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SPANS OF CERTAIN SIMPLE CLOSED CURVES
CROSS ARCS

THELMA WEST

ABSTRACT. For each continuum X, where X is from the class
of concave upward y symmetric simple closed curves, we cal-
culate all of the spans of X x J where J is an interval. We
calculate the various spans of B x J where B = R? — U and
U is the unbounded component of R* — X. Also, we calculate
all the spans of Y where Y is the boundary of B x J in R3.

1. INTRODUCTION

The concept of the span of a metric space was introduced by
Lelek in 1964 [L1]. Later, variations of the span were introduced
(cf [L2]and [L3]). Much work has been done on both the topological
and geometric aspects of the various spans. In general it is difficult
to determine the spans of even simple geometric objects. Also, the
relationships of the various spans for a particular space are usually
not easy to determine.

For a continuum X from the class of continua that we refer to as
the concave upward y symmetric simple closed curves, we calculate
the span, semispan, surjective span and surjective semispan of X x
J where J is an interval. We calculate all of the spans of B x J
where B = R?> — U and U is the unbounded component of R? — X.
Also, we calculate the spans of (X xJ)UXoUX}, where X; = Bx{j}
and J = [0, h].

2. PRELIMINARIES

If X is a non-empty metric space, we define the span of X, o (X),
to be the least upper bound of the set of real numbers o which
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322 THELMA WEST

satisfy the following condition: there exists a connected space C
and continuous mappings g, f : C — X such that

(o) 9(C) = f(C)
and a <dist[g (c), f (¢)] for c € C.

The definition does not require X to be connected, but to sim-
plify our discussion we will now consider X to be connected. The
surjective span o* (X), the semispan o((X), and the surjective
semispan o (X) are defined as above, except we change conditions
(o) to the following:

(%) 9(C) = f(C) = X,
(o0) 9(C) < [f(O),
(75) g(C) < f(C) = X,

Equivalently (see [L1 ], p. 209), the span o (X) is the least upper
bound of numbers « for which there exist connected subsets C,, of
the product X x X such that

(o) p1(Ca) = p2(Ca)

and o <dist(x,y) for (z,y) € C,, where p; and ps denote the
projections of X x X onto X, i.e., pi (z,y) = = and pa (z,y) =y
for z, y € X. Again, we will now consider X to be connected.
The surjective span o (X)), the semispan o (X), and the surjective

semispan o (X) are defined as above, except we change conditions
(0)" to the following (see [L3]):

(a*) p1(Ca) = p2(Ca) = X,
(00)’ p1(Ca) S p2(Ca),
(a5) p(Ca) € m(Ca) = X.

By a continuum we mean a nondegenerate, compact and con-
nected metric space. We note that for a compact space X, C in the
first set of definitions and C,, in the second set can be considered
to be closed.
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The following inequalities follow immediately from the defini-
tions.

(X) < oX) < oo(X)

0o < o* <
0 < o*(X) < 03(X) < o0p(X) < diamX.

It can easily be shown that, if J is an arc then o (J) = o¢ (J) =
o*(J) = o3 (J) = 0. A simple consequence of this is that when X
is a simple closed curve, o (X) = ¢* (X) and og (X) = 0§ (X).

To simplify our exposition we define the following sets, notation,
and definitions. We define a metric p on X x J as follows

p((x,1), (y,9) =V (d(z,y)? + (i - j)%,

where d is the metric on X.
We define ¢1, g2 : (X x J) x (X xJ) = X x J by

q1((33,l), (yak)) = (l’,l) and QZ((mal)7 (ya k)) = (yak;)
We definery : BxJ — Bandre: BxJ — J by

ri(x,t) = x and ro(z,t) = t,

where B = R?> — U and U is the unbounded component of R? — X.
We let O denote the origin in R? or in R3.

Let W, V and U be pgigts on a concave upward y symmetric
simple closed curve. By WV, we denote the shorter subarc on X
determined by these two points. By W//ﬁ, we denote the subarc
of X with endpoints W and U which contains V.

In [W3 ], we proved the following three theorems. In the following

theorem we let J = [0, h].

