Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings
Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA
E-mail: topolog@auburn.edu
ISSN: 0146-4124

COPYRIGHT (©) by Topology Proceedings. All rights reserved.



TOPOLOGY
PROCEEDINGS

Volume 25, Summer 2000

Pages 467-485
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SPACES
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Abstract

In this paper we study the properties of spaces
with open-and-closed families of countable rank
with Ty-separates points. In particular, we prove
that every separable scattered compact space with
such family is metrizable.

1. Introduction

All considered spaces are assumed to be regular. We shall use
the terminology from [8], |Y'| denotes the cardinality of a set
Y, clxA or clA denotes the closure of a set A in a space X,
N = {1,2,...} and we consider the discrete topology on N,
¥ (x, X) denotes the pseudocharacter of a point x in a space X,
(X)) =sup{v(x, X) : € X} denotes the pseudocharacter of a
space X, ¢(X) = sup{|y| : v is a family of pairwise disjoint
non-empty open subsets of X} - the Souslin number of X,
d(X) = min{|Y| : Y is dense in X} - the density of X, I[(X) =
min{7 : every open cover of X contains a subcover of cardinality
< 7} - the Lindeléf number of X, hl(X) =sup{l(Y) : Y C X}
- the hereditary Lindelof number of X.

A space is called scattered if it contains no non-empty dense
in itself subspace (see [9, 14]).

Let X be a scattered space. Denote X = X, X, =
{z € X : 1 is an isolated point in X (@}, X+ = x(@)\ X
for every a > 0 and X = N{X® . 3 < a} for each limit

Mathematics Subject Classification: 54A10, 54C65, 54C10.
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ordinal a. If x € X, then we put is(z, X) = a. The ordinal
number is(X) = min{a : X, = 0} is called the index of scat-
teredness of X. For every a < is(X) the set U{Xp : f < a} is
open in X and X, is a non-empty discrete subspace of X.

A space X is called 7-metalindelof if every open cover v of
X has an open refinement w for which ord(z,w) = |{U € w :
x € U} < 7 for each z € X. An Ry-metalindelof space is called
metalindel6f. Denote ml(X) = min{r : X is 7-metalindelof} -
the metalindelof degree of X.

Let B be a family of subsets of a space X. The family B Tp-
separates points of X if for every pair of distinct points x,y € X
there exists an element U € B such that U N{z, y} is a singleton
set. A subfamily B’ C B has the rank one if for every two sets
UV e B wehave UNV =0, or U CV,or V CU. We say
that the rank r(B) < 7, where 7 is a finite or infinite cardinal,
if B=U{B,:pne M}, where |M| < 7 and B, is a family of
rank one for each p € M.

The weak rank of a space X is the cardinal wr(X) =
min{r(B) : B is a family of open-and-closed subsets which Tj-
separates points of X}.

The rank of a space X is the cardinal 7(X) = min{r(B) : B
is an open base of X}.

A family v of subsets of a space X is independent if (7 # ()
and V\W #£ 0, W\V # () for every distinct elements V, W € ~.

Let B be a family of subsets of X. The cardinal sr(B) =
sup{|7| : 7 € B and 7 is independent} is called the small rank
of B. If every independent subfamily v C B is finite, then the
small rank sr(B) of B is subinfinite.

The weak small rank of a space X is the cardinal wsr(X) =
min{sr(B) : B is a family of open-and-closed subsets which T}-
separates points of X'} and the small rank of X is the cardinal
sr(X) = min{sr(B) : B is an open base of X}.

The spaces with bases of finite rank were studied in [2, 5, 6,
7, 8, 11]. G. Gruenhage and P. Nyikos [11] showed that if a
compactum has a countable base of finite small rank, then it is
metrizable.
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S. Troyanski raised the following question.
Question 1.1. Let X be a scattered compact space. Is it true
that wr(X) =1 ¢

The following questions were formulated during the discussion
of the Question 1.1 with the Professors P. Kenderov, S. Nedev
and S. Troyanski in the autumn of 1989.
Question 1.2. Is it true that the weak rank of every scattered
compact space is finite or countable ¢
Question 1.3. Is it true that every scattered compact space is a
continuous image of a compact scattered space of weak rank one
or of countable weak rank ¢

In the present article we give the negative answers to all above
questions.

2. Preliminary Results

Some statements of this section are obvious or wellknows and
we omit its proofs.

A transfinite sequence of sets is a family of sets {H,, : p € M},
where M is a well-ordered set.

