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COMPACT SEMIGROUPS AND SUITABLE SETS
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ABSTRACT. A suitable set A in a topological semigroup S is
a subset of S which contains no idempotents, any limit points
of A in S are idempotents, and A, together with all idempo-
tents of S, generates a dense subsemigroup of S. Following
work of Hofmann and Morris, who showed that every com-
pact Hausdorff topological group has such a suitable set, this
paper extends that result to several classes of compact semi-
groups all of whose members satisfy S? = S. In particular all
compact simple semigroups are shown to have a suitable set.
Cartesian products of compact monoids each with a suitable
set have suitable sets as do continuous homomorphic images
of compact semigroups with suitable sets. It is shown that
certain classes of H-chain semigroups have suitable sets. The
class of irreducible semigroups falls into two classes, where
the members of one class always have a suitable set and in
the other class a semigroup which contains no suitable set is
constructed. It is shown that compactifications of subsemi-
groups of Lie groups tend to have suitable sets; these include
the ‘triangle semigroup’ as a typical test case. If S is com-
pact, connected, and S? # S, then S cannot have a suitable
set.
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1. INTRODUCTION

The theory of compact semigroups was first developed in the
early 1950’s by Alexander Doniphan Wallace [16]. A topological
semigroup is simply a Hausdorff space with a continuous associa-
tive multiplication. Compact groups, in particular, have been the
subject of active research since the end of the 19th century. As a re-
sult they are now well understood. In stark contrast with compact
groups, however, the myriad of possible forms of compact semi-
groups with identity makes a general structure theory all but im-
possible with the exception of a few common general features. For
instance, the set F(S) of idempotents of a compact semigroup S is
never empty. If F(S) is singleton and S? = S, then S is a group;
on the other side if S is a compact space with a base point e, then
the multiplication st = e for all s, € S makes it into a com-
pact topological semigroup with a single idempotent. Of course
there is an abundance of compact semigroups both commutative
and non-commutative of non-trivial type that have more than one
idempotent. The most important examples for this paper will be
introduced as we proceed. Here is the crucial definition:

Definition 1.1. A suitable set A in a topological semigroup S is
a subset of S which contains no idempotents, any limit points of A
in S are idempotents, and A, together with all idempotents of .S,
generates a dense subsemigroup of S (i.e. (AU E(S)) = 5).

Hofmann and Morris showed in [13] that every compact Haus-
dorff topological group has such a suitable set. Here we extend this
result to various classes of compact semigroups S satisfying S? = .
No compact connected semigroup S with S? # S has a suitable set
as we shall show. An idempotent topological semigroup, and indeed
any topological semigroup which is algebraically and topologically
generated by its set E(S) of idempotents has a suitable set, namely,
the empty set. Each compact semigroup S has a unique minimal
ideal which is completely simple; each completely simple compact
semigroup will be seen to have a suitable set. In each compact
connected topological monoid (semigroup with identity) S, by an
application of Zorn’s Lemma, we find a minimal compact connected
subsemigroup 7' that joins the identity to the minimal ideal.
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Definition 1.2. A topological monoid, S, is defined to be
wrreducible, if it is compact and connected, and if it contains no
proper compact connected subsemigroup containing the identity
and meeting the minimal ideal.

As the ‘triangle semigroup’ of 3.2 (see also 6.1) shows, irreducible
subsemigroups of compact connected topological monoids need not
be unique. We shall see that certain irreducible semigroups, recog-
nizable by the structure of their set of idempotents, have suitable
sets, and that others with a comparatively simple infinite set of
idempotents have no suitable sets.

The concept of a suitable set generalised and grew from the
existence in many topological groups of finite subsets which group
generated a dense subgroup of the group. Since [13] many mathe-
maticians have written papers on suitable sets in topological groups.
Amongst these are Comfort, Dikranjan, Morris, Robbie, Svetlichny,
Shakhmatov, Tkachenko, Tkachuk, Trigos-Arrieta and many oth-
ers. See for example [5]. The present paper is, to the authors’
knowledge, the first venture into suitable sets in topological semi-
groups as such.

We refer the reader to [2], [3], [11], [14], [16], and [7]; for the
standard results on topological semigroups used in this paper. For
general topology facts Engelking [6] should suffice.

The authors would also like to acknowledge that they are
indebted to Professor T. Nogura of Ehime University, Japan, for
enabling a visit there by D. Robbie; during which time Professor
D. Shakhmatov, also of Ehime University, suggested our current
definition of a suitable set, which has proved to be a significant
improvement over that initially proposed.

2. SUITABLE SETS IN GROUPS AND SEMIGROUPS

We first need to see that, in the case of a compact Hausdorff
topological group, our definition of suitable set for a topological
semigroup given above does correctly generalise the original defi-
nition of Hofmann and Morris for a suitable set in a topological

group.
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Their definition was equivalent to saying that, a suitable set A
in a topological group G, is a subset A of G to which the identity,
e of G, does not belong, the only possible limit point of A in G is
e, and AU {e} group generates a dense subgroup of G.

Clearly if G is Hausdorff and is regarded as a topological semi-
group, and if it has a subset A which is a suitable set in the topo-
logical semigroup sense, then that same set A will a-fortiori be a
suitable set in the topological group sense.

