subbase is {Ux ¢ : K C
G C X, K is compact and G is open}. Let V. € V and V5 € V
be symmetric such that V;* C V. By the compactness of X
there are points z1,... ,z, in X such that X = U} Vp(z;). Let
K; = cl(W(z;)), G; = int(Vo(K;)). Obviously K; is compact,
G; is open and K; C G;. In the standard way one can easily
prove that N?Uk, g, C V which yields that V € V°. O
We are ready to prove the main theorem of this section.

Theorem 2.15. If X is compact Ty then |w(6°)] = 1.

Proof: By 2.10 it is straightforward that V* = sup{V,V™'} is
a compatible uniformity if V € 7(6°). But V C V* = V° by
the previous observation (2.14). O

Proposition 2.16. For a locally compact T, space X the fol-
lowings are equivalent: 1. X is compact 2. V° is a uni-
formity 8. 3V € 7(6°) such that V™' € n(6° 4. IV €
m(8°) such that V™' € N(X) §. 3V € 7(8°) such that V" €
7(8°).

Proof: 1=2: 2.14. The implications 2=3, 3=4, 2=5 are
obvious. 5=-2: If V is a uniformity then sois V,, = Va(V)' 4=1:
Let z € K C X such that K is a compact neighbourhood of
z. Then there is a V € V such that V~!(z) C K. Therefore
X = KU (X —int(V~!(z))) but by 2.9 X — int(V~1(z)) is

compact. (I
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Lemma 2.17. Let Y C X be closed, V € n(6%). Then V|y €
m(6y).

Proof: If V € V then conditions 1 and 2 hold in 2.9. We
have to show that V|y also satisfies these conditions for V. 1
is obvious, and cly (Y — V|3'(y)) = cx(Y = V[;'(¥))NY C
cdx(X — V=Y y))NY (y € Y) which is compact and we get
condition 2 holds too. O

3. NON-LINDELOF SPACES

The aim of this section is proving the fact that |r(6°)| =1
if X is non-Lindelof.

Definition 3.1. IfV is an entourage on X then let
suppV =cl({z € X : V(z) # X}).

Proposition 3.2. Let V5,V € V € 7(6°) such that V@ C V.
Then Vo(suppV') C suppVo. (Hence suppV C int(supplp).)

Proof: Let = € suppV, y € Vo(z). We have to prove that
y € suppVo. By 2.9 there exists z € V5 '(z) N {z' : V(2') #
X} #0. Now Vo(y) C V(z) C V@(2) C V(z) # X and we get
Vo(y) # X. O

Proposition 3.3. Let Vo,V € V € 7(8°) such that V@ C V.
If x € suppV then Vp(z) # X.

Proof: By 2.9 thereis a z € V7' (z) N {z': V(') # X} # 0.
In the usual way we get Vo(z) # X. O

Lemma 3.4. Let V,V, € V € 7(6°), Vi C V. Then if z €
suppV then cl(Vo(z)) is compact.

Proof: By 3.3 V#(z) # X and then 2.2 gives the statement.
a

Theorem 3.5. Let V be a neighbournet in X. Then V € V°
if and only if suppV s compact, there exists a neighbournet
Vo such that VE C V and V; '() is a neighbourhood of = for
every ¢ € suppV.
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Proof: If V € V° then there are K; C G; C X such that K;
is compact, G; is open, and U = NtUk, g, C V. If z ¢
UPK; then U(z) = X C V(z). By 2.9 V;!(z) is a neigh-
bourhood of z if z € X whenever V; € V°.

To prove the sufficiency let L, = int(Vo(z) N V;'(z)) and
K, C L, be a compact neighbourhood of z if z € K = suppV.
Then K C Ugex K, and K being compact imply that K C
UL, Kz, We show that U = NtUk, 1, C V which yields
that V € V°. If z ¢ K then V(z) = X. If z € K then
there is ¢ such that z € K,,. Then = € V; '(z;) and Vo(z;) C
V(z) and Lg, C Vo(z:) so that U(z) C Uk, L,,(z) C V(z). O

We remark that cl(X — V~!(z)) is compact in the previ-
ous theorem (r € X); moreover all sets cl(X — V~1(z)) are

contained in the same compact set (suppV). (Compare with
2.9.)