A transfinite sequence {H, : p € M} is called:

— increasing if H, C Hz and Hg \ H, # 0 for a < [ and
a, € M;

— decreasing if H3 C H, and H, \ Hg # () for a < 8 and
a, € M;

— monotone if it is increasing or decreasing.

If < is a linear order on a set Z and z € Z, then we put
Zx)={yeZ:y<z}and Zt(z)={y e Z:y < z}.

Proposition 2.1. Let v = {H, : p € M} be a monotone
transfinite sequence of open-and-closed sets of a space X. Then
|M| < e(X).

A union of 7 closed subsets of X is called an F-set. A union
of a countable family of closed subsets is called an Fj,-set.

For a cardinal 7 by 7 denote the smallest cardinal greater
than 7.
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Proposition 2.2. Let v = {H, : p € M} be a transfinite
increasing family of open sets of X and |H,| < T for each p €
M. Then |U{H,:p€ M} <7 and |M|<T.

Let X beaspaceand z € X. Theset Q(z, X)=N{U :x2 €U
and U is open-and-closed in X} is called the quasi-component
of a point x in X.

If X is an infinite connected space, then the weak rank wr(X)
is not determined. In this case we consider that wr(X) = oo
and 7 < oo for every cardinal 7.

Proposition 2.3. The weak rank wr(X) of a space X is deter-
mined if and only if Q(x, X) = {x} for each point x € X.

The class of spaces with open Ty-separating families of rank
one is quite broad.

A linear order < on a space X is called a (strongly) a-left or-
der if for each point x € X the set X (z) is closed (respectively
is open-and-closed) in X. A space with a (strongly) a-left order
is called a (strongly) a-left space (see [4]).

Proposition 2.4. Let X be a space. Then:

1. If X is an a-left space, then X has an open Ty-separating
family of rank one.

2. If X is a strongly a-left space, then wr(X) = 1.

Proposition 2.5. (see [4]) A space X is scattered if and only
if on X there ezists a well-order such that the set X (x) is open
for every x € X. In particular, every scattered space is an «-left
space.

Probably the appearance of the Question 1.1 is motived by
the next fact which follows from Propositions 2.4 and 2.5.

Corollary 2.6. Fvery scattered space has an open Ty-separating
family of rank one.

Proposition 2.7. Let X be a collectionwise normal scattered
space, T be an infinite cardinal and T > d(X). Then:
1. Ifis(X) <2, then wr(X) = 1.



FAMILIES OF RANK ONE IN SCATTERED SPACES 471

2. Ifis(X) < 3 and |X| < 71, then X has a To-separating
family of rank one of open F.-sets.

Proof. Let X5 # () and X3 = (). The set X» is discrete and closed
in X and the set X is dense and open in X. The subspace
Xp is discrete and | Xo| = d(X) = 7. There exists a discrete
family {U, : = € X5} of open-and-closed subsets of X such that
X = WU, : z € Xy} and U, N Xy = {x} for each x € Xo.
Put V, =U,NXo and Y, = U, X;. On Y, there exists some
well-order < such that [{y € Y, : y < z}| < 7 for every z € Y.
Now we put B, ={U, }U{{z}:ze Vo, } U{Va U{y €Y, : y < 2z} :
z €Y, and B = U{B; : * € Xo}. The family B is open,
To-separates points of the space X and |V| < 7 for each V' € B.

Let Xo = () and X; # (). There exists an open-and-closed
family {H, : € X} of X such that H,N X = {z} for every
X € Xy. Then B={{z}:2€ Xo} U{H, : x € Xi} is an open-
and-closed family of rank one which Tj-separates the points of
X. In this case wr(X) = 1.

Let X; = (). In this case X is a discrete space. The proof is
complete. O

Proposition 2.8. [(X) < d(X) + ml(X).
Proposition 2.9. ¢(X) = d(X) for every scattered space X.

Theorem 2.10. Let X be a scattered space. Then |X| =
hl(X) = (X) + 1(X).

Proof. For every space Z we have ¢(Z) < hl(Z) < |Z] and
I(Z) < hl(Z). Fix a scattered space X. It is sufficient to prove
that | X| < ¢(X) + I(X).

We put 7 = ¢(X) + I(X). For every a < is(X) and each
point z € X, we fix an open subset U, of X such that z € U, C
cxU, CH{Xs: 0 < a}and clxU, N X, = {z}. We prove that
|Uy| < 7 foreachz € X. If « =0 and x € X,, then U, = {x}
and |U,| < 7. Suppose that a > 0, z € X, and |U,| < 7 for
every y € U{Xjs : § < a}. The subspace Y, = clxU, \ {z} is
an F.-subset of X. Hence [(Y,) < 7 and there exists a subset
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Z, of Y, such that |Z,| <7 and Y, C U{U, : y € Z,}. Therefore
U < WU,y e Z} <.