In the other direction, if G is a compact Hausdorf topological
group which has a suitable set A in the topological group sense
of Hofmann and Morris, then if we consider the subsemigroup of
G generated by A U {e}, its closure will be a compact topological
subsemigroup of GG, and hence will be cancellative as well. It is a
folklore theorem by now that such a topological semigroup must be
a topological group. So it must contain the inverses of all elements
of A and thus contain the subgroup generated by A, and the closure
of that subgroup. Thus it must be all of G because A is a suitable
set in the topological group sense. Hence A is a suitable set in
the topological semigroup sense, for G is regarded as a topological
semigroup.

Recall that a subset C' of a topological space is called relatively
compact if C' is a compact subspace.

Example 2.1. The additive semigroup H of non-negative reals has
countable relatively compact suitable sets. In fact let A be a subset
of H such that 0 is a sole limit point of A and 0 ¢ A. Every z € H
is within § of the set {nd : n € N} C (A) C (AU {0}) . Since we
can find arbitrarily small §’s in A, we conclude @ = H, and thus
A is a suitable set of H. It is clear that A may be chosen countable
and relatively compact, and indeed contained in any preassigned
interval |0, €], € > 0.

Theorem 2.2. Closures of continuous homomorphic images of
topological semigroups with relatively compact suitable sets have
suitable sets.

Proof. Let S be a topological semigroup with relatively compact

suitable set A and f: S — T a morphism of topological semigroups.

Set T'= f(S). We claim that B o F(A\E(T) is a suitable set for

T.
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Let y be a limit point of f(A) and f(z,) — y a net with z,, € A.
Since A is compact there is a converging subnet To; — . Then by
continuity, f(x) = lim f(z4,) = lim f(z,) = y. Since all the limit
points of A are idempotents, x must be an idempotent and thus
y = f(z) is an idempotent. Note that f(E(S)) C E(T) and thus
(BUB(I)) =

(F(\E(T)) U E(T)) 2 <f(A) U f(E(S)))
= <

(f is a homomorphism)

U
&H

(f is continuous)
=/ (5)-
Therefore T = f(S) C (BU E(T)). O

Definition 2.3. A one-parameter semigroup in a topological semi-
group S is a continuous homomorphism ¢ from H, the non-negative
reals under addition, into S. A compact semigroup with a dense
one-parameter semigroup is known as solenoidal.

Proposition 2.4. A solenoidal semigroup S has a suitable set.

Proof. By definition, S is the closure of a continuous homomorphic
image of H, and H has a relatively compact suitable set by 2.1.
Then 2.2 proves the claim. O

Example 2.5. The Real Thread, I,, = [0, 1] under usual multiplica-
tion xy and the Nil Thread, I, = [1/2, 1] under zoy = max{zy, 1/2}
each have suitable sets. Each Min Thread has a suitable set.

Proof. Each of I, and I,, is solenoidal. Hence it has a suitable set
by 2.4. Any Min Thread, as a compact semilattice, has an empty
suitable set. O

In each of the cases I, and I,, we can ensure that the suitable
set has just one limit point at the identity.

Definition 2.6. An O-semigroup is a topological monoid S on
a compact totally ordered space such that the total order of the
space is given by s < t iff s € St NtS. The minimal element is the
semigroup zero, and the maximal element is the semigroup identity.
If S is, in addition, connected, then S is called an I-semigroup.
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Notice that any compact totally ordered space is an O-semigroup
with respect to the semilattice multiplication given by st =
min{z,y}. A topological monoid S is called monothetic if S =
{1,z,22,...} = {1} UT(z) for some x € S (see [14], p. 15). The
element z is called a generator of S. A monothetic O-semigroup S
is isomorphic to Z* U {oo}, the additive group of nonnegative inte-
gers complemented with a largest element co acting as a semigroup
zero, where the total JH-order is the reverse of the natural order, or
else S is isomorphic to a Rees quotient of this semigroup, in which
case it is isomorphic to {0,1,...,n} with x ®y = min{z +y,n} for
some natural number n > 1. Clearly, in a monothetic O-semigroup,
the set {x} with the generator z is a suitable set. A topological
monoid on a compact connected totally ordered space with iden-
tity and zero as endpoints is an I-semigroup; that is, under these
circumstances, the property that s <t iff s € StNtS follows auto-
matically. The set of real numbers {0} U [1,2] with the operation

T®y def min{z + y,2} is a totally ordered compact topological
monoid with the identity 0 and the zero 2 as only idempotents and
with a monotone multiplication, but it fails to be an O-semigroup.
This monoid does not have a suitable set because any generating
subset has to contain a dense subset of the connected subset [1, 2].

Much of the following material is known; a usful reference for
totally ordered topological semigroups is [11].

Proposition 2.7. An O-semigroup S with exactly two idempotents
0 and 1 is either

(i) the two element monoid {0,1}, or
(ii) the Real Thread I, or
(iii) the Nil Thread I, or
(iv) a monothetic O-monoid with a generator 0 < x < 1.

It has a suitable set.