Corollary 3.6. Let V €V € w(6°). Then V € V° if and only
if suppV is compact.

The following proposition generalizes the fact that cl(X —
V=1(z)) is compact if V € V € 7(8°).

Proposition 3.7. If V € V € n(8°), K C X is compact then
Ad(X —MNpex V i(z)) =cl({z € X : K ¢ V(z)}) is compact.

Proof: Let Vo € V such that V2 C V. Then obviously there
are z; € X (¢ =1,...,n) such that K C U}Vy(z;). We show
that N2V, ! (z;) C ﬂze;\ V-1(z). If y € K then there is ¢ such
that y € Vo(:ci) hence z; € V5 '(y), Vo '(z:) C V(y) and
we get NTVy ' (z;) C Neex V1 (2).

Now cl(X —NyexV™1(z)) C (X —N3Vy Y (z;)) = Ufel(X —
Vg (z;)) which is compact (2.9). O

Proposition 3.8. Let V € 7(8°), V,V, € V such that Vi C
V' and suppose that there exists ¢ € X such that X — Vy(z) is
compact. In this case V € V°

Proof: Let K; = X — Vo(z), Ky = cl(X — V5 '(z)). We know

that both sets are compact. By 3.7, there exists a compact set
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K3 such that if z ¢ K5 then Ky C V(z). If y ¢ K, theny €
Vo '(z), and X — K7 C Vo(z) C V(y) C V(y). We get that if
y ¢ K;UK; then V(y) = X. In other words suppV is compact
and 3.6 is applicable. O

Corollary 3.9. IfV,,V €V € n(&°) such that Vi CV and V ¢
VO then suppVp = X.

Proposition 3.10. Let Vo,V € V € 7(8°) such that V2 C
V and V ¢ V°. In this case cl(Vo(z)) is compact for every
reX.

Proof: By 3.9 suppV;! = X and by 3.4 cl(Vy(2)) is compact.
O

Recall that a quasi-uniform space (X,V) is uniformly lo-
cally compact provided that there is a V € V such that Vz €
X, cl(V(z)) is compact (see [9]2). Now we can prove the fol-
lowing;:

Corollary 3.11. If X is locally compact Ty, V € 7(&°), V #
VO then V is uniformly locally compact. If X is non-compact
then V0 is not uniformly locally compact.

Proof: Thereis V € V — V° and 3.10 is applicable.

To prove the second part indirectly observe that if cl(V(z))
is compact for every z € X then suppV = X. But by 3.6
suppV must be compact as well — a contradiction. O

Now we can already prove the following:

Theorem 3.12. If X is locally compact Ty, non-Lindeldf (<
not o-compact) then |r(&°)| = 1.

Proof: Suppose the contrary, that there exists V € 7(6°), V #
V% Then thereis V € V — V°. Let V; € V such that V® C
V and let V; be open. By 3.10 cl(Vo(z)) is compact (z € X).
Then we can find a sequence (z;) such that z,41 ¢ UFVo(z;).
By X being non-Lindeldf there exists y € X — U Vo(z;) thus
{z;:2€ IN} C X — Vy ' (y) but the closure of this set is com-
pact by 2.9 so there is a cluster point z of (z;). By 2.9 V;'(2)



255

is a neighbourhood of z so there is n € IN such that z, €
Vil (2), 2z € Vo(zn). But obviously {z; : i >n} C X — V()
which is closed. Hence z € X —Vy(z,,) which is a contradiction.
Il

4. THE LINDELOF, NON-COMPACT CASE

In this section we partly answer the question : what can be
said about |7(8%)| if X is non-compact, Lindeléf, by proving
that |7(8%)] > 2% in this case.

Lemma 4.1. Let f: X — Y be a continuous surjective func-
tion such that K being compact in Y implies that f~'(K) is
compact. If V is a neighbournet in Y such that 2.9 1 and 2

hold then (f x f)~'(V) is also a neighbournet in X and satisfies
these conditions.