The open cover {U, : = € X} of X contains a subcover
{Uy, - x € Y}, where Y C X and |Y| = [(X) < 7. By
construction |X| < |[WHU, : y € Y}| < 7. The proof is
complete. O

3. The Rank and the Pseudocharacter of Spaces

Theorem 3.1. (X) < ¢(X) +wr(X) for every space X.

Proof. The assertion is trivial if wr(X) = oo. Assume now
that ¢(X) + wr(X) = 7 < oo. If a cardinal 7 is finite, then
X is discrete and ¥(X) = 1 < |X]| = ¢(X). Suppose that the
cardinal 7 is infinite.

There exists the family B = {B, : p € M} of rank one of
open-and-closed subsets of X for which |[M| < 7 and B Tp-
separates the points of X.

Fix a point b € X. Suppose that (b, X) > 7. We put
P=N{U € B:beU}. Two cases are possible.

Case 1. ¢(b,P) < T.

Since (b, X) > 7 and (b, P) < 7, for every ordinal o < 77
there exist a point y, € X \ P and a set U, € B such that
yo & Uo, Yo € Uz : B < a}\U, foreach a < 7+ and b € N{U, :
a < 77}, Denote H, = {ao < 7% : U, € B,}. By construction,
{Us : a € H,} is a decreasing transfinite sequence of open-and-
closed sets. By virtue of Proposition 2.1, |H,| < ¢(X) < 7 for
every u € M. Since |M| <7 and U{H, : p€ M} ={a <717},
we have |H,| = 7" for some u € M. This is a contradiction.
Hence the case 1 is impossible.

Case 2. ¢(b, P) > 7.

For every ordinal o < 7 there exist a point y, € P and a set
U, € B such that b € U, yo € Uy and y, € U, \U{Us : 5 < a}
for o > 1.
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Let yo € P\ {b}. Then for some Uy € B we have Uy N{yo, b} =
{yo}. Suppose that 7+ > a > 0 and the elements {yg, Us :
8 < a} are constructed. Since (b, P) > 7, there exists a point
Yo € P\ U{Up : B < a} such that y, # b. For some U, € B we
have Uy M{¥a, b} = {Va}-

Fix ye M. Weput H, ={a<7t:U, € B,}. If o, 8 € H,
and o < p, then U, C Uz or U,NUz = 0, i. e. Uz \ U, is
an open non-empty subset. For a € H, by g(«) denote the
smallest element of H, greater than «. Assume that |H,| = 77.
Then {V,, = Uy(a) \ Ua : € H,, } is a family of pairwise disjoint
non-empty open subsets. Therefore |H,| < ¢(X) < 7. This is a
contradiction. Hence the case 2 is impossible, too. The proof is
complete. O

From Theorem 3.1, Proposition 2.9 and Theorem 2.10 it fol-
lows
Corollary 3.2. | X| < d(X)+{(X)+wr(X) =d(X)+wr(X)+
ml(X) for every scattered space X.

Corollary 3.3. Let X be an metalindelf scattered space of
countable weak rank. Then | X| = d(X) = ¢(X).

Corollary 3.4. Let X be a Lindelof scattered space of countable
weak rank. Then:

1. If X is separable, then X is countable.

2. If X is separable and locally compact, then X is metrizable.

Corrolary 3.5. Fvery compact separable scattered space of
countable weak rank is metrizable.

Theorem 3.6. If X is a hereditarilly paracompact scattered
space, then wr(X) = 1.

Proof. By Telgarski’s theorem [9, 14], dimY = 0 for every
subspace Y of X. For every a < is(X) and every point = €
X, we fix an open-and-closed subset U, of X such that z €
Us € H{Xs : 8 < a} and U,NX, = {z}. We affirm that
wr(U,) = 1 for every x € X. This assertion is trivial if & = 0
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and * € Xy. Assume that « > 1 and wr(U,) = 1 for each
y € {Xs:p <a} Fixbe X, SinceV, = U, \ {b} is a
zero-dimensional paracompact space, then there exists a disjoint
family {W,, : p € M} of open-and-closed subsets of X such that
Vo = U{W, : p € M} and for every p € M there is a point
x(p) € Vp such that W, C Uy(,. Hence wr(W,) =1 for every
€ M. For every p € M we fix a family B,, of open-and-closed
subsets of W, which Tj-separates points of W, and wr(B,) = 1.
Denote B = U{{W,}UB, : © € M}. Then r(B) =1 and B
To-separates points of U,. Hence wr(U,) = 1. The following
assertion completes the proof. O

Theorem 3.7. Let X be a paracompact space, dim X = 0 and
for every point x € X there is an open set U, of X such that
x € U, and wr(U,) = 1. Then wr(X) = 1.

