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Abstract

The purpose of this note is to present, for a given
sequence of numbers 2 ≤ k ≤ ` ≤ n, an exam-
ple of a subspace A in a sphere Sm with relative
closed coloring number k, with relative open col-
oring number `, and with coloring number n.

Introduction

In this text all spaces are assumed to be separable metric and
all mappings are assumed to be continuous. For the necessary
background of this note we refer to [1].

There it was asked to construct for a given sequence

2 ≤ k ≤ ` ≤ n

a subset A with the property

r.c.col(A) = k, r.o.col(A) = ` and col(A) = n.

In [1] such examples were presented under the additional con-
dition that ` = n. These examples were subspaces of Sn−2, the
sphere of smallest possible dimension. In this note we present
the required examples, again subspaces of Sn−2.
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1. Two Constructions

The first construction is the construction of the “uppersuspen-
sion”. We recall this construction from [1]. For a space A we
define

S∗(A) = S(A)\{southpole}

where S(A) is the suspension of A. Note that if A ⊂ Sn then
S∗(A) ⊂ S(Sn) = Sn+1. We restate lemma 13 of [1] for the case
X = Sn.

Lemma 1. If A ⊂ Sn then:

(1) If A is a dense Gδ subset in Sn with A ∪ α(A) = Sn, then
S∗(A) is a dense Gδ subset in Sn+1 with S∗(A)∪α(S∗(A)) =
Sn+1,

(2) r.c.col(A,Sn) = r.c.col(S∗(A), Sn+1).

By this lemma this first construction does not raise the rela-
tive closed coloring number, but by theorem 6 of [1] the relative
open coloring number will (in the case that A is a dense Gδ with
A ∪ α(A) = Sn).

The second construction is a type of suspension which in spe-
cial cases does not raise the relative open coloring number. Let
A be a space and D ⊂ A. We define the weak uppersuspension
with respect to D as

SD(A) = (A× {0}) ∪ S∗(D).

Note that SD(A) ⊂ S∗(A). The following lemma is easy to
verify.

Lemma 2. If both A and D are dense in Sn and D∪α(D) = Sn

then SD(A) is dense in Sn+1 and SD(A) ∪ α(SD(A)) = Sn+1.

The following lemma describes the situation in which we want
to use the weak uppersuspension.
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Lemma 3. Let A be a dense set in Sn with A ∪ α(A) = Sn. If
D ⊂ A is dense with D ∪ α(D) = Sn and D ∩ α(D) = ∅ then

(1) r.c.col(A,Sn) = r.c.col(SD(A), Sn+1),

(2) r.o.col(A,Sn) = r.o.col(SD(A), Sn+1).

Proof. To prove (1), note A × {0} ⊂ SD(A) ⊂ S∗(A) and so
the statement follows from the second part of lemma 1.

For (3) let U1, . . . , Uk be a relative open coloring of A ⊂ Sn.
For each subset Ui we define:

Uo
i = (Ui × {0}) ∪

(
S∗(D)\(D × {0})

)
.

Then Uo
i is open in SD(A) and SD(A) = Uo

1 ∪ . . . ∪ Uo
k , and

the property D ∩ α(D) = ∅ easily implies that Uo
i is a color of

SD(A).

Remark 1. If A is a dense subset of Sn with A∪α(A) = ∅ then
such a set D always exists.

2. The Examples

Example 1. Assume a sequence

2 ≤ k ≤ ` ≤ n

is given. Consider the sequence

A1 = Sk−2 ⊂ Sk−2, A2 = S∗(A1) ⊂ Sk−1, . . .

Lemma 1 part (1) and theorem 6 part (5) from [1] imply that
each time we take an uppersuspension the relative open coloring
number is raised with 1 (so r.o.col(Ai) = 1+r.o.col(Ai−1)), while
lemma 1 part (2) implies that the relative closed coloring number
remains unchanged, so remains equal to k. So A`−k+1 is a subset
of S`−2 with

r.c.col(A`−k+1) = k and r.o.col(A`−k+1) = col(A`−k+1) = `.
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Now we start taking weak uppersuspensions

B1 = A`−k+1 ⊂ S`−2, B2 = SD1(B1) ⊂ S`−1, . . .

We continue this process until we are in Sn−2. By lemma 2 and
the remark the sets Di with the required properties always exist.
By lemma 3 the relative closed and the relative open coloring do
not change anymore. Moreover, lemma 2 and theorem 6 part (4)
from [1] imply that col(Bi) = 1 + col(Bi−1). So Bn−`+1 ⊂ Sn−2

has the required coloring numbers:

r.c.col(Bn−`+1) = k, r.o.col(Bn−`+1) = `, col(Bn−`+1) = n.

The reason why we require k ≥ 2 in our sequence 2 ≤ k ≤ ` ≤
n is that the property r.c.col(A) = 1 implies that r.o.col(A) = 1.
For the sake of completeness we mention the following.

Example 2. (1) If A is a point in Sm, then r.c.col(A) = 1,
r.o.col(A) = 1 and col(A) = 1,

(2) For a subset A with r.c.col(A) = 1, r.o.col(A) = 1 and
col(A) = 2, see example 1 in [1],

(3) If A is dense in Sn−2 with A∪α(A) = Sn−2 and A∩α(A) = ∅
then r.c.col(A) = 1, r.o.col(A) = 1 and col(A) = n (for
n > 2).

We end this note with the following example.

Example 3. The numbers 2 ≤ k ≤ ` are given. For each
n > ` there exists a subset An of Sn with r.c.col(An) = k,
r.o.col(An) = ` and col(An) = n. Now by putting A = ⊕nAn ⊂
S = ⊕nS

n we have obtained a subset A of S with r.c.col(A) = k,
r.o.col(A) = ` and col(A) = ∞.
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