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RECENT GEOMETRIC DEVELOPEMENTS IN
THE THEORY OF ANOSOV DIFFEOMORPHISMS

Cem Tezer

Abstract

It is an old conjecture that Anosov diffeomorphisms
are topologically conjugate to infranilmanifold
automorphisms. This article attempts to survey
recent work in this direction which involve the ge-
ometric artifact of connections.

1. Introduction

The purpose of this survey article is to report certain geomet-
ric developements in the theory of Anosov diffeomorphisms. The
use of the adjective “geometric” in connection with smooth man-
ifolds as distinct from purely differential topological is meant to
be indicative of the presence of an inherent connection, in other
words, of a rule of parallel displacement for tangent vectors. ([K-
N], chapter III, section 2.) The word connection will be used in
full generality referring to a connexion infinitésimale linéaire in
the terminology of C. Ehresmann with possibly non-vanishing
torsion.([E])

In the theory of dynamical systems which can be regarded
with little historical inaccuracy as the direct offspring of H.
Poincaré’s work in celestial mechanics, much effort goes into un-
derstanding systems which exhibit “chaos” , a catchword that
has come to connote a seemingly erratic qualitative nature of
orbits combined with overall stability. In such systems, the
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qualitative nature of orbits depend sensitively on “initial con-
ditions”, yet the ensuing complicated global structure cannot
be perturbed away by small changes in the parameters defining
the system as a whole. Such tenacity of global behaviour has
been referred to by a variety of names like stability, roughness,
robustness, grossièreté.

A related phenomenon in dynamical systems is that of hyper-
bolicity which stipulates a local splitting of the carrier space as
the product of two subspaces, in one of which orbits converge ex-
ponentially with time whereas in the other they converge expo-
nentially with the time reversed. The exact correlation between
hyperbolicity and “chaos” is one of the fundamental issues in
the theory of dynamical systems.

For purposes of the present survey a (topological) dynamical
system (or a cascade) will mean an action of the commutative
group Z of integers on a topological space. Since an action of
Z is entirely determined by the action of 1 ∈ Z, we shall equiv-
alently understand a dynamical system simply to be a homeo-
morphism f : X −→ X from a topological space into itself. A
point x ∈ X is called a fixed point of f if f(x) = x. f will be
said to be topologically transitive if f has a dense orbit, in other
words there exists x ∈ X such that {fn(x) | n ∈ Z} is dense in
X. Dynamical systems f : X −→ X and g : Y −→ Y are said
to be topologically conjugate if there exists a homeomorphism
ϕ : X −→ Y such that ϕ◦f = g ◦ϕ. Systems which are topolog-
ically conjugate may thus be regarded as indistinguishable from
the topological point of view. If X, Y are smooth manifolds and
ϕ is a diffeomorphism then the systems in question are said to
be differentiably conjugate.

2. Anosov Diffeomorphisms

Being geometric instances of the Lagrangian formalism of the-
oretical physics, geodesic flows on the unit tangent bundles of
Riemannian spaces have been intensely studied by many math-
ematicians. ([H], [Mo], [He], [Ho]) During his study of the
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geodesic flows on the unit tangent bundles of Riemannian spaces
of negative curvature D. V. Anosov elucidated the basic stabil-
ity properties of these objects and made the seminal observation
that these properties were embryonically present in a simple
class of diffeomorphisms which now bear his name. ([A1], [A2],
[A3])

Definition 2.1. Given a smooth, compact manifold M, a dif-
feomorphism a : M −→ M of class C1 is said to be an Anosov
diffeomorphism if there exists a Riemannian metric G on M,
constants C ≥ 1, λ > 1, 1 > µ > 0 and subbundles E+, E− of
class C0 of TM invariant under Ta such that

TM = E+ ⊕ E−

and for each m ∈ M, u ∈ E+
m, v ∈ E−

m,

‖ Tman(u) ‖an(m) ≥ C−1λn ‖ u ‖m

‖ Tman(v) ‖an(m) ≤ Cµn ‖ v ‖m

for all n ∈ Z, n ≥ 0, where ‖ . ‖m stands for the norm that stems
from the inner product Gm on TmM.