Proof. There exist a subset Y of X and a discrete cover {V, :
y € Y} of X such that V, C U, for each y € Y. Since wr(V,) =
wr(U,) = 1, there exists an open-and-closed system B, of X
such that U{W : W € B,} C V, and B, Tj-separates points of
Vy. Denote B = {B,U{V,} : y € Y}. Then r(B) =1 and B
Ty-separates points of X. The proof is complete. O

4. The Generalized Rank

Let m be a finite or infinite cardinal and X be a space. The
cardinal 7,,(X) = min{r(B) : B is a family of open F},-sets
which Ty-separates points of X} is called the m-rank of X. If
m is finite, then 7, (X) = (X)) = wr(X).

Theorem 4.1. Let X be a scattered locally compact space and
is(X) <3. Then (X) < d(X)4+71,(X)+m™ for every cardinal
m.

Proof. For finite m the assertion follows from Theorem 3.1.
Assume that m is infinite. Then r,,(X) < co. We put 7 =
d(X) + rp(X) +m™.
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Since X is scattered, then dim F' = 0 for every compact sub-
space I of X (see [7, 11]). Hence for every ¢ < 2 and every point
r € X, there exists an open compact subset U, of X such that
relU, CUHX;: :j<itand U,NX; = {z}. Ifz e XoUXy,
then |U,| < d(X) <7 and ¢(z,X) <.

Fix b € X5. Suppose that ¢(b, X) > 7. Denote Vj, = Uy \ Xp.
Since | Xo| < 7, ¥(b,V}) = (b, X) > 7. By construction, V, is
the one-point Alexandroff compactification of the discrete space
Vi \ {b} (see [1, 8]).

Let {B, : p € M} be families of rank one of open F),-
sets, |M| < r,(X) < 7 and the family B = U{B, : p € M}
Ty-separates points of X.

Denote P =({V,NU : b€ U, U € B}. We have two possible
cases.

Case 1. ¢(b,P) < T.

In this case for every ordinal o < 77 there exist a point y, €
Vo \ P and a set U, € B such that b € U,, yo € Uy and y, €
{Us: 6 <a}\U,ifa<1.

We put H, = {a < 7" : U, € B,}. By construction, {W, =
WNU, : o € H,} is a decreasing transfinite sequence of open
F-sets of V. If @ € H, and the set {f € H, : § < a} is
infinite, then the set W, \ {ys € V, : B < a} is not open in V.
Hence the set {3 € H, : f < a} is finite for each o € H, and
the set H), is countable. This is a contradiction by virtue of the
conditions |M| <7 and |\ {H,:p € M} =71
Case 2. ¥(b, P) > 7.

For every ordinal o < 77 there exist a point y, € P and a set
U, € B such that b € U, yo € Uy and y, € U, \U{Us : 5 < a}
for o > 1.

We put H, = {a <77 :U, € B,}. For some p € M we have
[Hy| =77

Since Xy is dense in X and |Xy| < 7, then there is a point
r € X such that {a € H, : = € U,}| = 7. Denote
W, ={a € H, : x € U,}. By construction, {U, : p € W,}
is an increasing transfinite sequence of F},-sets. Since
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|Us N V3| < m for every @ < 77, then by Proposition 2.2 we
have [U{U.NW, : a € W} < m*™ < 7. By construction,
™ = Hya ra € Wi < [U{UaNW © o € Wy}, a con-
tradiction. Hence the case 2 is impossible, too. The proof is
complete. O

By Theorem 4.1, Proposition 2.9 and Theorem 2.10 it follows

Corollary 4.2. Let X be a locally compact scattered space and
is(X) < 3. Then:
1 X <d(X)+ UX) 4+ rm(X) +mT for every cardinal m.
2. If d(X) +U(X) < Ny and ry,(X) = Ro, then | X| < R;.

