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A SUFFICIENT CONDITION THAT THE HIGSON
CORONA OF THE HALF OPEN INTERVAL [0,00) IS
A DECOMPOSABLE CONTINUUM

KAZUO TOMOYASU

ABSTRACT. The Higson compactification (cf. [5]) is a metric
dependent compactification. In this paper, we will give a
sufficient condition that the Higson corona of the half open
interval is a decomposable continuum.

1. INTRODUCTION

All spaces considered in this paper are assumed to be locally com-
pact and Hausdorff. By C*(X) (resp. C(X)), we denote the ring
of all bounded real-valued (resp. real valued) continuous functions
on X. It is well-known that there is a one-to-one correspondence
between the compactifications of a space X and the closed subrings
of C*(X) containing the constants and generating the topology of
X. Let f: X — Y be a continuous function between metric spaces
(X,d) and (Y,p). We say that the function f satisfies the (x)g4-
condition provided that

(%)g lim diam, f(Ba(z,r)) =0 for each r >0,
r—00

that is, for each r > 0 and each € > 0, there is a compact set
K = K, in X such that diam,, f(Bg(z,r)) < € for each z € X\ K.
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Let C5(X) = {f € C*(X) | f satisfies (*)q}. Then Cj(X) is a
closed subring of C*(X).

The Higson compactification Yd of a proper metric space (X, d)
is the compactification associated with the closed subring C7j(X)
of C*(X) [5], where a metric d on a space X is said to be proper
provided that every bounded subset in X has the compact closure.

The remainder X" \ X is called the Higson corona and we denote
the Higson corona of X by v4X. For undefined notations and ter-
minologies, see [1] and [3].

In ([4], Theorem 1.6), we showed the following theorem: Let d
be a proper metric on J = [0, 00) satisfying the following condition
(1): d(z,y)+d(y,z) = d(x, z) for each z, y, z € J with z < y < z.
Then the Higson corona v4J is an indecomposable continuum. Of
course, the usual metric on [0, c0) satisfies the condition (}). This
condition says that the metric d is induced by a homeomorphism
between half-open intervals [0, 00).

In fact, if a proper metric d satisfies (f), then the map h :
[0,00) — [0,00) defined by h(x) = d(0,z) is a homeomorphism
satisfying d(z,y) = |h(x) — h(y)| for each z,y € [0,00). On the
contrary, for any given homeomorphism A : [0, 00) — [0, 00), define
d(z,y) = |h(z) — h(y)| for z,y € [0,00). Then we obtain a proper
metric d satisfying (7).

In the above argument, the Higson corona of the half-open in-
terval with a proper metric induced by a homeomorphism between
half-open intervals [0,00) is an indecomposable continuum. Then
we are interested in the Higson corona of the half-open interval with
a proper metric induced by a subspace metric of the Euclidean plane
R2. In this paper, we give a sufficient condition that the Higson
corona of the half-open interval with a proper metric induced by a
subspace metric of R? is a decomposable continuum.

2. INDECOMPOSABLE CONTINUA AND DECOMPOSABLE CONTINUA

Given our theorem, we may recall some basic properties concern-
ing the Higson compactification.

Proposition 2.1 ([2], Theorem 1.4). Let X be a proper metric
space with a proper metric d and let Y be a closed subset with
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the induced metric dy. Then clde 1s homeomorphic to v

(Clde = ?dy).

Proposition 2.2 (cf. [4], Lemma 1.5). Let (X, d) be a non-compact
proper metric space and let N, be an r-dense b closed subspace of X,
where r > 0. Then the Higson corona vyX is equal to cldeT\NT.

Now, a finite system {E1, ..., E,} of subsets of a proper metric
space (X, d) diverges if, for each R > 0 the intersection of the R-
neighborhoods of the sets E;, ¢ = 1,...,n, is a bounded subset of
X. Equivalently, a system {FE1, ..., E,} diverges if and only if the
function F : X — J defined by F(x) = >, d(z, E;) satisfies the
condition lim,_. F(x) = +00. From Taimanov theorem (cf. [3],
Theorem 3.5.5) we can state the following characterization which
was essentially proved by A.N. Dranishnikov, J. Keesling and V.V.
Uspenskij.

Proposition 2.3 (cf. [2], Proposition 2.3). Let X be a non-compact
metric space with a proper metric d. Then the following conditions
are equivalent:

(1) A compactification aX of X is equivalent to Yd, and
(2) For disjoint closed subsets A, B C X, the system {A, B}
diverges if and only if claxANclyxB =10

Definition 2.4. A topological space is said to be generalized con-
tinuum (resp. strongly generalized continuum) if it is a locally
compact connected separable space (resp. connected proper metric
space 2 ). A connected space is said to have the complementation
property if the complement of every compact subset has at most
one non-relatively compact component.