It should be noticed immediately that since M is compact,
the validity of the above given growth and decay conditions is
independent of the choice of the tensor G. However, the constants
C, λ, µ do depend on the choice of G. Indeed, by a very well
known and useful result of J. Mather, a suitable choice of G can
render C = 1 ([M1]).

The most arresting peculiarity of Anosov diffeomorphisms is
the non-smooth distribution of the subbundles E+, E−. This cir-
cumstance is in fact necessary and natural : Consider an Anosov
diffeomorphism a : M −→ M. It has been known since the ear-
liest phases in the developement of the theory, that every dif-
feomorphism b : M −→ M sufficiently close to a : M −→ M
in the C1 sense ([Hi2] ) is again an Anosov diffeomorphism (by
the principal result in [M1] which will be revisited below) and
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topologically conjugate to a : M −→ M. (This is originaly due
to Anosov [A3] and Moser [Mos], a modern version is to be
found in [M2], a more recent related result in [W]. An elemen-
tary treatment of the toral case which reflects all essentials is in
[Ar-Av] .) In other words, the class of Anosov diffeomorphisms
are stable under perturbations of class C1. The crucial point is
that even when the unperturbed diffeomorphism has smoothly
distributed expanding and contracting subbundles, the slightest
perturbation will cause them to wrinkle into non-smoothness.

Example 2.2. Given the (n dimensional) torus Tn = Rn/Zn,
as quotient of additive groups, a toral automorphism is a map
of the form aA : Tn −→ Tn sending a coset x + Zn to the
coset Ax + Zn where A ∈ Zn×n with detA = ±1. aA is said to
be hyperbolic if A has no eigenvalues of modulus 1. It can be
easily checked that hyperbolic toral automorphisms are Anosov
diffeomorphisms.

Recall that, given a group G and and subgroups A,B ≤ G,
a double coset with respect to A and B in G is a set of the
form AxB = {axb | a ∈ A, b ∈ B} for some x ∈ G. Let the set
of double cosets with respect to A and B in G be denoted by
A\G/B ([Her]).

Given a group G and a subgroup Φ ≤ Aut(G), let G o Φ
denote the semidirect product of G and Φ. To be precise, G o Φ
is the group with carrier set G × Φ and the binary operation
defined by (g, ϕ)(g′, ϕ′) = (gϕ(g′), ϕ◦ϕ′) for g, g′ ∈ G, ϕ,ϕ′ ∈ Φ.

A non-commutative generalisation of tori, an infranilmanifold
is a smooth manifold whereof the carrier set is a double coset
space M = Γ\(N o Φ)/Φ̂ where N is a connected, simply con-
nected nilpotent Lie group, Φ is a finite group of automorphisms
of N, Φ ' Φ̂ = {eN}×Φ ≤ N oΦ, Γ is a subgroup of and acting
cocompactly and properly discontinuously by left multiplication
on N oΦ. N can be seen to be diffeomorphic to (N oΦ)/Φ̂ with
respect to the obvious and trivial differentiable structures on the
objects in question and the quotient map N −→ M is a covering
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projection with respect to the quotient topology on M and this
map defines the smooth structure on M. An infranilmanifold in
which Φ is trivial is called a nilmanifold.

The Klein bottle constitutes the simplest example of a non-
nilmanifold infranilmanifold with N = R2,

Φ = {
[

1 0
0 1

]
,

[
−1 0
0 1

]
}

and

Γ = (Z2 × {
[

1 0
0 1

]
}) ∪ ([ Z2 +

[
0

1/2

]
] × {

[
−1 0
0 1

]
}) .

Example 2.3. An infranilmanifold automorphism is a map of
the form aA : M −→ M where M is an infranilmanifold with
M = Γ\(N o Φ)/Φ̂, sending a double coset ΓxΦ̂ into the double
coset ΓA(x)Φ̂ for each x ∈ N o Φ and A : N o Φ −→ N o Φ
being a Lie group automorphism that makes aA well-defined. 1

aA is said to be a hyperbolic infranilmanifold automorphism if
TeA has no eigenvalues of modulus 1. It can be easily checked
that hyperbolic infranilmanifold automorphisms are Anosov dif-
feomorphisms.