Proof. Assume that S # {0,1}. If 1 is not isolated, then S = I,
or S = I, (see e.g. [14], p. 122, 11(a)). There remains the case
that S is not one of type (i), (ii), (iii). Therefore assume now that
1 is isolated and that there are elements x € S satisfying x # 0.
If sz = x for some s € S, then s"x = z. Accordingly, ex = x for
the unique idempotent e in I'(s). Now e # 0 since = # 0. Hence
e =1 and thus I'(s) C H(1) = {1}, i.e. s = 1. Suppose that z is not
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isolated from below. Then j — j : [0, 2] — S with the induced order
on the index set. Since the total order on S is the H-quasiorder,
for each j € [0,z there is an s; € S such that j = s;jz. Now let
(Sju)aca be any subnet converging to an element s in S. As S is
compact, such subnets exist. Then z = lim, j, = lims;, z = sx.
We just saw that this implies s = 1. Since all converging subnets
converge to 1 and S is compact, the net itself converges to 1 and
since 1 is isolated, this implies the existence of an element sy € [0, x|
such that j € [so,z[ implies s; = 1. Thus for these j we have
J = sjx = lx = x contradicting the assumption that z is not

isolated from below. Now let m max{s € S:s < 1}. We claim
that S = {1} UT'(m), and a proof of this claim will complete the
proof of the lemma since we do know that all four possible types
have suitable sets.

By way of contradiction suppose that C g \ ({1} U T(m))
is not empty. Then ¢ = supC > 0. Since every element of S is
isolated from below, ¢ = max (. Then there is a largest natural
number n = 1,2, ... such that m”™ > ¢. Then ¢ > m™*!, and since
the total order of S is the H-order, there is an element s € S such
that sm™ = ¢. Since ¢ # m"™ we have s < 1 and by the definition of
m this means s < m. Then by the monotonicty of multiplication
with respect to the H order we have ¢ = sm”™ < mm"™ < ¢, a
contradiction. O

This observation is almost contained in Theorem 2.8, p. 22 of
[11], but not quite.

With each O-semigroup S there is associated in a canonical
fashion the set K C S of idempotents isolated from below in the
H-order. For each k € K set k' = max{e € E(S) : e < k}. The
following is well known for I-semigroups.

Theorem 2.8. Let S be an O-semigroup. If e, f € E(S), then
ef = min{e, f}. Fach connected component of E(S) is a Min
Thread, and S\E(S) is a union e Ik, k[g of disjoint open in-
tervals. Each closed interval [k, k]s, k € K is an O-semigroup with
the two idempotents k' and k. If x € [K', k], but y ¢ [k, k]|, then
xy = min{x,y}. In particular, any O-semigroup is abelian.

Corollary 2.9. An O-semigroup S has a suitable set.
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Proof. We know from 2.8 above that an O-semigroup is the union
E(S)UUiek K k)]s of a compact semilattice and a chain of basic
semigroups each isomorphic as a topological semigroup to one of I,,,
I,. For each k € K, by 2.5 we find a relatively compact countable
suitable set Ay for [k’ k]g contained in |k’, k]. Indeed Ay may be
chosen so as to have k as its unique limit point. We claim that
A =, A; is a suitable set of S.

We need to show that any limit point of A lies inside E(S). If
A is empty we are finished. Let x € S\E(S), then = € |k, k[ for
some k € K. Since x is not an idempotent, since the only limit
point of Ay, is k, and since |k, k[g is a neighborhood of x in S, x is
not a limit point of A.

Clearly E(S) C (AU E(S)). For « ¢ E(S), x € [k, k]s for some
ke K and x € (Ax) C (AU E(Y9)). O

3. NEwW SUITABLE SETS FROM OLD

In Theorem 2.2 we have seen for the first time that the class
of topological semigroups with suitable sets has fairly agreeable
stability properties. The following results will further illustrate
this assertion.

Theorem 3.1. If a compact topological semigroup T is factorisable

into a set of compact topological subsemigroups {X1,Xs,...,Xn},
in the sense that each element t € T is expressible in the form
t=x1x9- - xy where x; € X;, i =1,2,...,n; and if each X; has a

suitable set, then so does T'.

Proof. Let Sx, be a suitable set for X;, and let E(X;) be the set of
idempotents of X;. We claim that S = Sx, USx, U---USx, is a
suitable set for T'.

As T and all of the X; are compact:

T=X1X2-- X,

(Sx, UE(X1)) (Sx, UE(X2)) -+ (Sx,, U E(Xy))
(Sx, UE(X1))(Sx, U E(X3)) -+ (Sx, U E(Xy))
<(SX1 USXz 'USX ) (E(Xl)UE(XQ)UUE(Xn))>
(SUE(T))
= (SUE(T))

\ﬂ N

SUE(T)) CT.

Thus T =(SUBE(T)).
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Now clearly S has no idempotents since no Sx; does. Any limit
point of S would have to be a limit point of at least one of the
finitely many Sx,. Hence it would have to be an idempotent in X;
and so be in E(T"). And so S is indeed a suitable set for 7. O

Example 3.2. The ‘triangle semigroup’ has a countable suitable
set.

Proof. The following set:
T={(z,y) eRxR:0<z,y<landx+y<1},

is a triangle in the plane with vertices at (0,0),(1,0) and (0,1).
It is a compact connected semigroup when taken with the relative
topology from the plane and the following operation:

(z1,91) 0 (72, y2) = (172, T1y2 + Y1)-

It is well known and usually called the ‘triangle semigroup’. The
hypotenuse and the base of this semigroup are each compact con-
nected subsemigroups of (7', 0) (in fact irreducible ones) which are
easily seen to be homeomorphicly isomorphic to the real thread I,
above. Hence they each have countable suitable sets clustering at
(1,0). It is a simple exercise in elementary algebra and calculus to
show that T factorises into the product of these two subsemigroups.
Hence by the theorem the ‘triangle semigroup’ has a countable suit-
able set. g

We note also that this same result also follows as a corollary
from 6.1 below where it is derived from Lie semigroup theory. The
“triangle semigroup” is a special case of a class of semigroups in-
troduced in [14] on pp. 272 and 273 in Section 16. For some recent
systematic investigations see e.g. [1].