Theorem A. Let X be a continuum. Suppose there exists C' C
X x X such that C is connected, for each (x,y) € C, d(z,y) >
o(X), p1(C) =p2(C) =Y C X, there exists (z',y') € C such that
d(z',y') = diamX, and (y,2') € C. Then o(X x J) =

min{y/(c(X))? + h?, diamX}.

Theorem B. Let X be a continuum. Suppose there exists C C
X x X such that C is connected, for any (x,y) € C, d(x,y) >
00(X), p1(C) C pa(C) C X, there exists (2',y') € C such that
d(«',y') = diamX, and there exists (z',2") € C such that d(2',2") =

diamX. Then oo(X x J) =min{+/(c0(X))? + h?,diamX }.
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Let a,b € R™ x {0} where d(a,b) = d. Let R be composition of a

translation and a rotation in R"*! where
R: R™! — R and R(a) = (-4,0,---,0), R(b) =

(%707... ,0).
Let
(Y)={y €Y |R(y)=(x1,"*+ ,Tny1) Where 21 >0, 2 <z, 41 <h}
(Y) {yeY|R(y)= (21, ,2n41) where 11 >0,0< 3,41 <2}
(Y)={yeY|R(y)=(z1, * ,Tnt+1) where 21 <0, % <z, .1 <h}
LB(Y) {yeY|R(y)= (21, ,2nt1) where 11 <0,0< 41 <2}

For a continuum X, let U be the unbounded component of
R"—X.Let B=R"-U.

Theorem C. Suppose X is a continuum contained in R™ which
satisfies the hypothesis of Theorem A. Suppose that

for all subcontinua Z C B, 09(Z) < 0(X)

Y is a continuum such that X x J CY andY C B x J
there exists y € Y such that R(y) = (0,---,0, %) and

the sets Rp(Y), Rp(Y), Ly(Y) and Lp(Y') are each con-
nected, where R is based on x' and v/'.

(v) Y C closure B<y, \/(W)2+(g)2> where
R(y)=(0,---,0,%).

(i
(ii
(iii

(iv

- Z

Then o* (Y) = o3 (V) =min{\/(“2X)2 + (4)2, o(X x J)}.

Let f be a concave upward function where f : [0,p] — [0,q],
f(0) =g and f(p) =0. Let P = (p,0) and —P = (—p,0). Let Gp
denote the graph of f in R2. Let G_p denote the reflection of that
graph through the y-azis. Let X = Gp UG_p U (—P)P. We refer
to X as a concave upward y symmetric simple closed curve.

In [W2 |, we proved the following theorem.

Theorem W. Let X be a concave upward y symmetric simple
closed curve where X = Gp U G_p U (=P)P. Then o(X) =
00 (X)=0"(X)=04(X) =min{q,d(—P,Gp)}.
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In the proof of this theorem we showed that the set

CE:H—P}XGPMJ«—PMDXKH>U
({P} x G_p) U (Gp x {—P}HU

({Q} x (=P)P)U (G-p x {P})
satisfies these conditions:

i) p1(C)=p2(C) =X,
ii) C is connected,
iii) for each (x,y) € C, d(x,y) > min{q,d (—P,Gp)}.
iv) there exists a point (x,y) € C, such that d (z,y) =min
{¢,d(—P,Gp)}.
Also, it is clear that
v) diam(X) = max{2p, \/p?+¢*} and (-P,P), (P,—P),
(_PvQ)? (Q7_P) eC.

In [W2 |, we also proved the following theorems.

Theorem W'. Let Y be a continuum such that Y C B where
X is a concave upward y symmetric simple closed curve given by
X = GpUG_p U (=P)P and B is the closure of the bounded
component of R2—X. Then o (Y) < a(X) where a = 0,09, 0%, 05

Theorem W”. If X is a concave upward y symmetric simple
closed curve where X = GpUG_pU(—P)P, then 0(B) = 0¢(B) =
min{q, d(— P, Gp)} where B is the closure of the bounded component
of R> — X.

3. MAIN RESULTS

Theorem 1 Let X be a concave upward y symmetric simple closed
curve given by X = GpUG_p U (—P)P and let J = [0,h]. Then

o (X x J) =min{\/(c (X))* + h2,diamX }.