It is rather difficult to produce concrete non-trivial examples
in this area. The following is an old example on a nilmanifold,
produced by A. Borel upon the inquiry of S. Smale ([Sm1]). (It
should not be difficult to modify it to obtain an automorphism
on a proper infranilmanifold) : Let H be the Heisenberg group
defined by

H = {




1 x y
0 1 z
0 0 1


 | x, y, z ∈ R}.

1 In the current literature, this well definedness is vouchsafed by requir-
ing A(Γ) ⊆ Γ and A ◦ Φ = Φ ◦A. This seems to be unduely restrictive and
a source of hitherto unnoticed small technical difficulties which I intend to
clarify elsewhere.
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Being nilpotent, connected and simply connected, this Lie group
may be identified with its Lie algebra ([P], [C-G])

H = {




0 x y
0 0 z
0 0 0


 | x, y, z ∈ R}

which has generators

X =




0 1 0
0 0 0
0 0 0


 , Y =




0 0 0
0 0 1
0 0 0


 , Z =




0 0 1
0 0 0
0 0 0




subject to the sole non-zero commutation rule [X,Y ] = Z. Now
consider the Lie algebra direct sum N = H⊕H, which is cleary
the Lie algebra of N = H × H, with generators

X1 =

[
X 0
0 0

]
, Y1 =

[
Y 0
0 0

]
, Z1 =

[
Z 0
0 0

]
,

and

X2 =

[
0 0
0 X

]
, Y2 =

[
0 0
0 Y

]
, Z2 =

[
0 0
0 Z

]
.

Let

Z = {




0 ξ η
0 0 ζ
0 0 0


 | ξ, η, ζ integers in Q(

√
3)}

If σ stands for the unique non-trivial field automorphism of
Q(

√
3) sending a + b

√
3 into a − b

√
3 for each a, b ∈ Q and its

obvious componentwise extension to matrices, it is easily seen
that

L = {
[

A 0
0 σ(A)

]
| A ∈ Z}
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is a lattice in N . The linear map A : N −→ N defined by

A(Xi) = 3(−1)i/2Xi

A(Yi) = 3(−1)i
Yi

A(Zi) = 3(−1)i3/2Zi

for i = 1, 2 is a Lie algebra morphism which preserves L. Finally,
using the exponential map exp : N −→ N it is seen that Γ =
exp(L) is a discrete, cocompact subgroup of N and A = exp◦A◦
exp−1 : N −→ N is a Lie group automorphism with A(Γ) = Γ.
Now we can put M = Γ\N and consider the map aA : M −→
M sending the coset Γx into the coset ΓA(x). Clearly aA is a
hyperbolic automorphism of the nilmanifold M.

Remark 2.4. The above examples are smooth Anosov diffeo-
morphisms with smooth stable and unstable distributions. Yet
under the slightest perturbation of whatever smoothness class
they will generically degenerate into Anosov diffeomorphisms of
class C1 with non-smooth stable and unstable distributions.

Mainly owing to the non-smoothness of the stable and un-
stable distributions, Anosov diffeomorphisms have since their
very inception been peculiarly inaccessible by direct means. All
the more valuable are the few substantial results of which the
following two are of primary importance :

(1) Given a smooth compact manifold M with tangent bundle
TM and tangential projection τ : TM −→ M a vector field
on M may be understood to be a map X : M −→ TM with
τ ◦ X = IdM . The set V of vector fields of class C0 on M has a
natural structure as a Banachable topological vector space. Each
diffeomorphism a : M −→ M of class C1 induces a bounded R-
linear map a∗ : V −→ V defined by a∗(X) = Ta ◦ X ◦ a−1 for
each X ∈ V. It is a remarkable fact discovered by J. Mather,
that a : M −→ M is an Anosov diffeomorphism iff 1 does not
lie in the spectrum of a∗. ([M1] .)

(2) Since the subbundles E+, E− of an Anosov diffeomor-
phism a : M −→ M are not smooth, we cannot hope to in-
tegrate them by standard means like the Frobenius theorem.



634 Cem Tezer

It was therefore by a tremendous feat of delicate global analysis
that Hirsch and Pugh proved the stable and unstable subbun-
dles to be integrable into submanifolds immersed as smoothly
as the smoothness class of a : M −→ M but to be in general
non-smoothly distributed ([Hi-P]).