Theorem 3.3. Let {S;}icr be a collection of topological monoids
with suitable sets {A;}icr, then S = [[,c; Si has a suitable set.

Proof. Let p; be the i-th projection map and 1; the identity in S;.
Let A} = A; x [, 1;. We claim that A = J;c; 4] is a suitable set
for S.

Let = be a limit point of A. Then for each i, p;(z) is a
limit point of p;(A) = A; U {1;}. Hence p;(z) is either 1; or a
limit point of A;. In any case p;(x) will be an idempotent of S;.

i€l
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x is then an idempotent of S as each coordinate of = is an idem-
potent. Consider a basic open set U containing € S. Then
in S;. Let E; = E(S;) x [1;4;1;. Since (A4; UE(S;)) is dense in
Siy (AjU E;) is dense in S; x [[,4; 1;. Thus for each i we can find
a; such that a; € U; N <AZ U E(SZ» Let a; = a; x Hj#i 1j~ Then
a; € (ALUE;). Now ajag...opn = agX-- ~><an><HjE[\{17.__7n} 1, eU.
On the other hand, since E; C FE(S) for each i, ajag...q, €
(AYUE)(AYUES) ... (ALUE,) C (AUE(S)). Thus z € (AU E(S))
and A U E(S) topologically generates S. g

Definition 3.4. A cylindrical semigroup S is a continuous homo-
morphic image of T' x GG, where T is solenoidal and G is a compact

group.

Realistic examples of cylindrical semigroups which are embed-
dable in three-space are shown in Hofmann and Mostert [14], pages
242, 243 and 244. These illustrate that every point of the minimal
ideal M (S) in a cylindrical semigroup S is approximated by points
of S\M(S). See also line diagrams in Hofmann [10], page 9.

Corollary 3.5. A cylindrical semigroup has a suitable set.

Proof. A solenoidal semigroup T has a suitable set by 2.4 and a
compact group G has a suitable set by [13]. Then by 3.3 so does
T x G. Then, finally, as a cylindrical semigroup is a continuous
homomorphic image of some monoid 1" X G, by 2.2 it must have a
suitable set. O

4. ToTALLY H-ORDERED SEMIGROUPS

We now generalize the total order that we already used for totally
ordered monoids. In a monoid S, the H quasiorder <4 is defined
by z <g y iff x € yS and x € Sy (see e.g. [14], p.29).

Definition 4.1. A compact monoid will be called totally H-ordered
if, in the H quasiorder <g¢, any two elements are comparable.

In an H-totally ordered compact monoid, each L- class and each
R-class is an H-class and thus D = L = R = H and H is a
congruence. (See e.g. [14], p. 33.) Accordingly, for each = € S,
xS = Sx = SxS and S is normal in itself (see [14], p. 17, 2.1).
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Clearly, the quotient semigroup S/H is an O-semigroup. The quo-
tient morphism is bijective on the sets of idempotents. For easy
reference we record these remarks:

Lemma 4.2. If S is a totally H-ordered monoid, then Green’s H
relation is a congruence, and the quotient morphism n: S — S/H
is a surjective morphism of H-totally ordered monoids onto a O-
semigroup such that it induces an isomorphism n|E(S): E(S) —
E(S/H) of compact semilattices.

Theorem 4.3. Let S be a compact totally H-ordered monoid with
exactly two idempotents e > f. If H(e) is not open, then S is the
union of a cylindrical submonoid Z and H(f) = M(S5).

If H(e) is open, then either S = H(e) UH(f), or for any g € S
such that n(g) is a generator according to 2.7 (iv), we have S =
3(e) U I ()T (g) UH(S).

Proof. If H(e) is not open, then the assertion follows directly from
[12], p. 150, Corollary 3.5.

Assume now that H(e) is open and S/H has more than two
points, and let g € S be such that n(g) is a generator. Now for each
natural number n such that 7(g)" # H(f), the H class H(z") =
n~L(n(z)") is of the form H(1)z with = = g™ by [14], p. 39, 4.20.
In our case, I'(g) = {g,¢% ...} UM(I'(g)) with M(I'(g)) € H(f),
and our assertion follows. O

Corollary 4.4. A compact totally H-ordered monoid with exactly
two idempotents has a suitable set.

Proof. If S = ZUXH(f) with a cylindrical submonoid Z, then Z has
a suitable set Az by 3.5 and H(f) has a suitable set Ay by [13].
Then Az UAy is a suitable set of S. If S is the union of two groups,
it has a suitable set because the compact groups H(1) and H(e)
have suitable sets A; and A, by [13]. If S = H(1)UH(1)I'(x)UFH(e),
then A; U {x} U A, is a suitable set. O

If G is a compact group and « an automorphism one readily
forms a semidirect product G'x,Z with multiplication (g, m)(h,n) =
(g9a™(h),m +n), and the one point compactification of G x4 Z* U
{oo} with co acting as zero is an O-semigroup which in general
is not a direct product. (Take G abelian with a nontrivial auto-
morphism, e.g. G = R?/Z? with a nontrivial automorphism repre-
sented by an element of SL(2,Z). A direct product would have to
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be abelian, but there are ample choices of a such that the semidi-
rect product fails to be abelian.) This example shows, that in the
disconnected situation the theory is not completely parallel to the
case of cylindrical semigroups; but it is close enough for a treatment
of suitable sets so that both cases can be treated largely simulta-
neously. We also observe that the cylindrical case of Theorem 4.3
involves nontrivial material in the vicinity of the so called “Cen-
tralizer Conjecture” (see [12]).