Proof: Note that the set C' used in the proof of Theorem W and
given above, satisfies the conditions of Theorem A. So, ¢ (X x J) =

min{/(c(X))%?+h?, diamX }. Note that diam X =max{2p, \/p*+¢*}

and that by Theorem W, ¢(X) = {min{q,d(—P,Gp)}. O
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Theorem 2 Let X be a concave upward y symmetric simple closed
curve given by X = GpUG_p U (—P)P and let J = [0, h]. Then

00 (X x J) = min{y/ (00 (X))? + h2,diam X }.

Proof: Similar to the proof of Theorem 1. Use Theorem W and
Theorem B. UJ

Theorem 3. Let X be a concave upward y symmetric simple closed
curve giwen by X = GpUG_p U (—P)P with B the closure of the
bounded component of R?> — X and let J = [0, h]. Then

o (B x J) =min{y/(c (B))? + h2, diamB}.

Proof: By Theorem W”, o(B) = o(X). Note that the set C, given
above and used in the proof of Theorem W, satisfies the conditions
of Theorem B. [

Theorem 4. Let X be a concave upward y symmetric simple closed
curve given by X = GpUG_p U (—P)P with B the closure of the
bounded component of R> — X. Then

o0 (B x J) = min{4/ (00 (B))* + h2, diamB}.

Proof: By Theorem W”, 0(B) = o(X). Note that the set C, given
above and used in the proof of Theorem W, satisfies the conditions
of Theorem B. [J

Theorem 5. Let X be a concave upward y symmetric simple closed
curve giwen by X = GpUG_p U (—P)P with B the closure of the
bounded component of R*> — X.

If p > q, then
o* (B xJ)=o05(BxJ)=min{y/p? + (2)2,U(B x J)}
If p<q, then
c*(BxJ)=o03(BxJ)= min{\/(p2;;]q2)2 + (g)Q,J(B x J)}

Proof:
Case 1. p>q,
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As noted before, X satisfies the conditions of Theorem A (see
proof of Theorem 1). By Theorem W' and Theorem W, ¢ of Theo-

C are satisfied. Henee

. 2
dlamX) + (%)2,0(3 < J)}.

U*(BXJ):O’S(BXJ):HHD{\/<

Case 2. p < q<+3p,
2 2
In this case, ¢ > p and 0 < L2 p < g. Also, d((—p,0), (0, %))

:amxmﬂ;»:a@mwﬂ;»f £

Let T_p be the closure of the subset of B bound by (0,

) (0,9),
(0, q — ) (p,0) and Gp. Let T}, be the closure of the subset of B
boundby (0, q - ) (0,4q), (0, q2271p2) (—p,0) and G_p. Let T; be the

closure of the subset of B bound by (—p,0) (0, ¢ _p ), (0, q = ) (p,0)
and (_p70> (p7 O)
Define subsets of (B x J) x (B x J) as follows:

C= {(=p,0,0)} x (T—p x [g,h])u{( —p,0,h)} x (T, x [0, Z])u
«mmanxgmw«mm»wnxmgw
h

{(0,4,0)} x [ h]) UL(0,¢, 1)} < (Tg > [0, 5])
D= {(~p,0,0 pr{h}) (—p,0,0) (,0,0) x {(0,¢,h)}U
{(p,0,0 —p X {h}) U(Gp x {0}) x {(=p,0,h)}U

0)} x (T,
)} > (
)} < (G
{(0,4,0)} x (=p,0,h) (p,0,h) U (G—p x {0}) x {(p,0,h)}U

)3 < (
)3 < (
h)} > (=

(

—— =~

{(=p,0,h)} x (Gp x {0}) U (=p,0,h) (p,0,h) x {(0,q,0)}U
{(p,0,h)} x (G_p x{0}) U (Gp x {h}) x {(-p,0,0)}U
{(07Q7 P, 0 ) (p7070) U (G,p X {h}) X {(p,0,0)}

={((=p,0,8)(p,0,h — t)) | t € [0, h]}

X

}x
}x
}
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Let C*=CUC'UDUD 'UEUE"!. We can see that C* is
connected and ¢ (C*) = ¢2(C*) = B x J. For each point (z,y) € C*,

h
p(x,y) >m1n{\/ ¢ +p 5)2,

mln{q, d(—P,Gp)})? + h?,diamB}.