Proof: If z € X then (f x f)"}(V)(z) = f~'(V(f(z))) and
similarly ((f x f)"'(V))"'(z) = f~Y(V~Y(f(2))). Condition
1 and (f x f)~}(V) being a neighbournet are straightforward.
Ifz e X, X — f7H(V(f(x))) = f7H(Y = V7I(f(2))); but
(Y — V=1(f(z))) is compact. O

Lemma 4.2. Let f : X — Y be a surjective‘ function, and
V1, V3 be two distinct quasi-uniformities on'Y. Then f~1(V;) #
f71(Va).

Proof:  Suppose that there is a V € V; — V, and there is
Vy € Vy such that (f x f)7'(V2) C (f x f)~}(V). Obviously
TVa(f(=2) € fFHV(f(z))) (z € X). By the surjectivity
of f, Va(f(z)) C V(f(x)) and again by the surjectivity Vo C
V and V € V, — a contradiction. O

Theorem 4.3. Let X and Y be locally compact, non-compact
T, spaces. Let f : X — Y be continuous, surjective and if

K is a compact set then let f~'(K) be compact. In this case
[m(69)] < |7 (6%)I-

Proof: Let V1,V; € m(8%) such that V; # V,. It is enough to
prove that Vll =ﬁ1Xxx{f-1(V1), VO} # V'2 = ﬁlXxx{f_l(Vz), VO}
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since by 4.1 V},V, € 7(6%). Suppose that there exist V €
Vi—V,, Vo €V and U € V° such that U N (f x f)~1(Va) C
(f x f)7Y(V). Then for every z € X, U(z)N f~1(Va(f(z))) C
Y (V(f(z))). Let K = suppU and z ¢ K. There exists
such an z by 3.6 and the assumption. Hence V,(f(z)) C
V(f(z)) Vz € X — K and we get Va(y) C V(y) Vy € Y — f(K).

Let Vo € V; such that V! C V and V; is open. f(K) C
Uzef(K)(Vo(x)ﬂVO_l( )) and f(K) being compact implies that
fIK) C Ur(Vo(z;) N Vyi(z:)). Let W = N3Uk, g, where
K; = cl(Vo(z;)) and G = V#(z;). Since V ¢ V, then V ¢
V) and by 3.8 V(z;) # Y and 3.4 yields that cl(Vy(z;))
is compact, and K; C G; holds by 2.2. Hence W € VY},
we want to prove that W(y) C V(y) Vy € f(K). Ify €
f(K) then there is ¢ such that y € Vg(z;) N V5 '(z;) and y €
K;. Thus z; € Vy(y) implies VZ(z;) C V@&(y) C V(y). In other
words Uk, ¢,(y) C V(y) and W(y) C V(y).

Now WNV, CV but We V) CV, Therefore V € V,

which is a contradiction. O

Theorem 4.4. If X is non-compact, Lindelof and 0-dimen-
sional then |w(6°) N (N(X) — T(X))| > 22™.

Proof: To prove the inequality it is enough to show that each
quasi-uniformity V, constructed in [12]3.1 is in 7(8°) if we set
B = {compact-open sets} U {X,0} and let (NV;) be a strictly
increasing sequence of compact-open sets such that U° NV, = X.
It is straightforward that Vg = V°. Using the notation of [12],
by 2.9 we have to check that each V; and U4 (: € IN, A € o)
satisfy conditions 1 and 2. To prove condition 1 let x € N,, —
Nn_1. Then N, — N,_; C V"' (z) nU;"(z). Condition 2 is a
consequence of X — N,, C V' (z) N U ' (z). O

Corollary 4.5. Let X = IN be equipped with the discrete topol-
ogy. Then |x(8%)] = 22,
Proof: Obviously |r(6°)] < |[N(X)| < 22 and apply 4.4. O

Theorem 4.6. [f X = [0,+00) C IR is equipped with the stan-
dard topology then |7(6°)| = 22™°.
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Proof: We know that |N(X)| = 22" (see [12]4.4 and [8] Corol-
lary 2) so we have to prove that |7 (6°)] > 22°.