Let S be a totally H-odered monoid. Let us again denote K C
E(S) the set of idempotents isolated from below, and for k € K,
set k' = max{e € E(S) : e < k}.

Theorem 4.5. Let S be a totally H-ordered monoid and assume
that the identity e of any nonsingleton subgroup H(e) is isolated in
E(S). Then S has a suitable set.

Proof. For each k € K the semigroup Sy = n~t[n(k'),n(k)] is a
semigroup of the type classified in 4.3. By 4.4, S} has a suitable set
Ay, = A} U Ay where Al is contained in 7~ [py, n(k)] for some py, €
n(k"),n(k)[ and Ay is a suitable set of H(k'). Set A = ek Ak-
Clearly AN E(S) = (; and if e € E(S), then by hypothesis H(e)
is a subgroup of an H-totally ordered semigroup with exactly two
idempotents or is singleton (or both), and thus and (AU E(S)) D
(AUU,ep(s) H(e)) = S Now let a € A\ A. We want to show that
x is an idempotent. If n(x) is a non-isolated idempotent then by
assumption z is an idempotent. If n(x) is an isolated idempotent
n(k) then there exist idempotents &’ and f such that k' < k <
/ and there is no other idempotent in the interval [n(k"),n(f)];
the cases that n(k) is an endpoint of E(S/H) is similar. Since
z € H(k) and ANy~ Y([pk,n(k)]) = A}, the point z must be a
limit point of A). This means z is an idempotent in Sy (and thus
in S). If n(x) is not an idempotent then n(xz) € [n(k'),n(k)] for
some I-semigroup [n(k'),n(k)]. Then z € n~1(Jn(k"),n(k)[). From
Ann=tn(k),n(k)[) € Ay, we conclude that x is a limit point of
A and thus an idempotent. O

Corollary 4.6. Let S be a totally H-ordered monoid with finitely
many tdempotents. Then S has a suitable set.

Proof. If E(S) is finite, then all elements of E(S) are isolated, and
the preceding corollary 4.5 applies. ]
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It remains somewhat inconclusive for which semilattices of idem-
potents E(S) a totally H-ordered monoid S has a suitable set even
in the case that S is a Clifford semigroup, i.e. a union of groups. But
we shall consider in the next sequence a class of totally H-ordered
semigroup for which we offer more conclusive information.

5. IRREDUCIBLE SEMIGROUPS

We defined the concept of an irreducible semigroup in the
introduction. An irreducible semigroup S is an abelian totally JH-
ordered compact connected monoid (see [14], p. 156, Theorem 156).
So everthing said in the preceding section applies, in particular, to
irreducible semigroups. However, in the case of irreducible semi-
groups we can say more. Again let K C E(S) be the set of idem-
potents isolated from below in the H-order, and for each k € K
set ¥ = max{e € E(S) : e < k}. Select a one-parameter sub-
semigroup fr : H — S with fx(0) = k and ¥ € M(fx(H)). Set
C=E(S)U UkeK i (H).

Lemma 5.1. S = (C).

Proof. C'is a connected subset of S containing the identity 1 and
meeting the minimal ideal M (S). Then the closed subsemigroup
generated by C' is a connected submonoid meeting the minimal
ideal. It then agrees with S by irreducibility of S. g

For each k € K we select a positive number r; such that &' <g¢
fk(Tk) Set D = E(S) U F where F' = UkGK fk([O,rk]).

Lemma 5.2. D is a closed subset of S and the H-class homomor-
phism n: S — S/H induces a homeomorphism n|p : D — n(D).

Proof. Let {a;j}jes be a net in F' converging to s € S. We must
show that s € D. If {a;} is cofinaly idempotent, then s € E(S)
and we are done. So assume now that a; € fi,;) ([0, 7(;)]). We first
claim that e = lim; k(j) exists in E(S). To see this we note that
in the I-semigroup S/H we have 7(s) = lim; n(a;) and n(k(j)") <
n(a;) < n(k(j)). In the I-semigroup S/H each cluster point ¢ of
n(k(j)) is an idempotent in [n(s),n(1)]. Suppose that there are
two cluster points ¢; < cg. In the I-semigroup S/H let z and y
be elements such that ¢; < < y < ¢3. Then n(s) < ¢; implies
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that eventually n(a;) < z; also for a cofinal subset I of J we have
y < n(k(i)) fori € I. Thus n(a;) < z <y < n(k(i)) for large enough
i in I implies that there are no idempotents in [z,y], and thus we
conclude that there cannot be any idempotents in (c1,c2). Now
n(s) < ¢ implies that eventually n(a;) < c2 and thus ¢ < n(k(j))
eventually, contradicting then assumptions that c; is a cluster point
of n(k(j)). Thus there is only one cluster point of 7(k(j)) and since
s — n(s) induces an isomorphism on the idempotents, the claim is
proved and e = lim; k(j) exists in E(.5).