Lemma 2.5. Let X be a non-compact locally connected strongly
generalized continuum with a proper metric d having the comple-
mentation property. Then vy X is a non-metric continuum.

Proof: Recall that a compact subset K of a locally connected
generalized continuum X is contained in a compact subset C' such

1A subset A of a metric space (X, d) is r-dense provided that for any z € X,
Br(z,d)N A #0.
2Evelry proper metric space is always locally compact o-compact.
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that X \ C has only finitely many components (cf. [6], page 237
9.26). Since X is o-compact, there exists a compact cover { Kp, }n<w
of X such that K, C intxK,+1 for each n < w. Using the above
fact, for each K, there exists a compact subset C,, containing K,
such that X \ C, has only finitely many components. Since X
has the complementation property, X \ C),, has exactly one non-
relatively compact component V,,. Thus, clden is connected and
contains v4X. Then note that 13X =, ., clden and therefore
connected. O

Proposition 2.6. Let (X,d) be a locally connected strongly gen-
eralized continuum having the complementation property. If X =
Y UZ such that'Y and Z are locally connected strongly generalized
continua having the complementation property. Then if there exist
non-compact closed subsets A CY \ Z and B C Z\'Y such that
{A,Z} and {Y, B} diverge, then (cloaY \Y)\ (cliaZ \ Z) # 0,
(cleZ \Z2)\ (clde \Y) #0, and thus the Higson corona vgX is

a non-metric decomposable continuum.
Proof: Note that
vgX = (clde \Y)u (clde \ Z)

Put ¥o = cl4aY'\Y and ¥y = claZ\ Z. Note that Yo O clza A\ A
and X1 D cleaB \ B. From Proposition 2.3 o \ 31 # () and
Y1\ o # 0. From Proposition 2.1 we note that ¥y = 14, Y and
Y1 = v4,7Z, where dy and dz are subspace metrics induced by d in
X and Y, respectively. From Lemma 2.5 v4, Y and v4,Z are non-
metric continua. Then we have shown that vy X is a non-metric
decomposable continuum, and the proof is complete. O

Here, it is natural to ask a question whether such subsets A and
B exist as in the above Proposition 2.6. In the following Lemma 2.9,
we will give a sufficient condition guaranteeing that such subsets A
and B exist.

Definition 2.7. Let (Z,0) be a connected metric space. A non-
compact closed system {X,Y} of Z satisfies the condition (§) pro-
vided that there exists a compact conneced cover {K,}n<n of Z
with K,, C intzK,4+1 and K,41 \ intzK, is connected and X N
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Y N (Kpt1 \intzK,) # 0 for each n < w satisfies the following
conditions :

(#1) sup,, ., diam(X NY N (Kp41 \ intzK,)) < 400,

(12) If v € (Kpq1 \intz Kp,)NX (resp. y € (Kp41 \intzK,)NY),
then o(z,Y) = o(x, XNY N (K41 \intz K,,)) (resp. o(y, X)
= a(y, XNnYn (Kn—I—l \ intan)).

(#3) sup,,.,, diam(X N (K41 \intzK,)) = 400 and sup,, ., diam
(Y N (Kpt1 \intzKy)) = 400, and

(#4) XN(Kp41\intz K,,) and YN (K41 \intz K,) are connected.

Example 2.8. Put Z = [0,00) x R and o is a subspace metric of
R2. Let X and Y be defined as below:

X = {(r,y):x>0and 0 <y <z}
Y = {(z,y):x>0and —z<y<0}
Put K, = {(z,y) : * < n} for each n < w. Then we can easily

verify that a non-compact closed system {X,Y} of Z satisfies the
condition (f).

Lemma 2.9. Let (Z,0) be a proper metric space and {X,Y } a non-
compact closed system of Z satisfying the condition (f). Then there
exist sequences {Tk}r<w and {yiti<w with z, € X \'Y and y €
Y\ X for each k < w such that {{zy}r<w, Y} and {X, {yi}r<w}
diverge.

Proof: Let {K,}n<w be as in Definition 2.7. Put
Ly = Kpy1 \ intz K,
a, = diam(X N Ly,),
by = diam(Y N Ly,),
cp =diam(X NY N Ly,),
A, =(XNLy)\Y,
B,=(YnNL,) \X, and
C,=XNYNL,

for each n < w. From the condition (41) ¢ = sup,,., ¢, is bounded.
From conditions (1) and (£3) we can take a natural number ng and
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choose a point zg € A, with o(xo,Y) > 0. By a similar argument,
there exists an n; > ng such that a,, > max{o(zo,Y),3 + 2¢(=
1+2(c+1))}. Then we show the following fact:

Fact. There exists an z; € A,, such that o(x;,Y) > 1.