5. Mappings and Cardinality of Scattered Spaces

Theorem 5.1. Let f : X — Y be a closed continuous mapping
of a scattered space X onto a space Y. Then:

1. There exists a closed subspace Z of X such that f(Z) =Y
and d(Z) =d(Y).

2. Y| <dY) +wr(X) + ml(X).

Proof. Let S be a dense subset of the space Y and |S| = d(Y).
For every point y € S we fix some point z(y) € f~!(y). Put
P ={x(y) : y € S} and Z = clxP. Then f(P) = S and
d(Z) = d(Y) = |S|. Since f is a closed mapping, f(Z) = Y.
The assertion 1 is proved. ;From Corollary 3.2 it follows that
|1Z| < d(Z) +wr(Z)+ml(Z) <d(Y)+ wr(X) +ml(X). Hence
Y| <1Z| <d(Y) 4+ wr(X) +ml(X). The proof is complete. O

Corollary 5.2. Let f: X — Y be a continuous closed map-
ping of a paracompact scattered space X of countable rank onto
a locally compact separable space Y. Then Y 1is a countable
metrizable space.

A space X is called a space of pointwise countable type if
every point x € X is contained in some compact subset of the
countable character. Spaces of pointwise countable type were
introduced by A. V. Arhangel‘skii (see [3, 10]).
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Corollary 5.3. Let f: X — Y be a closed continuous map-
ping of a metalindelof scattered space of countable rank onto
a separable space Y of pointwise countable type. Then Y 1is a
countable metrizable space.

Corollary 5.4. Let f: X — Y be a closed continuous map-
ping of a metalindelof scattered space X onto a space Y. If
diY) < (Y), then wr(X) > ¢(Y).

Theorem 5.5. Let Y be a scattered space. Then there exist
a perfectly normal paracompact scattered space X of weak rank
one and an open continuous mapping f : X — Y onto Y.

Proof. For every a < is(Y) and every point y € Y, we fix an
open set U, of Y such that y € U, = (U{Ys : B < a}) U{y}. We
affirm that for every y € Y there exist a perfectly normal para-
compact scattered space X, and an open continuous mapping
fy of X, onto U,.

Let y € Yy. Then U, = {y}. In this case we put X, = {y}
and f, is the identity mapping.

Suppose that o > 1 and X,, f, are constructed for every
y € U{Ys: 08 <a}. FixbeY,. Denote by Z the discrete sum
+{X, :y € Uy \ {b}} of the spaces {X, :y € Uy \ {b}}.

Put X, = {b}U(Z x N), fo(b) = b and fi(z,7) = f,(2) for
every y € Uy\{b}, everyi € N and every x € X,. On aset X; we
consider the topology relatively to which the topological product
Z x N is an open subspace and the neighbourhoods of the point b
in X, are the form f; *(V)N(Z x {i € N :i > n}), wheren € N
and V is an open neighbourhood of the point b in Y. The space
Xy is paracompact, perfectly normal, scattered and the mapping
fv is open and continuous. Now we put X = +{X, : y € Y}
and f(z) = f,(z) for every y € Y and every z € X,,. The proof
is complete. O

A family B of subsets of a space X is called a pseudobase
for a space X if B is a family of open subsets of X and {z} =
({U € B:xz €U} for each z € X.
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Lemma 5.6. Let B be a pseudobase of a space X,0) € B and
r(B) =1. Then:

1. Every set U € B is open-and-closed in X.

2. If U,V €B, then UNV € B.

3. wr(X) =1.

Proof. Fix U € B. Suppose that U is non-empty and
b € U. For every x € X \ U there exists a set V, € B such
that € V, and b ¢ V,. Since r(B) =1, UNV, = 0. Hence
X\U = U{U, : © € X\ U} is open-and-closed in X. The
assertions 2 and 3 are obvious. The proof is complete. O
Proposition 5.7. If X is a space with a pseudobase of rank
one, then there exists a continuous bijection f : X — Y onto
a hereditarilly paracompact space Y with a base of rank one.

Proof. Let B be a pseudobase of X of rank one. Denote by Y
the set X with the topology generated by the base B. Every
space with a base of rank one is hereditarilly paracompact (see
[5], Corollary 1). The proof is complete. O

Proposition 5.8. Let X be a paracompact space with a Gs-
diagonal. If dim X = 0, then X has a pseudobase of rank one.
Proof. 1t is obvious. O

Corollary 5.9. For every Ty-space X there exist a paracompact
perfectly normal o-discrete space Z with a pseudobase of rank
one and a continuous open mapping f : Z — X onto X.