Now assume that s ¢ F. Then we claim 7(s) = n(e). Indeed,
n(s) < n(k) and if n(s) < n(k), then the argument showing the ex-
istence of lim; k(j) actually shows that there cannot be any idem-
potents in (n(s),n(k)), and thus k € K and n(a;) € (n(k’),n(k))
eventually, and by the choice of r, and lim; a; ¢ F it follows that
s = k. Thus n(s) = n(e) as asserted. This last step shows that D
is closed.

The restriction and corestriction |p : D — n(D) is a continuous
surjective function. It is injective on E(S) and on each fx([0,rg])
by the choice of r. Since n(E(S)) Nn(F) = 0 it follows that n|p is
injective and thus, by the compactness of D, is a homeomorphism
onto its image. ]

Let i be as above and pick any decreasing sequence of positive
real numbers (7, )nen in [0, 7] converging to 0. Set A = { fx(rkn) :
ke K, n € N}.

Lemma 5.3. Under the present circumstances A is discrete in S\
E(S), and S = (AU E(S)).

Proof. The first part follows from the fact that {rg, : n € N} is
discrete in H\ {0} for each k£ € K and [0, 7] is mapped homeomor-
phically into S under fy.

For the second part since lim,, rz,, = 0 in H for each k € K, we
have H = ({r, : n € N}) for each k € K. Accordingly, fx(H) C
({rkn : n € N}). The assertion then follows from 6.8. O

Therefore A is a suitable set if and only if A\ A C E(S). Let
us look at this issue in some detail. For this purpose, let (a;);cs
be a net in A and assume that s = limjcya; exists and is not
contained in A. Projecting into the I-semigroup S/H we see that
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7(s) is idempotent and so H(s) is a group with an idempotent. The
question is: When is s € E(S5), that is, s = e?
Case 1. If k(7) is eventually constant, equal to e € K, then

5= 11?1 Fe@) (Tk(nG)) = fe(0) = e € E(S).

Case 2. A cofinal subset I of J consists of elements such that
k(i) < e for i € I. Then n(a;) < n(k(i)) < n(k) = n(s) and
limie n(a) = limes n(k(i)) = n(%)

Since n|p is a homeomorphism and a;, k(j) € D for all j € J we
conclude that lim;c; a; = lim;es k(i) = e € E(S).

Case 3. k(j) is not eventually constant and eventually all k(j) >
e with a cofinal subset I C J such that k(i) > e for all i € I.

This case is critical.

Definition 5.4. We say that an idempotent e € E(S) of an irre-
ducible semigroup S is critical if it is the greatest lower bound, but
not the minimum of a subset X C K of idempotents which in F(S)
are isolated from below.

The simplest semilattice exhibiting a critical element is the set

M Y {0}u{l/n:n =1,2,...} with the min operation; here 0 is

a critical idempotent.
With the first two cases settled, we can now formulate a positive
result.

Theorem 5.5. Let S be an irreducible compact semigroup such that
for every critical idempotent e € E(S) the group H(e) is singleton.
Then S has a suitable set.

Proof. We have to show that s = limjec;a; is an idempotent. If
Cases 1 and 2 apply, this has been shown to be true. Now assume
Case 3. We have n(s) = lim;ern(a;). The idempotent n(s) is
critical in F(S/H) and thus the idempotent e € S with n(e) = n(s)
is critical. Then H(e) = {e}. Now all clusterpoints of (a;);c; are
in n7(n(s)) = {e}. Thus e = s and s € E(S). O

Note that the hypothesis of the theorem is fulfilled in particular
if £(S) has no critical idempotents. This holds for any well-ordered
set.
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Corollary 5.6. Assume that S is an irreducible compact semigroup
and that the space of connected components of E(S) is well-ordered.
This is satisfied if E(S) has only finitely many components. Then
S has a suitable set.

Now we turn to the critical case and construct an example of an
irreducible semigroup S without a suitable subset and such that
E(S) is order isomorphic to M.

The construction of this example is not straightforward even
though S/H is a very simple I—semigroup.

We consider an additive version of an I—semigroup on the real
unit interval [0, 1] with the sequence 1,1/2,1/3,--- 0 representing
the idempotents.

In fact we take 7' % (N x H) U {oo} with the lexicographic order
on N x H and oo being the largest element. This is an I—semigroup
with respect to the multiplication

(n,r+s) if m=n,
(m,r)+ (n,s) =< (m,r) if m > n,
(n,s) if m <n,
where oo is acting as a zero.

Theorem 5.7. There is an irreducible semigroup S whose
H—decomposition semigroup s homeomorphically isomorphic to T,
and which does not have a suitable subset.

Proof. We let B be the character group of the discrete reals Ry

and let 8 : R — B be the dual of the identity morphism R; — R

(the Bohr compactification of R). Thus b e B(1) € B = Ry, as a

character of Ry, is the quotient character € : Ry — T'.

For an arbitraty set I, the character group of (R!), is the co-
product B(U)) of T copies of B in the category of compact abelian
groups with the coprojection s; : B — B(()) being the dual of the
projection p; : Bl — B. If I is finite, then B()) is the algebraic
coproduct BY) = B with the product topology.