Let A C exp(IN) be an almost disjoint system such that
|A| = 2% and A € Aimplies |A| = No. (Almost disjoint
means that if A, B € A then |[AN B is finite.) If A € A4, e €
IR, 0 < ¢ < 1 are given then we define f = fa.. Ifn €

INU {0} then let

_Je ifngA
f(”)“{i ifn € A

If z € X,n <z < n+1 for some n € IN then let f(z)
be the point on the line segment between (n, f(n)) and (n +
1, f(n + 1)) which is above z. Obviously f is continuous. Let
Vael®) = Vi (2) = 0,2 + fac(a))

We prove that VfM C Vigser Let f = fa. Let z € X
be fixed. If y € Vy(z)then0 <y < z+ f(z). fy <z
then the absolute value of the slope of the segment between
(y, f(y)) and (z, f(z)) is less than 1. Hence y+ f(y) < z+ f(z)
in other words Vi(y) C Vy(z). If z < y < z + f(z) holds
then we can say the same about the slope of that segment so
fly) < 2f(z). We get y+ f(y) < = + 3f(z) in other words

Vi(y) C Viaa ().
Now let B C A. Let

Vi =filxxx{V° Vi, : A€ B,0 < e< 1},

By the previous observation the set which generates Vp is a
quasi-uniform subbase. It is easy to check that Vg € N(X).
To prove that Vg € 7(8°) we have to check conditions 1 and
2 in 2.9 for the given subbase. Let f = f4., z € X. Obvi-
ously [z,+00) C V;!(z) so condition 2 holds. Suppose indi-
rectly that there is a sequence (y,) such that y, — z, y, <
zand z ¢ Vi(y,) (n € IN). Then f(y,) — 0 must hold and
we would get that f(z) = 0 since f is continuous and this is a
contradiction.
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It remains to show that if By # B, then Vg # Vp . Sup-
pose for example that there exists B € By — B;. Let V =
Vig, € Vg, lindirectly V € Vg then thereare ¢ >0, U €
V°, Aj € Bysuchthat UN(\L, Vs, . C V. B ¢ By so it
is easy to check that B — UT'A; is infinite. Thus there exists
k € (IN — suppU) N (B — UT4;) such that ; < e since by 3.6
suppl is compact. Then U(k)N " Via, (k) = X0 [0,k+¢€) =
[0,k + €) but Vy,, (k) = [0,k + £) which is a contradiction. O

Proposition 4.7. If X C [0,+00) is closed, not bounded then
7w (6%)] = 22,

Proof: There are two cases to consider.

1. There is a sequence (z,) such that z, — 400 and z, ¢
X (n € IN). We can assume that z, < z,41, inf X < z; and
(Zny Tnt1) N X # 0 (n € IN). In this case let (y,) C X be a
sequence such that y; < z1, z,1 < y; < z; (2 > 2). We define
a function g : X — {y; :7 € IN}. If z € X then let

U1 if$<CL'1,
g(z) = . .
v ifeg<z<z (12>2).

Obviously by the choice of (z,,) and (y.), ¢ is continuous, sur-
jective, K C {y; : ¢« € IN} being compact implies that ¢g=!(K)
is also compact. By 4.3 and 4.5 we get |r(6%)| > 22" since
{yi : i € IN} is homeomorphic to IN.

2. There exists no such sequence in other words there is

y € X such that [y,+o00) C X. We define g : X — [y, +00).

If z € X then let
y ifz<y,
9(z) = .
z ifz>y.

It is straightforward to check that g is continuous, surjective,
K C [y,+00) being compact implies that ¢~ (K) is compact
too. So |7(6%)] > 22" by 4.3 and 4.6. O

Corollary 4.8. If X C [0,400) is closed, not bounded then
Im(63)] = 22°.
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Proof: 4.7 and [8] Corollary 2. O

Lemma 4.9. If X is locally compact, non-compact Ty, Lin-
delof then there exists f : X — Y C [0,400) such that Y
is closed, not bounded and f s continuous, surjective and K
being compact implies that f~'(K) is also compact.

Proof: It is easy to construct a sequence of compact sets K,, C
X (n € IN) such that K, C intK,4; and U® K; = X. Then
by induction we can assign to each r € [1,00) N@Q a compact
set K, in X such that if r; < r; then K, C intK,,. We have
defined K, if r € IN. Let n € IN be fixed and let (r,,,) be a se-
quence such that {r,, : m € IN} = [n,n+1]NQ, rn # ry (k #
m)and ry =n, ro=n+1. f K, ,... K, _, are defined then
there are [;m < k such that d(r;,rx) = min{d(r;,r%) : 7; <
Tk, J < k} and d(rk,rm) = min{d(rg,r;) 1 rp < 75, j < k}.
Let K,, be chosen such that K, C intK, C K,, C intK,
and K., is compact. We do the same for all n € IN and we get
the sequence K, for r € [1,00) N Q.