Although touched by many a masterly hand, Anosov diffeo-
morphims retain their enigmatic status. It is, for instance, still
not known whether Anosov diffeomorphisms always have fixed
points. Topological transitivity, in other words the existence of
an orbit which lies densely in the carrier manifold is another
unresolved seemingly simple issue.

The central problem in the theory of Anosov diffeomorphisms
is the following over-thirty-year-old conjecture:

Conjecture 2.5. Every Anosov diffeomorphism is topologically
conjugate to a hyperbolic infranilmanifold automorphism.

The question whether there were “non-toral” Anosov diffeo-
morphisms was brought up by D. V. Anosov himself ([Sm1]),
inducing S. Smale to search for an example and happening upon
the above presented example of A. Borel. S. Smale gives a
weaker form of the conjecture in [Sm1]. To the best of my
knowledge the conjecture was first put forward in its final form
by J. Franks ([Fr]). The restatements have been at best spo-
radic,([Hi1]) the last at the writing of this survey being the ad-
dendum to [Sm2].

The conjecture seems to have originated by simple inspection
of the known instances which consist of diffeomorphisms of very
algebraic nature such as described in the above examples and,
of course, their perturbations. Furthermore, once algebraic, a
hyperbolic map appears to force the carrier algebraic object to
be nilpotent. For instance, a real Lie algebra A which admits a
Lie algebra homomorphism F : A −→ A that, as a linear map,
has no eigenvalue of unit modulus, has to be a nilpotent Lie
algebra. ([B], Exercise 21, Section 4)
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The conjecture was settled partially by S. Newhouse, ([N])
in the case of the so called codimension one Anosov diffeomor-
phisms, that is Anosov diffeomorphisms in which one of the
stable and unstable subbundles is one dimensional.

The strongest favourable evidence is the work of M. Gromow
which affirmatively settles the corresponding conjecture in the
case of the closely allied expanding maps ([G] and for a related
result [Hi1]) .

It should be remembered that we cannot hope to improve the
statement of the conjecture by replacing the topological conju-
gacy with differentiable conjugacy. This is known to be false
since there exist Anosov diffeomorphisms on smooth manifolds
homeomorphic but not diffeomorphic to an infranilmanifold ([F-
J2] and for the relatively easier version with expanding maps
[F-J1]).

3. Invariant Connections for Anosov Diffeomorphisms

As has been amply pointed out above, Anosov diffeomorphisms
present features which are not directly accessible by geomet-
ric means. Furthermore, the fact, arising from the above cited
work of F. T. Farrell and L. E. Jones, that Anosov diffeomor-
phisms may be compatible with several differentiable structures
on the same topological manifold, indicates manifestly that an
unmixedly geometric approach is bound to fall short of complete
success.

Notwithstanding these objections there have recently been
attempts at relieving the absence of the geometric note by in-
vestigating Anosov diffeomorphisms which leave a connection
invariant.

Consider a smooth manifold M, let X (M) ⊂ V be the set of
smooth vector fields on M. Clearly X (M) consitutes a module
over the ring C∞(M) of real valued smooth functions on M. A
(smooth) connection on M is an R-bilinear map

5 : X (M) ×X (M) −→ X (M)
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such that
5(fX, Y ) = f 5 (X,Y )
5(X, gY ) = XgY + g 5 (X,Y )

for any X,Y ∈ X (M) and f, g ∈ C∞(M), where Xg stands
for the directional derivative of g along X. It can be routinely
checked that a connection makes sense even on locally defined
vector fields. In the presence of a chart x = (x1, x2, . . . , xn) the
functions Γk

ij : dom(x) ⊆ M −→ R for 1 ≤ i, j, k ≤ n = dim(M)
defined by

Γk
ij = dxk(5|dom(x) (

∂

∂xi
,

∂

∂xj
))

are called the Christoffel symbols (of the second kind, to be
precise) associated with 5 . Clearly, a connection determines
uniquely and is uniquely determined by its Christoffel symbols
with respect to some smooth atlas on M.