Hence,

o*(B x J) >m1n{\/ ¢+p 2)2,

mln{q, d(—P,Gp)})? + h?,diamB}.

We need to show that

2
J(mm{q, d(—P,Gp)})? + h2, diamB}.

o (B x J) <m1n{\/ CHPyy (R

For cach (z,y,2) € B x J, p((x,y.2), (0, T532°, 4) <

V)2 4 (412,50 05 (B x J) < (/(Z52)2 4 (4)2.

Let D* C (Bx.J)x(Bx.J) be a connected set such that g1 (D*) C
@(D*) = ‘B x J. Consider the functions rroqi, rogqy : D¥ —
X. The set D* is connected, 71 o g1, 71 © g2 are continuous, and
r10q(D*) C 1y o0qe(D*) = B. Hence, there exists a point d* € D*
such that d(ry o q1(d*), r10qa2(d*)) < og(B) and p(q1(d*), g2(d*)) <
V@B + 12 = /(min{q, d(— P, Gp) 1P + 2.

Now consider the functions ro o q1, r9 0 ¢o : D* — J. The set D*
is connected, 19 0 g1 and 79 o g2 are continuous, and ry o ¢ (D*) C
r90qo(D*) = J. Since J is an arc, there exists a point d’ € D* such
that d(rq o q1(d’), r2 0 g2(d")) = 0. Hence p(q1(d'), g2(d')) <diamX.

Consequently

oy(B x J) < mln{\/ ¢ +p 2+ ()3,

\/(min{g, d(—P, G,)})? + h2, diamX},
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and

o*(Bx J) = 0i(B x J) = mln{\/ AP, +(g)2,o—(B><J).

Case 3. V3p<yq
In this case, let C and D be the sets as defined in case 2. Let

E ={((-=p,0,t), (0,¢,h—1)) |t €[0,n]}
Let C* =CuUC~'UDUD ' UEUE™'. The rest of the proof
in this case is similar to case 2. In this case our conclusion is that

Tl g

oo(BxJ)=o03(B xJ)= mln{\/

mln{Qa —P,Gp)})? + h?,diamB}

_{\/q P Z)?,U(ij)}.m

Let L be the line which is the perpendicular bisector of (—P) Q.
Let (b,0) be the point where L intersects the z-axis.

Note the following:

If p > g then b < 0.

If p<q<+3pthen0<b<p.

If /3p < q then p < b.

Clearly, when v/3p < ¢ the line L intersects Gp — {P,Q}. Also
L N Gp must contain exactly one point, say S. This is true since
the line segment SP must be above the corresponding arc SP on
X. It is clear that the only point of intersection of S (b,0) and SP
is S.

Let U_p and Ug be the two components of R? — L where —P €
U_p and Q) € Ug. Suppose that p < ¢ < V3p and U_p N Gp is not
empty. Based on the construction of X, we see that there must be
points R and T" of Gp such that é?z CUgUL, RT C U_pUL and
ﬁ C UQ U L.

Let the points S, R and T be as given above. Let S' = (—x,y)
where S = (z,y),R = (—z,y) where R = (z,y) and T' = (—z,y)
where T' = (z,y)
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Theorem 6. Let X be a concave upward y symmetric simple closed
curve.
If p > q, then

o" (X x J)=05(X x J)=min{y/p? + (%), V¢*> + h?, diamX }.

If p<q<+3pand U_pNGp = ¢, then

o' (X xJ)=03(X xJ) = min{\/(a*(X))2 + (5)2,

h
Q@+ (5)2,diamX}.

If p<q<V3pand U_pNGp # ¢, then

0" (X x J) = of(X x J) = min{\/ (d(~P.RQ)? + (52,

J@-rTPp+ Ly @R TR

\/(d(QyR))2 (;L) \/q —I—(h)2 diamX }.

If \/3p < q, then

o (X xJ)=05(X xJ)= mln{\/ (—P,5Q))2 + (h)

\/(d(—P,gﬁ))2+h2,\/ (0, 9)2 + (12 \/q2+ 2, diam X ).