Now we define f. If z € X then let f(z) = inf{r € [1,00) N
Q :z € K,}. We show that this f has all required properties.

To prove that f is continuous let z € X and f(z) € (a,b).
Let ry,72 be chosen such that ¢ < ry < f(z) < ry < b. Then
z € intK,, — K,, which is open and f(intK,, — K,,) C (a,b).

Let Y = f(X). Then Y is not bounded since if n € IN then
there is « ¢ K, hence f(z) > n. '

To show that Y is closed let (y,) be a convergent sequence
such that y, € Y andy, — y € IR. Then there is a se-
quence (z,) in X such that f(z,) = y,. There exists a w €
@Q such that y, < w Vn € IN, therefore z,, € K,, which is com-
pact so there is a cluster point z of (z,). Obviously y = f(z)
because f is continuous.

We show that K being compact implies that f~'(K') is com-
pact. Suppose that K C [l,n], for an n € IN. If z €
f"Y(K)thenz € K,41. So f7Y(K) C K,y1. But f being
continuous implies that f~!(K) is closed. O
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Theorem 4.10. If X is locally compact T3, non-compact, Lin-
delof then |m(8%)] > 22",

Proof: 4.9,4.7 and 4.3. O

Corollary 4.11. |7(6°%)| = 1 if and only if X is either compact
or non-Lindelof.

Finally we present a counterexample to the following ques-
tion. For some time we believed that if X is non-compact and
Lindelsf then |r(6°)] = 22" holds. Much evidence seemed to
support such a conjecture, for example 2.15, 2.17, 2.9 and 3.10.
But we are going to show now that it is not correct.

Theorem 4.12. There exists a space X for which |m(&°)| >
22"

Proof: Let Y be a discrete topological space with |Y| = ¢
where ¢ = 2%, Let us consider the Cech-Stone compactifica-
tion fY of Y. If A C Y, let us use the notation: A ={u:qis
an ultrafilter on Y such that A € @}.

Let X = U2, X; where X; is homeomorphic to Y (: € IN)
and X; N X; =0 (¢ # 7). Let U°T; be a base for 7, i.e. X is
the topological sum of the X;-s.

We assign for every A C Y a transitive neighbournet W4 on
X. If z € X, then let Wy(z) = UiZ! X; U U (z) where U™
denotes the image of the neighbournet Uz = Uy 5 C BY x Y
by a fixed homeomorphism between 3Y and X,. It is easy to
see that W% = W,.

If Ais a filter on Y then let V= ﬁlXXX{Vg(; Wa:Ae A}
We show that V 4 € 7(6°). In order to prove this it is enough
to check the two conditions of 2.9. Let z € X, and A € A.
By the definition of Wy, U, X; C W;'(z), hence condition
2 holds. To establish condition 1 it is enough to verify that
Wi'(z)N X, is open, which is equal to U;(m) and it is open.

Now we prove that if A,B are filters on Y, A # B then
V 4 # V. This obviously implies that [ (6°)] > 22" > 2°.

We can assume that there is A € A — B. Then W4 €
V 4 and we show that W4 ¢ V. Suppose indirectly that
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W4 € Vp. Then there are U € Vg(, B; € B such that U N
N Wa, C W4. By 3.6 suppU is compact hence there is a k €
IN such that X NsuppU = §. If we restrict the previous en-
tourages to X we get ﬂ?UBI, C Uj. Let o be the lattice of sub-

sets of X}, which is generated by the sets §), Bl, cey En, BY , and
let 3 = {0, A,BY}. By [11]2.6 we get that § C « since a and
are l-interior preserving open covers and U, = N{Up, Us =
Uj;. Hence A can be written as a union of finite intersections

from Bl, - ,Bn. By the properties of the operator”, then A is
a union of finite intersections from By, ... , B, but then A € B
— a contradiction. O
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