Now, given a smooth diffeomorphism ϕ : M −→ M it is easy
to check that the map

5ϕ : X (M) ×X (M) −→ X (M)

defined by

5ϕ(X,Y ) = ϕ−1
∗ 5 (ϕ∗(X), ϕ∗(Y ))

for X,Y ∈ X (M) is a connection on M. 5 is said to be invariant
under ϕ or ϕ is said to be affine with respect to 5 if 5ϕ =
5. Let us call a diffeomorphism which leaves some connection
invariant an affinable diffeomorphism. Isometries of Riemannian
manifolds are clearly affinable since they leave the associated
Levi-Civita connections.

A word of caution is necessary before proceeding further : For
reasons of stability we have defined Anosov diffeomorphisms to
be of class C1. So, if we insist on this larger class we must read-
just the concept of connection by replacing X (M) and C∞(M)
with the larger versions X (r)(M) and Cr(M) of class Cr, r ≥ 0.
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This is a perfectly legitimate procedure that defines a connection
of class Cr, r ≥ 0 as an R-bilinear map

5 : X (r)(M) ×X (M) −→ X (r)(M)

with the accompanying conditions adequately modified. Clearly,
for each r ≥ 0, a connection of class Cr is exactly a connection
with Christoffel symbols of class Cr. On the other hand, re-
membering that each diffeomorphism of class Cr, r ≥ 1 can
be approximated (in the Cr sense) by a smooth diffeomorphism
and in view of the fact that Anosov diffeomorphisms are sta-
ble under perturbations of class Cr, we may assume the Anosov
diffeomorphism we work with to be smooth. We shall indeed
do both : The Anosov diffeomorphism a : M −→ M will be
assumed to be smooth and we shall talk freely of connections of
class Cr, r ≥ 0.

The first work which I would like to mention addresses the
smooth version of the Conjecture, giving an affirmative answer
under the condition of topological transitivity, smoothness of
stable and unstable subbundles and smooth affinability.

Theorem 3.1. ([Be-La]) A topologically transitive, smooth
Anosov diffeomorphism with smooth stable and unstable sub-
bundles, admitting a smooth invariant connection is smoothly
conjugate to a hyperbolic infranilmanifold automorphism.

Of course, hyperbolic infranilmanifold automorphisms admit
invariant connections, namely those of the Cartan-Schouten type
([Hel], [Kam-T]). Yet the presence of an invariant connection for
a diffeomorphism is a strong assumption. In fact, even on rela-
tively simple spaces one can prove the existence of large classes
of diffeomorphisms that admit no invariant connection whatso-
ever! ([T1])

Furthermore it must be remembered that not even the affir-
mative answer to the Conjecture vouchsafes the existence of an
invariant connection for an arbitrary Anosov diffeomorphism.
Evidently, an Anosov diffeomorphism which is topologically but
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not diffeomorphically conjugate to a hyperbolic infranilmanifold
automorphism may well fail to be affinable!

Therefore, producing an invariant connection for a given
Anosov diffeomorphism is not an easy task. A partial result
has been derived under a curious condition on the growth and
decay rates of the diffeomorphism :

Let G be an arbitrary but fixed Riemannian tensor on M.
Given an Anosov diffeomorphism a : M −→ M there exist, by
compactness of M constants 0 < A < 1, and 1 < B such that

A ‖ u ‖m≤‖ Tma(u) ‖a(m)≤ B ‖ u ‖m

where ‖ . ‖m stands for the norm that stems from the inner
product Gm on TmM. Putting

α = log max(A−1, B)
β = log min(λ, µ−1)

the growth and decay conditions characterising Anosov diffeo-
morphisms can be reformulated in a more symmetric form :

C−1e−nα ‖ u ‖m ≤ ‖ Tman(u) ‖an(m) ≤ Ce−nβ ‖ u ‖m

with n ≤ 0 for u ∈ E+
m and with n ≥ 0 for u ∈ E−

m. Clearly
β < α.

An Anosov diffeomorphism a : M −→ M is said to satisfy
the 1/2-pinching condition ([Fer]) if the above equations hold
for α, β > 0 with α < 2β.

Theorem 3.2. ([Fer]) A smooth Anosov diffeomorphism sat-
isfying the 1/2-pinching condition admits a unique torsion free
invariant connection of class C0 with respect to which the curva-
ture tensor makes sense along stable and unstable leaves which
are thus rendered complete and flat.