Proof. We consider the four cases.
Case l: p>¢q
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Let

€ ={(=p.0,0)} x ({(x.5) € X | 2> 0} x [5 KU
({(w.9) € X |2 <0} % [0,5]) % {(p,0,h)}U
{((=p,0,1), (p,0,h — 1)) | t € [0, h]}U
(=20} x ({(z.3) € X | 2> 0} x [0, 2])0
({(2:9) € X |2 0} x [, h]) x {(3,0,0)}U
(—p,0,0) (p70a0) X {(O,Q,h)}U

{(,0,0)} x {(z,y) € X [z <0} x [g,h])U

({(29) € X |2 0} x [0, 5]) x {(~p,0,)}U
{ (paovt)7(_p707h _t)) ’ te [07 h]}U

(
(.00} x ({(r,) € X | < 0} x [0, 2])U

((w9) € X | 2> 0} x [5. 1)) x {(~p.0,0)}
The set C' is connected, ¢1(C) = ¢2(C) = X x J, and for each
(z,y) € C, p(z,y) > min{q/p2+(%)2, \/m, 2p}. Hence,
o*(X x J) > min{y/p? + (4)2,\/¢2 + 12, 2p}.
We need to show that o (X xJ) < min{, /p2—|—(%)2, V@Z+h2, 2p).

Clearly,
d((z,y,2), (0,0,%)) < d((=p,0,0), (0,0,5)) = y/p* + (5)* for

all (z,y,2) € X x J. Hence, o3(X x J) < 1/p? + (4)2.

Suppose D* C (X x J) x (X x J) such that ¢;(D*) C ¢2(D*) =
X x J. Consider pjorioqy, piorioqs : D* — [—p, p]. These functions
are continuous functions from a connected set into an arc. Hence,
there exists a d* € D* such that pjoryoqy(d*) = pi1o r10g2(d*)) and
p(q1(d*),q2(d*)) < v/¢®>+ h2. Consider the functions r4 o 1,73 ©
gz : D* — J These are continuous functions from the connected
set D* into an arc such that ro o ¢1(D*) C ry o g2(D*). Hence,
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there exists a d € D* such that d (7’2 oqi(d),r Ogg(d/)) = 0.

So p(ql(d/),qQ(d/)) = p((z,t), (y,t)) < 2p =diamX where t = r9 0
q1(d") =75 0 g2(d). Consequently,

h
05 (X x J) < min{y/p? + (3)% V¢* + A% 2p} and

h
o*(X x J) =05(X x J) = min{y/p? + (5)2, V@ + h?,diamX }.

Case 2.p<q§\/§pandeﬂU,p:®
Let

C ={(=.0,0)} x (Gp x [ K U (G-p x [0, 5])  {(p,0, 1)}V

{((*p’())t)v (p’o)h - t)) ’ te J}U

(P01} x (@p x [0, 51) U (Gp x [, 1)) % {(3,0,0)}u

(20,0 #:0,0) % [0, 5]) x {(0,, 1)}

(5, 0.0) (.0,0) x [21.1]) x {(0.4,0)}U

2
{(2,0,0)} x (G_p x [%,h]) U (Gp x [0, g]) x{(=p,0,h)}U

{((p,0,t),(—=p,0,h —t)) | t € [0,h]}U
{(pvo’ h)} x (G_p % [0, g]) U(Gp x [g
(0.0,)) % ((5,0,0) 3,0,0) x [0, 5]

7h]) X {(_pv 07 0)}U

100,00} % ((=p,0,0) (.0,0 x [3, )

The set C' is connected and ¢ (C) = ¢2(C) = X x J. Also, for
each (z,y) € C,

pla.y) = minfy (d(=P.Gp)2 + (52 [+ Ly,

Hence,

(X % J) = min{J (d(~P.Gp)? + (51, %2 (02 2).
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Now we need to show that

5 1) < miny PGy + (B2 Ja2 + (2 2y

For the point (0,0,%), p((0,0,2), (z,y,2)) < \/q*+ (%)? for all

[\

points (z,y, 2) € X x J. Hence o(X x J) < /¢ + (1)2.
Since Gp NU_p = (), for each (z,y) € Gp,

d((z,y), (—p,0)) = d((z,y), (0,q)).
By the construction of X we can see that for each (z/,y') € X,

d((@",y), (z,9)) < d((z,y), (=p,0)).