Proof. From J. R. Isbell's theorem [12, 13] there exist a o-
discrete perfectly normal paracompact space Z and a continuous
open mapping f of Z onto X. Proposition 5.8 completes the
proof. O

6. Rank of Spaces and Cartesian Product
Proposition 6.1. wr(X xY) < wr(X) +wr(Y).

Proof. Let B; be a family of open-and-closed subsets of X which
Th-separates points of X and By be a family of open-and-closed
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subsets of Y which Ty-separates points of Y. We put B = {U X
Y, X xV:U¢€ B,V € By}. Then r(B) = r(B;) + r(B2) and
B Ty-separates points of X x Y. The proof is complete. O

Corollary 6.2. Let {X, : p € M} be a family of spaces. Then
wr(I{Xy - pe M}) < 3{r(X,) : pe M}

Lemma 6.3. wr(X) > wsr(X) for every space X. If sr(X) =
1, then r(X) = 1.

Proof. Obvious. O

Let X be a space. We put ic(X) = oo if X is discrete and
ic(X) = min{|L| : L is not closed subset of X} if X is not
discrete.

Theorem 6.4. Let X and Y be spaces and ic(Y) < (X).
Then wsr(X xY) > 2.

Proof. Let ic(Y) = 7. Fix in Y a subset L of cardinality 7 with
an accumulation point ¢ € Y \ L. Assume that Y = LU{c}.
There is a point b € X such that (b, X) > 7.

Let B be a system of open-and-closed subsets of the space
X x 'Y which Ty-separates points of X x Y.

Weput H=U € B: (b,c)eU}and Z={ye L: (by) €
Case 1. ce cly Z.

Ify,z € Z, then we consider y < zif y # z and U N{(b,y), (b, 2)}
= {(b,y)} for some U € B.

If y,2 € Z and y < z, then we fix U(y,z) € B such that
Uy, z) {(b,y), (b,z)} = {(b,y)}. By construction, if y < z,
then (b,c) &€ U(y,z). For every pair y,z € Z, where y < z,
there exists an open-and-closed subset V(y,z) of X such that
(b,y) € V(y,2)x{y} € U(y,z) and U(y, 2) N(V (y, 2) x{c}) = 0.
We put A = N{V(y,2) : y,z2 € Z,y < z}. Since |Z| = 7 and
(b, X) > 7, we have |A| > 7. Fixz € A\ {b} and U € B
such that |{(z,c), (b,c¢)} NU| = 1. There exists an open subset
W of Y such that ¢ € W and for every y € W N Z we have
{(z,y),(b,y)}NU| =1. Fix y,z € W Z for which y < z and
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y # z. Then, by construction, UNU(y,z2) # 0, U\ U(y,z) # 0
and U(y, z) \ U # 0. Therefore, sr(B) > 2.

Case 2. cecly(L\ Z).

In this case we assume that Z = (). For every y € L we fix
U, € B such that (b,c¢) € U, and (b,y) ¢ U,. For every y € L
there exists an open-and-closed subset V,, of X such that (V, x
{yHNU, =0 and V, x {c} CU,. We put A ={V, :y € L}.
Since |L| = 7 and ¢ (b, X) > 7, we have |A| > 7. Fix x € A\ {b}
and U € B such that |{z,c), (b,c)} NU| = 1. There exists an
open subset W of Y such that ¢ € W and for every y € W N L we
have [{(z,y), (b,y)}NU} = 1. If y € WL, then U,NU # 0,
U, \U # 0 and U \ U, # (. Hence wsr(B) > 2. The proof is
complete. O

Theorem 6.5. Let X and Y be spaces, ic(Y') = T be an infinite
cardinal, b € X, n € N and ifb € Z and Z be a closed G -subset
of X, then wsr(Z) >n. Then wsr(X xY)>n+ 1.

Proof. If n = 1, then (b, X) > 7. By Theorem 6.4, we have
wsr(X xY)>2=n+1.

Let n > 2. Fix in Y a subset L of cardinality 7 with an
accumulation point ¢ € Y \ L. Assume that Y = LU{c}. Let
B be a system of open-and-closed subsets of X x Y which T}-
separates points of X x Y. We put H = ({U € B : (b,c) € H}
and Z ={y € L: (b,c) € H}.

Case 1. ce cly Z.
If y, 2 € Z we consider that y < z if y # z and UN{(b,y), (b, 2)}
= {(b,y)} for some U € B.

