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THE LINDELOF PROPERTY OF COUNTABLE 
PRODUCTS OF LINDELOF DC-LIKE SPACES 

LIANG-XUE PENG AND SHANGZHI WANG 

ABSTRACT. If X n is Lindelof regular DC-like space for 
n E N, then TI X n is Lindelof space. 

nEN 

INTRODUCTION 

Let C be the class of all compact spaces, DC be the class 
of all spaces which have a discrete cover by compact sets. The 
topological game G(C, X) was introduced and studied by R. 
Telgarsky [1]. The games are played by two persons called 
Players I and Players II. Player I and Player II choose closed 
subsets of II's previous play (or of X, if n == 0): Player I's 
choice must be in the class C and II's choice must be disjoint 
from I's. We say that Player I wins if the intersection of II's 
choices is empty. Recall from [1] that a space X is said to be 
C-like if Player I has a winning strategy in G(C, X). From 
reference [2] we know that the finite products of C-like spaces 
is Lindelof space. In this paper, the authors prove that the 
countable products of Lindelof C-like spaces is also Lindelof 
space. 

Paracompactness, Lindelof and metacompact property of 
countable products have been studied by several authors. E. 
Michael [4] proved that if X is separable metric space, then 
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XW X Y is Lindelof for every regular hereditarily Lindelof space 
Y. Z. Frolik [5] and K. Alster [6] proved that it has the same 
result if X is a regular tech-complete Lindelof space or X is a 
regular C-scattered Lindelof space. K. Alster [7] also proved 
that if Y is a perfect paracompact Hausdorff space and X n is 
scattered paracompact Hausdorff space for each nEw, then 
Y x II X n is paracompact. H. Tanaka [9] proved that if Y is a 

nEw 
perfect subparacompact space and X n is regular subparacom­
pact DC-like space for nEw, then Y x II X n is subparacom­

nEw 

pact, and he also proved that II X n is metacompact, if X n is 
nEw 

a regular metacopmpact DC-like space for each nEw. By 
now, we don't know the result about Lindelof DC-like spaces. 
In this paper, the authors prove that the countable products 
of regular Lindelof DC-like spaces is Lindelof. 

1. THE MAIN RESULT 

A function S f ~om 2x into 2x n C is said to be a station-
r, 

ary strategy for Player I in G(C, X) if S(F) c F for each 
F E 2x . We say that the S is winning if he wins every play 
(S(X), Fo, S(Fo), FI , S(FI ),· .. ). That is, a function S from 
2x into 2x n C is a stationary winning strategy if and only if 
it satisfies 

(i) S(F) c F for each F E 2x , 
(ii) if {Fn : nEw} is a decreasing sequence of closed subsets 

of X such that S(Fn ) n Fn+1 == 0 for each nEw, then 
n Fn = 0. 

nEw 

X is a C-like space if and only if Player I has a stationary 
winning strategy in G(C, X) (cf.[2]). 

Theorem 1. If X n is a C-like space for each n E N J then 
II X n is a Lindelof space. 

nEN 
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Proof: Let Y == E8 X n , then Y is C-like space (cf. [1]). So 
nEN 

we only prove that IT li is Lindelof space, where li == }7 for 
iEN 

i E N. Let X == IT lie Let Q3"' is base of X, U is any open 
iEN 

cover of X. UF == {UU': U' C u, IU'I < w}. Q3" == {B : 
B E Q3"', B C 0 for some 0 E UF}. For any B E Q3"', denote 
n(B) == inf{i: i E N, and for any j ~ i, pj(B) == Yj}. E == 
IT E i C X, where Ei C Xi is closed compact set of Xi, i E N. 

iEN 

Then there is 0 E UF, such that E C O. From reference [11], 
we know that there is B E Q3"' such that E C B CO, so B E ~. 

Denote n(E) == inf{n(B): E C B, B E Q3"}. Then there is 
B E Q3", such that n(E) == n(B), B C 0 for some 0 E UF . Let 
S be the stationary winning strategy of I in G(C, ~). 