Consequently,

h

(w0 .00 < .00 2 + (B2

Hence

ﬁ@xﬂg¢@4%@ﬁﬂ§%

Let D* C (X x J) x (X x J) such that D* is connected and
q1(D*) C q2(D*) = X x J. Consider the functions 7 0 g1, 120 ¢ :
D* — J. These functions are continuous . Since D* is connected
and J is an arc, there exists a d* € D* such that d(rs o q1(d*),
riog2(d*)) = 0 Hence, p(q1(d*), g2(d*) <diamX. Hence o(X xJ) <
diamX. Consequently,

o 1) < minfyf a2 + (2. Jla-P.Go)2 + (B2
So,

h
0" (X x 1) = 0f(X x J) = min{y/g? + (5%

\/(0*(X))2 + (%)2, diam X }.

Case 3. p<q<+V3pand U_pNGp #0



334 THELMA WEST

Let

O ={(=p,0,0)} x [(TP x (5 1)) U (RT x {n}) U (RQ x [, K]
(CPT7x[0, 51) U (TR < {0}) U (RQx[0, 31} {(p,0, W)}
(R{-P)U=PPUPR) x [0, 3)) x {(0, 4, m)}U

{(0,4,0)} x (RPU—PPU PR x [g,h]]
U{((=p,0,t), (p,0,h — 1)) | t € [0, A}V
h

(2,0, W} < [(TPx[0, 1) U (RT < {0})U(RQx [0, 5]
(CPT/x [0, W) U(TTR > (R} U(FQ x [, )] x {(7,0,0)}U
(F(P)UTPIPUPR) x [, 1]) x {(0.4,0)}U

{(0,0,0)} x (RPUT-PIPU (“P)R) x [0, 2).

Let D = CUC~!. We can see that D is connected and that q;(D) =
q2(D) = X x J. Also for each ((x,y,7), («',y,j") € D,

p((z,y,9):(" 9 ")) = min{\/(d(—R RO))? + (g)Q’

=PI + (b, PGP+

@ @PUOP) + (42 2p).

So,

(X xJ) > mm{\/ (d(~P, Q)P + ()2 J (d(~P,TP)? + (2P,

VAP GAP 2. @@ P UOP)? + (2. 201
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We need to show that

o % ) < mindy /(P FQ)? + (22 fla-p TP + (e

VAP GAP T\ @ FPuoP)? + (42, 201

Consider the vertical line through R and the horizontal line
through R. Note that the subarc RP of Gp is contained in the
lower right quadrant determined by these two lines. Consequently,
d(Q,RP) = d(Q,R). Note that d(Q,(—P)P) = d(Q,0). Hence,
d(Q, RP U PO) = min{d(Q, R), d(Q, O)}.

Consider the following observations:

Let (z,y) € QR, then d(—=P,(z,y)) > d(Q,(z,y)) and
d(=P,(z,y)) > d((«',y), (z,y)) for all (a/,y') € X. Hence

) 7 x ) < \Jua-P QR + (b

Let (v,y) € RT, then d(Q,(z,y)) > d(~P(z,y)) and
d(Q, (z,y)) > d((«',y), (z,y)) for all (z/,y") € X. Also, d ,EZ\D) =
d(Q,RT) = d(Q, R). So

%) o3(X x J) < \/ (@ B2 + ()2

For any point (0,0, %) and for any point (2/,y') € X,

(0,0, 2), &'/, 1) < p((0,0, 5, 0.4,0)

Also d(Q, RP U PO) = min{d(Q, R), q}. Hence

o5(X x J) < \/<d<cz,ﬁz\3upo>>2 b=

(***)

\ i@, B).ap2 + (e
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For each (z,y) € TP, d(—P,(z,y)) > d(Q,(x,y)) and
d(—P,(z,y)) > d((«',y), (:U,y)) for all (:c ,y') € X. Hence,