Assume the contrary that for each xz € A,, with o(z,Y) <
1. Note that A,, C Bii.(Y,0) for some ¢ > 0 with ¢ < 1/3.
Now, a,, = diam(X N L,,) = diam(4,, U Cy,,) < diamA,, +
0(Ap,, Cp,)+diamCy, . At first, we will verify that o(A4,,,Cy,) = 0.
Assume the contrary that o(A4,,,Cy,) > 0. Put § = o(A,,,Cn,)/2.
Choose arbitrarily points x € A,, and y € C,,. From the con-
dition (#4) A,, U Cy, is compact connected. Then there exist a
sequence {uy}r<m C Ap, UCy, such that = ug,u1,...,Un =y
and o(uj,uj) < ¢ for each 4,5 € {0,...,m} (See [3], page 359,
6.1.D). Thus, we can choose points uy and ugy; such that ug €
Ap, and ugy; € Cp,. Note that o(ug,ug+1) > 0(Ap,,Cpy) > 0
and then we obtain a contradiction. Secondly, we will verify that
diamA,, < 3+ c. In fact, there exists ay,, Bn, € Ay, such that
0(Qnys Bny) > diamA,, —e. From the condition (f2) there exist
points y(am, ), Y(Bn,) € Cp, such that diamA,,, < o(an,,On,)+e <
(s Y(amy)) + 0 (), Y(Bur)) + 0 ((Bay), Buy) + 2. From this
estimation, note that diamA,, < 3 + c¢. By the above arguments,
we can verify that a,, < 3+ 2c. This is a contradiction.

Then continuing in this fashion, we can obtain a sequence {zy } k<.
satisfying the following conditions:

(1) ng < ngyq1 and z, € Ay, ,
(2) an,,, > max{o(z,Y),142(c+k)}, and
(3) o(zg,Y) >k

for each & < w. Then, finally, we will prove the follwing claim:

Claim. {{zj}r<y,Y} diverges.

In fact, fix a natural number k£ < w and take an element x €
Z — By(Kp,,0). Note that there exist | < w and y, € Y such
that o(z,{zrir<w) + 0(2,Y) = o(z,21) + 0(2,y2) = 0(21,y2) 2
o(x;,Y) > I. Here, without loss of generality, we may assume
that z; ¢ Bi(Ky,,0). Then note that [ > k. This implies that
0'(1,‘, {:L‘k}k<w) + O'(QZ’Y) > k.

Mimicking the proof above, we can obtain a sequence {yx }x<w C
Y satisfying the following conditions:

(4) mi < mpy1 and yg, € By,
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(5) bmk+1 > max{a(ybY), 1+ Q(k + C)}7 and
(6) o(yr, X) >k
for each k < w. In particular, {X, {yx}r<w} diverges. O

Now, we will write Jy as {(z, f(z)) : « € J} for f € C(J). In
the rest of this section, Jy is equippted with a subspace metric
of o defined by o((z,y), (z/,y")) = /(x —2")2 + (y — ¥/)? for each
(z,9), (¢, y) € I xR

Theorem 2.10. If f € C*(J), then the Higson corona vsJ; is an
indecomposable continuum.

Proof: Put X = J x [infyc; f(x),sup,cy f(x)]. From Lemma 2.5
vgX is an non-metric continuum. From Proposition 2.1 and 2.2
VoJf = Ve X = v J5, where 0 is the constant function taking value
0. From Theorem 1.6 in [4] v5J5 is an indecomposable continuum.
Thus, from these arguments above we conclude that v,J; is an
indecomposable continuum and then the proof is complete. O

Theorem 2.11. Let X, Y, and Z be non-compact locally connected
closed strongly generalized continuum of J X R having the comple-
mentation property with Z = X UY and a system {X,Y} satisfy
the condition (8), and let J; be as in the above with Jp C Z. If
JyNX and JyNY are r-dense in X and Y, respectively, for some
r >0, then v,Jy is a decomposable continuum.

Proof: From Propositions 2.1 and 2.2 v, Jy = clzo Jy \Jy 2 v,Z.
By Lemma 2.5 and the last argument v,.Jy is a non-metric contin-
uum. Here, clyeJy \ Jp = clyo(Jp N X)\ (Jr N X) Uclye(JrN
Y)\(JrnY). Put g = clpe(Jr N X)\ (JrN X) and ¥y =
cle (JyNY)\(JfNY'). By Proposition 2.2 ¥y = v, X and ¥; = v,Y.
Using Lemma 2.5, 39 and >; are non-metric continua. From Propo-
sitions 2.1 and 2.2 ¥ = cl,» X \ X and ¥; = cl;Y \ Y. By Propo-
sition 2.6 and Lemma 2.9 we note that Xo\ X1 # () and 31\ X # 0.
Then v,J; is a decomposable continuum. Thus, the proof is com-
plete. O

Example 2.12. Let X and Y be as in the above Example 2.8. Put
Z = XUY and f(z) = xsinx for each x € J. By Theorem 2.11 the
Higson corona of .J; with a subspace metric of R? is a decomposable
continuum.
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