4. Canonical Connections for Anosov Diffeomorphisms

The purpose of this section is to present a brief exposition of
some new results of the author which appear to indicate that,



RECENT GEOMETRIC DEVELOPEMENTS IN THE ... 639

within the theory of Anosov diffeomorphisms, the search for a
relevant connection should probably proceed in an altogether
different direction.

In order to simplify the survey of the ideas, it is perhaps best
to start by reminding the reader of a standard result due to
Cauchy : By the Polar Decomposition Theorem (any textbook
on linear algebra should do, for instance [Hof-K]) every non-
singular matrix A decomposes uniquely as the product A = US
of a unitary matrix U and a symetric, positive definite matrix S.
I am astonished to find that the following straightforward adap-
tation of this result to Riemannian manifolds is widely unknown:

Let (M,G) be a smooth Riemannian manifold.

Theorem 4.1. ([T2])To each non-singular smooth map
f : M −→ M there exists a canonically (but not functorially)
associated vector bundle morphism

Uf : TM −→ TM

and a tensor field S of bidegree (1, 1) with the following proper-
ties :

(a) τ ◦ Uf = f ◦ τ (i. e. “ Uf lies over f ”) .
(b) Tf = Uf ◦ S.
(c) S is self-adjoint with respect to G. To be precise,

Gm(Sm(u), v) = Gm(u, Sm(v))

for each m ∈ M and each u, v ∈ TmM.
(d) S is positive definite with respect to G. To be precise,

Gm(Sm(u), u) ≥ 0

and Gm(Sm(u), u) = 0 only if u = 0m for each m ∈ M and each
u ∈ TmM.

(e) Uf acts as an isometry on the tangent spaces. To be
precise,

Gf(m)(Umf(u), Umf(v)) = Gm(u, v)
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for each m ∈ M and each u, v ∈ TmM.

Given an Anosov diffeomorphism a : M −→ M, let ε : V −→
V be defined by

ε(X) = Ua ◦ X ◦ a−1.

It can be readily checked that

ε(fX) = (f ◦ a−1)ε(X)

and
G(ε(X), ε(Y )) = G(X,Y ) ◦ a−1

for any X,Y ∈ V and f ∈ C0(M) ([T2]) .
Now, given a connection

5 : V × X (M) −→ V

of class C0, the map 5[a] : V × X (M) −→ V defined by

5[a](X,Y ) = ε−1 5 (a∗(X), ε(Y ))

for each X ∈ V, Y ∈ X (M), is routinely checked to be a con-
nection of class C0. By proving that the map sending each con-
nection 5 of class C0 into 5[a] has a unique fixed point, the
following theorem can be established :

Theorem 4.2. ([T2]) Given an Anosov diffeomorphism
a : M −→ M and a Riemannian tensor G on M, there ex-
ists a unique connection 2 of class C0 on M with the following
properties :

(a) 2(a∗(X), ε(Y )) = ε2(X,Y ) for each X ∈ V, Y ∈ X (M).
(b) 2G = 0.

Although the connection 2 is of class C0 only and thus gives
rise to no curvature tensor, it does make sense to talk about
parallel translation along curves with respect to 2. Given a curve
γ : [0, 1] −→ M of class C1, let Tr2,γ : Tγ(0) −→ Tγ(1) be
the linear map that sends each u ∈ Tγ(0) into its image under
parallel displacement along γ with respect to 2. Given any set
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A ⊆ M, we shall call 2 flat along A if Tr2,γ = Id(Tγ(0)M) for
any homotopically trivial closed curve γ lying in A. With this
terminology another strong property of 2 can be articulated :

Theorem 4.3. ([T2]) 2 is flat along the stable and unstable
submanifolds.

I wish to end this survey on an optimistic note : As much a
stranger in topological dynamics as it is in differential geometry,
the canonical connection introduced above is nonetheless a very
natural object with strong properties. It is for this reason that
I hope it may play a crucial role in unraveling the enigmata
surrounding Anosov diffeomorphisms.
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Mathematicae 111 (1993), 285-308.

[B] N. Bourbaki, Groups et algèbres de Lie. Fascicule XXVI of
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