(=) oy xa) <P TP+ Gy

Suppose D* C (X x J) x (X x J) such that g1 (D*) C g2(D*) and
for all d* € D*, p(q1(d*),q2(d*)) > o§(X x J). Now consider the
continuous functions r1oq, r10¢2 : D* — X. Since D* is connected
and r1 0 ¢1(D*) C 11 0 qo(D*) = X, there is a d* € D* such that

d(rioq1(d*), r1 0 q2(d*)) < 0(X) = min{q,d(—P,Gp)}. Hence,
(k)

dq1(d), q2(d*)) < 1/ (03(X))? + h2 < /AP, Cp)% + 2.

Now consider the continuous functions r9 0 q1, 792 0 g2 : D* — J.
Since D* is connected and r9 0 g1 (D*) C rg o0 ga(D*) = J, there is a
d* € D* such that d(rg o q1(d*), r2 0 g2(d*)) = 0. Hence,

(rree) (g1 (d°), a>(d")) < 2p = diam X,

By (*) through (x * * % %), we see that

oH(X x J) < mm{\/ (d(~P.RQ)*+(5 ). J (d(~P.TP)P+ (22,

VAP GAPTI. @, (P UOPY P+ (b2, 20}

So

(X x J) = (X x J) = min{\/(d(—P,Ecj))2 + (%)2,

J@-rTPp+Cp Jomr R

\/(d(Q, (RPUOP)))? + (%)2, diam X }.

Case 4. V3p < ¢
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Let
C= {(=p,0,0)} x [(SP x {h}) U (SQ x [5, W)U

(PS5 x {0}) U (5'Q x [0, 4])] x {(p.0, h)}U
{(0,4,0)} x (SPU(=P)P) x [, h])U
((S'(=P) U(=P)P) x [0, 4]) x {(0,4,)}
U{((=p,0,1),(0,q,h — )|t € [0,h]}U
{(=p,0,h)} x [(SP x {0}) U(5Q x [0, 4])]u
(P x {h}) U (S'Q x 5, h])] x {(p,0,0)}

U{(0,¢,h)} x (SPU(=P)P) x [0

|

51U

—

[(8'(=P) U (=P)P) x [, h]] x {(0,4,0)}.

Let D = CUC™!. Clearly, D is connected and q;(D) = ¢2(D) =
X x J. Also for each ((x,y,7),(«',y',j") € D,

p((x7y7j>7 (x/,y',j')) < mln{\/(d(—P, @))2 + (g)27

VP3P w12 Q. GPUTEP) P + Ly,

2
V@& +p°}

So,

o (X xJ) = min{\/(d(—P, SQ))? + (%)2, \/(d(—P, SP))2 + h?,

V@@ GPUTPBY? + . VE )
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We need to show that

7o % 1) < minfy (d(~P5Q)? + (42 la-P 5P 42

V@@ GPUTPIBY? + G v+ 7).

Fbr(xay)éféi§vd(_}1($a
d((«',y), (x,y)) for all (', ¢

) 05X x ) <[ (d-P. @S2 + (5

— h
() op(X x J) <4/ (d(Q,SP))? + (5)2
For any point (0,0, %)

U
"2
and for all point (2/,y/,t') € X x J,

), (0,4,0)) = /a2 + (12,

p((0,0 5

(*%) o/ £),(0,0,5) < \Ja + (5)2

Consider the vertical line and the horizontal line through S. The
arc SP is in the lower right quadrant formed by these two lines.
Hence, d(Q, SP) = d(Q, S) and

(R d(Q,SP U (—P)P) = min{q,d(Q, 5)}.

Suppose D* C (X x J) x (X x J) such that g1 (D*) C g2(D*) and
for all d* € D*, p(qi1(d*), g2(d*)) > o5(X x J). Now consider the
continuous functions r1oqy, r10¢2 : D* — X. Since D* is connected
and r1 0 q1(D*) C 11 0 qo(D*) = X, there is a d* € D* such that
d(r1oq1(d*), r1 0 q2(d*)) < 05(X) = min{q,d(—P,Gp)}. Hence,

(*****)

d(q1(d*), q2(d)) < \/(03(X))2 + h? < \/(d(—P,Gp))? + h?.
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Now consider the continuous functions 9 0 q1, 72 0 g2 : D* — J.
Since D* is connected and r9 0 g1 (D*) C rg 0 ga(D*) = J, there is a
d* € D* such that d(rq o q1(d*), r2 0 g2(d*)) = 0. Hence,

() d(q1(d”), ¢2(d%)) < V'¢* + p* = diamX.