Now define S as a subsemigroup of of T'x B{()) as follows: Define
a function f : NxH — TxB(U) by f(m,r) = ((m,r), s,(6(r))) and
set S = f(N x H). Notice that G(H) = BH((m,0),0) = {(m,0)} x
Bm=1) C T x B for m = 2,--- and that the group of units of S is
singleton. The minimal ideal M (S) = H((00,0)) is {oo} x B(M),
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The subsemigroup S is irreducible (proof by induction) and the
H —class homomorphism is equivalent to the restriction pr; to .S of
the projection T' x B((N) — T,

(Notice that S is an irreducible semigroup in which the maximal
subgroups are inductively built up to the coproducts B™ of n
copies of the Bohr compactification of R.)

Let e % (00,0) € T x BM) " an idempotent of the minimal ideal
M(S) = {oo} x BN of §. The Clifford-Miller endomorphism s
se is the restriction pr, to S of the projection T' x B(N)) _, (),

Now let A C S be a subset satisfying that A is discrete in S\ E(.S)
and that S = (AU E(S)). We shall show that A\ A contains non-
idempotent elements. Now pr;(A) is a suitable subset of T and
therefore is of the form {(m,rny,) : m,n € N} with r,,, € H\{0}
converging to 0 for n — oo.

There is no real loss in assuming that pry; ~!((m,r;,1)) contains
only one element a1 = (M, m1), Gmi1+ f(rm1)) with some element
Cm1 € B(mfl), where

B = {0}. Then

X Y bra(am1) = cm1 + sm(B(rm1)) € BN ¢ B,

We recall that &, : (RY) — R — T is a character of (RY)y and
we notice that it is of the form (s;)jen — @misi+- - +mm—15m—1+
Tm18m mod Z with ajp, € R.

The matrix

11 0 0 0
az rer 0 0
az1 agz rs1 0
aq1 Q42 Q43 T41

implements an automorphism « of the R—vector space (RN)d
given by
(sj)jen = (85)jen where

S/j = ;181 + -+ @jj-18j-1 + Tj18;.
Then X, = € o pr,,a = bopr,,. By duality it follows that

pra(am1) = a(sm(b)),
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where @& is an automorphism of the compact abelian group B(M),
Therefore

&~ (pra(am)) = sm(b).
The universal property of the product (RY) gives us a unique
morphism
§: R — (RY), called the diagonal morphism such that &(r) =
(r)ren. Its adjoint morphism 5 : BN _ B is the codiagonal mor-
phism which is uniquely characterised by the fact that §08m: B —
B is the identity morphism for each m € N. Thus

06~ (pry(am1)) = d(sm(b)) =b
for all m and thus
(Vm € N) a1 € [0a" pry] ~(b).

Since b # 0, the closed subset [5a ' pry]~!(b) does not contain any
idempotents and thus the sequence (@m1)men does not cluster to
any idempotent.

O

These last two theorems taken together seem to be the best ob-
tainable broad structural results concerning the existence of suit-
able sets in irreducible semigroups. Of course one can choose a
nonidempotent limit point s € M(S) of (am)men and find a char-
acter X : M(S) — T which does not vanish on s. Let S/kerX
denote the quotient of S modulo the congruence whose cosets are
singletons outside M (S) and are cosets of kerX on M(S). Then
S/kerX is an irreducible semigroup without a suitable set and such
that its minimal ideal is the circle group.

6. SUBSEMIGROUPS OF LIE GROUPS

Theorem 6.1. (a) Let G be a connected finite dimensional Lie
group and exp : L(G) — G its exponential function. Let C be a
convex cone in L(G), that is, an additive convezr subset containing
0. If S = (exp(C)) is the smallest closed subsemigroup of G con-
taining exp(C), then S has a countable relatively compact suitable
set.

(b) Any topological semigroup containing a dense continuous ho-
momorphic image of S has a suitable set.
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Proof. (a) It suffices to exhibit a subset X of C\{0} with two prop-
erties:

(i) exp(X) is discrete in G\{1} and the closure exp(X) is con-
tained in exp(X) U {1}.

(ii) The union U = J,cx No - 2,Ng = {0,1,2,...}, is dense in
C.

(iii) X is countable and exp X is relatively compact.

(Indeed then exp(C) C exp(X) C (exp(X)) whence S C (exp(X)).)

We set V = C — C. Then V is a vector subspace of L(G). Then
the interior I of C' in the vector space V is dense in V. Give
L(G) a norm such that the ball of radius 2 is mapped homeomor-
phically onto an open identity neighbourhood W of G. Let D be
the boundary of the unit ball of V. Then there is a countable dense
subset N of DN 1, say, N = {di,da, ...}, then we let X be the set
of the elements

dy, da, ds, dy, -+~
27y, 27y, 27%ds, 27'dy,---
272(11, 2_2d2, 272d3, 272d4,-"
273d1, 273dy, 273ds, 273dy,---

Then X is a countable set which is discrete in L(G)\{0} so that
exp(X) C W is discrete in G\{1}. For each H - d,, there is an
N,, such that for all m > N, the elements 27™d,, are in X so
that the set UmENn No2~™d,, € U. Thus Hd,, C U and since C =
H-DNI=H-N CU. This is what we had to show.

(b) This is a consequence of (a) and Theorem 2.2. O

As noted in Section 3, this theorem gives an alternative proof
that the ‘triangle semigroup’ of 3.2 has a suitable set.