If y,z € Z and y < z, then we fix U(y,z) € B for which
Uy, z) {(b,y), (b,z)} = {(b,y)}. By construction, (b,c) &
U(y,z). For every pair y,z € Z, where y < z, there ex-
ists an open-and-closed subset V' (y,z) of X such that (b,y) €
V(y,z) x {y} € Uly,z) and U(y, 2) \(V(y, 2) x {c}) = 0. We
put A = {V(y,2) : y,z € Z,y < z}. Since b € A and
|Z| = 7, A is a closed G,-subset of X and sr(A) < n. Hence
there exist n elements Wy, W, ..., W,, € B such that the family
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{P, = WiN(A x {c}) : i < n} is independent. For every pair
1 <4 < j < n we fix the points z;;1, Tij2, Tij3 € A such that
(l’ijl,c) e w; \ Wj, (l’ijg,c) € Wj \ WZ’, and (l’ijg,c) € WZﬂWj
There exists an open subset W of Y such that ¢ € W and
{zij ) x W C Wi\ W, {zijo} x W C Wi \ Wi, {zys} x W C
W;N\W; for every 1 < ¢ < j <n. Fixy,z € WNZ for which
y <z Il <i<j<n,then (43y) € Uly,2) NW;NW;,
(zij1,y) € Uy, 2) \ Wy, (zij2,y) € Uly,2) \ Wi, (w3, 2) €
(WinW;) \ U(y,z). Hence the family {U(y,z), Wq,..., W,,} is
independent and sr(B) > n + 1.
Case 2. cecly(L\ Z).
In this case we assume that Z = (). For every y € L we fix
U, € B and an open subset V, of X such that (b,c) € U,
(b.y) & Uy, (b.c) € Vy x {c} € U, and U, A(Vy x {y}) = 0.
We put A =V, :y € L}. Since b € A and |L| = 7, we have
sr(A) > n. There exist n elements Wy, Ws, ..., W,, € B such that
the family {P, = W;N(A x {c}) : i < n} is independent. For
every 1 <1 < j < n we fix the points 1, ;j2, Tij3 € A such that
(l’ijl,c) e W; \ Wj, (l’ijg,c) € Wj \ W, and l’ijg,C) € WZﬂWj
There exists an open subset W of Y such that ¢ € W and
{l'ijl} x W Q WZ \ Wj, {l’ijg} x W Q Wj \ WZ and {l’ijg} x W Q
W;N\W;. Fix y € W. Then for every 1 < 7 < 7 < n we
have (l’ijg,c) S UyﬂWiﬂWj, (l’ijl,y) e W; \ Uy, (l’ijg,y) S
Wj\Uy, (l’ijl, C) € Uy\Wj, (l’ijg, C) € Uy\WZ Hence the famlly
{Uy, Wy, Wy, ...,W,} is independent and sr(B) > n + 1. The
proof is complete. O

7. Examples

Example 7.1. Fix the cardinal 7 and the infinite cardinal m.
If a is an ordinal, then |o| = [{#: f < a and [ is an ordinal}|.
Denote W (m) = {« : ais an ordinal and |a| < m}. Fix a family
{Xa : @ € W(m)} of discrete spaces of cardinality 7. Denote
B(t,m) = T{Xs : o € W(m)}. If g € W(m) and a, € X,
for all @ < 3, then H(aq : a < 3) = {x = (z¢: £ € W(m)) €
B(t,m) : x4 = a, for all & < g}. On B(r,m) we consider the
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topology generated by the base B = {H(a,: a < ) : 4o € Xa,
a < B,6 € W(m)}. Since r(B) = 1, then the space B(r,m) is
zero-dimensional and hereditarily paracompact.

If m = Wy, then B(r,m) is complete metrizable. We have
|B(t,m)| =7" and d(B(t,m)) = >{m" :n <m}.

Example 7.2. Let 7, m be infinite cardinals and 7 = > {7" :
n < m} < XA < 7™ Fix in B(r,m) some dense subset H of
cardinality 7. Let {H, : s € S}, where H(NS = (), be an infinite
family of subsets of H of cardinality m such that |H, N H,| <m
for every pair s, p of distinct elements of S and that {H, : s € S}
is maximal with respect to the last property. For every point
a=(a,:p e W(m)) € B(r,m) there exists s € S such that
|HiNH(aq : a < )| =m and |H, \ H(a, : a < )] < m for
every f € W(M). Then |S| = 7 (for 7 = m = Ny see [§],
Exercise 3.6.I(a)). Generate a topology on the set Y = H{J S
by the neighbourhood system {B(, : y € Y}, where B, =
{H(y,0) ={y}}ify € H and By = {H(y,L) = {y} U(H,\ L) :
LCH,|Ll<m}ifyeS.