By (x) through (k% %) given immediately above, we see that

o % 1) < minf (d(~P5Q)? + (42 la-P 5P 42

@@ EPOTPP)? + e vy

So

0" (X x J) = o3(X x J) = min{\/ (P 5Q)2 + (22,

— — h
V@(-P,5P)2 + 12, J (A(Q. BPU=P)P))? + (5)2, diamX }. O
In Theorems 7 and 8, let X be a concave upward y symmetric
simple closed curve given by X = GpUG_p U (—P)P.
Theorem 7. Let Y = (X X J) U Xg U X}, then 0 (Y) =0 (Y) =
o(X xJ)=
min{+/(c (X))? 4+ h?,diam X}.

Proof: Since Y D (X x J), o(Y) > o(X x J). Since Y C B x
J, oY) < o(B x J). Hence 0(Y) = o(Bx J) = (X x J) =
min{\/(co (X))? + h?,diam X}. Similarly, oo(Y) = oo(X x J). O
Theorem 8. Let Y = (X x J)U XU Xp,

If p>gq, then o*(Y) =05 (Y) =0"(X x J).

If p < g, then o* (V) = o (Y) = min{o*(XxJ), \/ (£522)2+h2}.
Proof: Case 1 p>gq.

Let C* = C U DU D™ where C is as in Theorem 6 case 1, and

D= {(_p’()?O)} X {(l’,y,h) € Xp | x> O}U

{(2,9,0) € Xo | x <0} x {(p,0,h)}U
{(_paoah)} X {(:c,y,()) € XO | x> O}U

{(CC,y,h) € Xp | < 0} X {(p7070)}
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The set C* is connected, ¢1(C*) = ¢(C*) = Y, and for all
c e C*,

* * . h
plar(c); e2(c")) 2 min{y[p? + (5)%, V¢* + 12, 2p}.
So, o*(Y) > min{\/pQ—l—(%)2,\/q2+h2,2p}. Clearly, o3(Y) <

p? + (%)2. Since (0,0,%) € Y and for all (2/,y/,t) € Y,

p((0,0,2), (0" 1)) < M

By proofs similar to the ones in Theorem 6 case 1, showing that
og(X x J) <y/¢®+ h?. and that of(X x J) < 2p, it can be shown
that o((Y) < v/¢? + h? and o(Y) < 2p. Hence,

o"(Y) = 0(Y) = min{y/p* + (g)za V@® +h?,2pt = o™ (X x ).

Case 2 p<q§\/§pandeﬂU,p=@
Let

E= {(=p,0,0)} x (T-p x {h}) U{(p,0,0)} x (Tp x {h})U
{(0,4,0)} x (Tg x {h}) U{(=p,0,h)} x (T x {O})U

{(0,0,h)} x (T x {0}) U{(0, ¢, h)} x (Tg x {0}).

Let C be as in case 2 Theorem 6. Let F = C UE U E L

We observe that for all (x,y,2) € Y, p((z,y, 2), (0, q2;qp2,h)) <

(%)2 + h2. This observation together with an argument sim-
ilarly to the one in case 2 of Theorem 6 leads us to conclude that

o5(Y) = 0*(Y) = min{o*(X x J), \/(5525)2 + h2}.
Case3 p<q<+3pand GpNU_p #0.
Let D be as in case 3 in Theorem 6. Let F = DUE U E~L.

As in case 2, we conclude that oj(Y) = o¢*(Y) = min{o*(X x
2 2
Y (CEr ey
Case 4 /3p < q.
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Let D be as in case 4 in Theorem 6. Let F = DUEUE~!. Asin
case 2 and case 3, we conclude that ¢§(Y) = 0*(Y) = min{o* (X x

D)o/ (552)2 + h2}. O
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