Denote F1 == {X}, EF == IT S(Yi) for F E F1 , E1 == {EF : 
iEN 

F E F 1 }. For EF, there exists B F E Q3", such that EF C B F 
and n(EF) == n(BF), so there is OF E UF, satisfying B F C OF. 
Let U1 == {OF: F E F 1 }, Q3"1 == {BF : F E F 1 }. 'Thus 
X \ OF C X \ B F. Let ~ (F, EF, BF) == P { 1, 2, . .. ,n(B F ) - 1} 
for F E Fl. For A E ~(F, EF , BF ), denote FA == IT F!, where 

iEN 

F! == Pi(F) \ Pi(BF) == li \ Pi(BF) if i E A, F! == Pi(F) == 
li if i ~ A. Thus FA is closed set of X. Let F 2 == {FA : 
A E ~(F,EF,BF), F E F 1 }, IF2 1 < w. E2 == {EF: EF == 
IT S(Pi(F)), FEF2 }. For any EF, there is BF E Q3", such 

iEN 

that EF C B}? and n(BF) == n(EF), so there is OF E UF , such 
that B F C OF· Denote U2 == {OF: FEF2 }, IU2 1 < w. 
~2 == {BF : F E .r2}, 1~21 < w. 

For n E N, we assume for every) ::; n, j ~ 2, there are finite 
closed family Fj, compact family E j , and finite open finite Uj C 
UF , ~j C ~'. Satisfying: For any F E F j - 1 , F == IT Fi , where 

iEN 

Fi is closed subset of li for i E lV. There is E F E E j - 1 , _EF == 
IT S(Pi(F)) is compact set of X. There is BF E Q3"j-l C ~, 

iEN 
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such that EF C BF and n(BF) == n(EF). BF C OF for some 
OF E Uj- 1 C UFo ~(F,EF,BF) == P{1,2,'" ,n(BF) -I} for 
F E Fj-l. Fj == {FA: A E ~(F,EF,BF), F E Fj-l}, where 
FA == Il FI, FI == Pi(F) \ Pi(BF), if i E A, otherwise Ff == 

iEN 

Pi(F). Pi(FA) is closed set of li. For any F E Fj- 1 , OF ~ BF ~ 

EF,F\OF C F\BF == U{FA : A E ~(F,EF,BF)}. Fori E A, 

Pi(FA)npi(EF) == 0. Ej == {EF: EF == Il S(Pi(F)), F E Fj } 
iEN 

compact family of X. For F E Fj, there is B F E 23, such that 
EF C BF and n(BF) == n(EF), and exists OF E UF , BF C OF, 
~ j == {BF: F E Fj}, Uj == {OF: F E Fj }. 

For every F E.!'n, let ~(F,EF,BF) == P{1,2,··· ,n(BF)­
I}, where EF E En' BF E ~n, EF C BF C OF, OF E Un. For 
any A E ~(F, EF, BF), let FA == Il FI, where FI == Pi(F) \ 

iEN 

Pi(BF), if i E A, otherwise, FI == Pi(F). So Pi(FA) is closed set 
of li for i E N .. F\ OF C F\BF == U {FA: A E ~(F, EF, BF) 
for F E Fn. Let Fn+1 ~ {FA: A E ~ (F, EF, BF), F E Fn}. 
Then IFn+1 1 < w. Let En+1 == {EF : EF == Il S(pi(F)),F E 

iEN 

F n+1 }, En+1 is a closed compact family of X. For any F E 
Fn+1 , there is BF E ~, such that EF C BF and n(EF) == 
n(BF). So BF C OF for some OF E UF . Let Un+1 == {OF: 
F E Fn+1 }, ~n+l == {BF: F E Fn+1 }. They are all finite 
families. 

By induction, we have closed family n, compact family E i , 

and opeE family Ui C UF, ~i C ~'. For any F E Tn' EF C F, 
EF E En. BF E ~n, OF E Un' such that EF C BF and 
n(EF) == n(BF), BF C OF, F \ OF C F \ BF == U {FA: A E 
~(F, EF, BF)}, where ~(F, EF, BF) == P{l, 2,· .. ,n(BF)-1}. 
Let U' == U {Un: n E N}. We want to prove U' is countable 
open cover of X. Now, we prove a claim which will be used 
following. 
Claim. For any j .E N, F j E Fj, if F j +1 == FAj for some 
A j E ~(F,EF,BF), where F == Fj, then n Fj is empty. 

jEN 
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Proof of the claim: For j E N, F == Fj , Fj +1 == FAJ == IT F!, 
iEN 