For material on Lie semigroups see articles in Semigroup Forum
61 (2000), where there is a survey by K.H. Hofmann [10], including
a bibliography up to year 2000, and an article by B. Brechner [1];
or see one or more of the following books listed there: [8], [9] or
[15].
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7. MORE ON S2 =8

It is reasonable that we should concentrate on semigroups satis-
fying S? = S, because we have

Theorem 7.1. If S is a compact connected semigroup in which
52 £ 8, then S cannot have a suitable set.

Proof. Assume by way of contradiction that there is a suitable set
A, then the semigroup generated by AU E(S) is dense in S. Now
Uy(AUE(S))" C 52, so

U (AU E(S))™ C S? since S? is compact hence closed. Now
as S = Ur (AU E(S))"=Ur" 5 (AU E(S))" U (AU E(S)), then

AUE(S) D (S\S?). Also AUE(S) = AU E(S) = AU E(S) since
E(S) = E(S). Again AU E(S) = AU E(S) since any limit points
of A are in E(S). So (AU E(S)) 2 (S\S?). However, E(S) C
E(S)? C 82,50 A D (S\S?). Now as A is relatively discrete, since
it has no idempotents, there exists an open neighbourhood U(a) of
some chosen point a of AN (S\S?) such that U(a) N A is precisely
{a}. Then we have that V(a) = U(a) N (S\S?) = {a} is an open
set. However, {a} is also a closed set since S is Hausdorff. This
contradicts that S is connected, since S has more than one point

as S # S82. So S cannot have a suitable set. O

Theorem 7.2. If a compact semigroup S is simple, i.e. M(S) =S,
then S has a suitable set.

Proof. Tt follows immediately from the Wallace-Rees-Suschkewich
Theorem that S = M(S) = E(S)GE(S), where G is (any) one of
the compact maximal topological groups which are subsemigroups
of M(S), and whose disjoint union makes up the minimal ideal.
Then by the result of Hofmann and Morris G has a suitable set A.

Let x € S. Then x = egf where e, f € E(S) and g € G. If U(x)
is any open subset of S to which x belongs then, by continuity of
multiplication, there exists an open neighbourhood U(g) such that
Uz) 2 eU(g)f.

Now U(g) N (AU 1g) # 0. So eU(g)f Ne(AU1g)f # (0. But
e(AUlg)f C (AUE(S)) giving that U(z) N (AU E(S)) # () and so
x € (AUE(S)). Since G is a closed subset of S any limit points of
A in S must belong to G. However, the only possible limit point of
A in G is 1¢ which belongs to E(S). Hence A is a suitable set for
S, as claimed. O
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Corollary 7.3. A compact semigroup S has a suitable set if the
Rees quotient semigroup S/(M(S)) has a suitable set whose closure
does not contain 0 = M (S).

Proof. Immediate. O

8. FINITELY GENERATED COMPACT SEMIGROUPS

In any discussion of suitable sets A in a compact semigroup S
we face a topological generating set A U E(S). In the context of
topological generating sets it is occasionally useful to observe that
certain compact semigroups cannot have a finite topological gener-
ating set.

Definition 8.1. A compact semigroup S is finitely generated if it
contains a finite subset F' such that S = (F).

Some compact semigroups cannot be finitely generated for rea-
sons of sheer size, because a finitely generated compact semigroup
is necessarily separable. Compact connected groups whose weight
does not exceed the cardinality of the continum are known to be
generated by suitable generating sets of no more than two elements.

Continuous homomorphic images of finitely generated compact
semigroups are obviously finitely generated. Example application:
Let X XY be a rectangular semigroup, that is, X and Y are compact
spaces and multiplication is given by (z,y)(z’,y') = (z,y). f F C
X x Y, then (F) = pry(F) x pry(F). Thus a finitely generated
rectangular semigroup is finite. On a compact simple semigroup S
the H-relation is a congruence and S/JH is rectangular. Hence if S
is finitely generated, so is S/H. An immediate corollary is

Remark 8.2. A finitely generated compact connected simple topo-
logical semigroup S is a group.

Definition 8.3. An ideal J of a semigroup S is called a prime ideal
if S'\ J is a subsemigroup.

By a result of Fawcett, Koch and Numakura [7], a maximal ideal
J of a compact semigroup is a prime ideal whenever S\.J is a union
of groups. In particular if a compact connected nonsimple semi-
group S is a disjoint union of groups, or if S has an identity 1, then
this condition is satisfied.
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Proposition 8.4. Assume that S is a compact connected topolog-
ical semigroup which is not simple (i.e. M(S) # S), but satisfies
S? = S and has a mazimal ideal which is a prime ideal. Then S is
not finitely generated.

Proof. Suppose by way of contradiction that S = (B) for a finite
sub set B C S. Let By = BN J. The set (BN (S\J)) is contained
in S\J, because S\J is closed. Hence B cannot be empty. Now
consider the ideal of S contained in J generated by B}, specifically:
Ig, = SB;SUSB;UB;SUBj;. As Bj is finite Ip, is compact
hence closed. So no element of S\J can be found in the closure of
the subsemigroup of S generated by B;. Hence BN (S\J) # 0.
Now the topological closure of the semigroup generated by B
must be contained in (S\J)U Ig. So S = (S\J) U Ip. As S\J
and Ip are disjoint this contradicts the fact that S is supposed
connected. This contradiction proves the proposition. O
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