Every open cover of H(y, L) contains a subcover of H(y, L) of
cardinality < 7. In particular, [(H(y,0)) < m and for m = R
the sets H(y, L) are compact. Fix in S some subset S; of cardi-
nality A and consider Z = H |JS; as a subspace of Y. We put
X(1,m,\) = ZU{b}, where b € Z. Consider that Z is an open
subspace of X (7, m, A) and the neighbourhoods of the point b are
the form H(y1,...,yn) = Z \ U{H (yi, Li) : i < n}, where n € N,
Ly,....L, C H, |L;| < m for every i < n and yi,...,y, € Z.
We have dim X (7,m,\) = 0 and (X (7, m,\)) < m. Moreover,
X(7,m, \) is a scattered space with is(X(r,m,\)) = 3 and ev-
ery open cover of X (7,m,\) contains a subcover of cardinality
< m. For m = ¥ the space X (7,m, \) is compact. By construc-
tion, c¢(X(1,m,\)) = d(X(r,m,\)) = 7 and ¥Y(X(1,m,\)) =
(b, X (1,m,\) = | X(1,m,\)| = \.
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Proposition 7.3. Let 7, m be infinite cardinals and 7 = > {7" :
n<m}<A<71™ Then:

1. wr(X(1,m,\)) = \.
2. r(X(m,m,\)) =1 if and only if \=717.
3. If < X< 7™ then r(X(1,m, \)) = \.

Proof. 1t is obvious that r (X (r,m,\)) < wr(X(1,m,\))
A. By Theorem 3.1, A = ¢¥(X(1,m,\)) < (X(1,m,\))
wr(X(r,m,\)) =7+ wr(X(r,m,\)). Hence wr(X(r,m, \))
A.

If A\ = 7%, then from Proposition 2.7 it follows that
r-(X(r,m,\)) = 1. Suppose that A > 7. By Theorem 4.1, we
have A = (X (7,m, \)) < d(X(1,m,\))+r(X(r,m,\))+7" =
T+ 77+ 1. (X(r,m,\). Hence r.(X(1,m,)) = A\. The proof
is complete. O

Corollary 7.4. Let m =7 =Xy < A < c = 2% Then:
1. X(7,m,\) is a separable scattered compact space.
2. wr(X(r,m,\)) = A.
3. r(X(1,m,\)) =1 if and only if A = N;.
4. (X (1,m,\)) = X if and only if Rg <\ < c.

I+ IA

Corollary 7.5. Let m =Ny, 7>m, 7 < A < 7™. Then:
1. X(71,m, \) is a compact scattered space.
2. wr(X(t,m,\)) = A.
3. (X (m,m,\)) =1 if and only if \=77.
4. ro(X(1,m,\)) = X if and only if 77 < A < 7™

By D, we denote the discrete space of cardinality 7 and by
A, we denote the Alexandroff one-point compactification of the
space D,. It is obvious that wr(A,) = wsr(A,;) = 1 for every
cardinal 7.

Theorem 7.6. Letn € N, 7,01 > Ng and 11, T, ..., T, be un-
countable cardinals. Then wr([T{A-, : i < n+1}) = wsr(J[{A-, :
i<n+1})=n+1.
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Proof. We have ic(A;) = Xy for every 7 > Ny, Fix 1 <m < n.
Consider that A;, \ D,, = {a;}. We put X, = [[{4,, : i < m}
and b,, = (a1,...,a,) € Xy If H is a Gg-subset of X,, and
b, € H, then H contains the copy of X, and sr(H) = sr(X,,).
By Theorem 7.4, wsr(Xy) = wsr(A,, x A,,) > 2. By induction
and Theorem 7.5 it follows that wsr(X,,) > m and wsr(X, X
A;...) > n+ 1. This complete the proof. O

Theorem 7.7. Let X be a locally compact scattered metalindelof
space. If wr(X x X) =1, then X is metrizable.

Proof. Let X be a non-discrete space. Since X is locally com-
pact, ic(X) = Wg. By Theorem 6.4 it follows that (X)) = y.
By virtue of Telgarski‘s theorem [14], every scattered compact
first countable space is metrizable. Hence X is locally metrizable
and X has a point-countable base. In virtue of Alexandroff‘s and
Urysohn'‘s theorem ([1], Theorem 5.11; [10], Exercise 4.4.F and
Theorem 5.3.10) the space X is metrizable. a
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