F! == Pi(F) \ Pi(BF) == Pi(Fj ) \ Pi(BFj ) if i E Aj , otherwise 
F! == Pi(F) == Pi(Fj ). So Fj+1 C Fj. Suppose for each i E lV, 
there is natural number ti > i, such that Pi(Ft) == Pi(Fti ) for 
any t 2 tie Let F == IT Pi(Fti )· E == IT S(Pi(Fti )). Then 

iEN iEN 
E is a compact set of X. So there exists B E Q3 such that 
E C Band n(B) == n(E). We choose a natural number t, 
t > {ti: i < n(B)}. Thus Pi(Ft) == Pi(Fti ) == ]Ji(F) for 
i < n(B). Then S(Pi(Ft)) == S(Pi(F)) for i < n(B). So we have 
EFt == IT S (Pi (Ft) C B, Pi (EFt) == S (Pi (Ft)) == S (Pi (F)) == 

iEN 

Pi(E) for i < n(B), and E C B, n(E) == n(B). So .EFt C B 
and n(EFt ) == n(B). So n(B) == n(BFt ). Ft+1 == FAt for some 
At E ~(F, EF, BF), F == Ft. So there is i E At, such that 
Pi(Ft+l ) == Pi(Ft) \ Pi(BFt )· Thus Pi(Ft+l ) =I- Pi(Ft ) for some 
i < n(BFt ) == n(B), and t > tie Contradicts with Pi(Ft+1 ) == 
Pi(Fti ). So there is some i E N, an increasing natural number 
sequence {mn}nEN, satisfying Pi(Fmn ) =I- Pi(Fmp ) if P =I- n. So 
Pi(Fmn+1 ) ~ Pi(Fmn ). From the assumption, we kIIOW that 
S(Pi(Fmn )) n Pi(Fm~+l) == 0. So n{Pi(Fmn ): n E N} == 0. 
Thus n Fn C n Fmn == 0. 

nEN nEN 
Now we prove that U' == U {Ui : i E N} is a countable 

cov~r of X. For lUi I < w, i E N, so U' is countable. For 
any x E X, and any i E N. F~ == {F: x E F,F E Fi.} is 
finite family. Suppose F~ is not empty for any i E N. For 
any i E N, and any Fj E F1, where 2 :s; j :s; i. There is a 

. 1
Fj- I E :F~- , BFj _ E ~j-I, OFj_:- E Uj- I , such that EFJ - C1 1 

BFj _ C OFj_l' where EFJ - 1 E Ej- I , n(EFj _1 ) == rt(BFJ _1 ),1 

and some Aj- 1 E 6.(Fj- 1 , EFJ - 1 , B FJ - 1 ), satisfying Pi(Fj ) == 
Pi(Fj- 1 ) \ Pi(BFj _1 ), if i E Aj- I , otherwise Pi(Fj ) == Pi(Fj- 1 ). 

By Konig's Lemma (cf. [10]), ~e have a closed sets sequence 

{Fj}jEN, Fj E F1, and EFj E Ej , B pj E ~j, OFj E Uj , EFj C 
BFj C 0 Fj for j EN, such that for any j EN, there is some 
Aj E 6.(Fj , EFj , BFj ), satisfying Pi(Fj+1 ) == Pi(Fj) \ Pi(BFj ), 
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if i E A j , otherwise Pi(Fj +1 ) == Pi(Fj ). So Fj +1 == FAj , where 
F == Fj , A j E 6.(Fj , E Fj , B Fj ). But x E n Fj , this contradicts 

JEN 

the claim. Thus there exists i EN, such that F[ == 0. Let n is 
the smallest number i, such that F: is empty. Then F;-l i- 0. 
For any FE ;:;-1, X E F, F\OF C F\BF, where OF E Un-I, 
BF E ~n-l' F \ BF == U {FA: A E ~(F, EF, BF)}. For any 
A E ~(F, EF,BF), x ~ FA, so x ~ F \ BF. Thus x E OF for 
some F E F;-I. Then x E UUn - 1 . Thus U' == U{Ui : i E N} 
is countable open cover of X. So X is Lindelof space. 

Theorem 2. [3] X is a regular space, if X is a LindelofDC­
like space, then X is a C-like space. 

Theorem 3. If X n is a regular Li'ndelof DC-like space for 
each n EN, then IT X n is a Lindelof space. 

nEN 

Proof: By Theorem 2, we know that X n is a C-like space for 
each n EN. So IT X n is a Lindelof space from Theorem 1. 

nEN 
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