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COMPACTIFICATIONS OF BAIRE SPACES «¥

A. SZYMANSKI

ABSTRACT. We show that the space of irrationals can be com-
pactified in such a way that the remainder is the union of,
apriori prescribed, countably many compact spaces each of
weight not exceeding wi. We show that any Baire space of
an uncountable weight has a compactification such that its
remainder is a o-discrete space.

1. COMPACTIFYING BAIRE SPACES OF UNCOUNTABLE WEIGHT

The Cartesian product of countably many copies of an infinite
discrete space of cardinality x is called the Baire space of weight
k. The Baire space of weight w is homeomorphic to the space of
irrational numbers.

No Baire space of any uncountable weight can have a compacti-
fication whose remainder is going to be the union of finitely many
metrizable subspaces. We shall show that there is a one whose re-
mainder is the union of countably many discrete (just metrizable)
subspaces.

Throughout our discussion, we treat cardinals as von Neumann
ordinals endowed with the discrete topology. Let x be an uncount-

able cardinal. The symbol = denotes the complete tree of height
w—+1, ie.,
W =< KUY K,
where
<

Yk ={s:sisa function and Dom (s) € w and Rng (s) C k}
and
Yk ={s:sisa function and Dom (s) = w and Rng (s) C k} .
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If s €<¥ k and « € k, then s« denotes the concatenation of s
by a.

For each n € w, let L, = {t €¥ k : |t| = n} and T,, =
{t e k:|t| <n}.

For each s €<“ k, let Cone(s) = {t €<% k: s C t}.

Let X, be the space whose underlying set is <“s which is
endowed with the tree topology, i.e., topology generated by sets
of the form

Cone(s) — (Cone(s"aq) UCone(s™ az) U...U Cone(s™ ag)),

where s €<% k and «; € k for each ¢ = 1,2,..,k. In the series of
simple lemmas that follows we will verify the required properties for
the space X, to be a required compactification of the Baire space
of the uncountable weight «.

Lemma 1. Ifs,t €<¥ K, s # t, and

t € Cone(s) — (Cone(s"a1) UCone(s  az)U...U Cone(s™ ax))
then

Cone(t) CCone(s)—(Cone(s™ a1)UCone(s™ az)U...UCone(s" ay)).

Lemma 2. If s,t €% k, s € t, and s 2 t, then Cone(t) N
Cone(s) = 0.

Lemma 3. If s €<¥ g, then Cone(s) N“ k = [[{C; : i € w}, where
C; = {s(i)} for each i € Dom(s), and C; = k for each i ¢ Dom(s).
Thus the subspace “k of X, is the Baire space of weight k.

Lemma 4. For each n € w, Ly, is a discrete subspace of X, (and
T, is a closed subspace of Xy,).

Proof. If s € Ly, then L, N Cone(s) = {s}. O
Theorem 5. X, is a compactification of the Baire space “k.

Proof. The space X, is Hausdorff (use Lemma 2). By Lemma 3,
the Baire space “k is a dense subspace of the space X.

Suppose to the contrary that X, is not a compact space. Thus
there exists an open cover P of X, without a finite subcover. With-
out loss of generality we may assume that P consists of the basic
open sets. Let Uy € P be a basic set containing () € X,. Since
Up = Cone(D)\(Cone(0™aq) U Cone(d"az) U ... U Cone(D™ay)),
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one of Cone(0"a;), i = 1,2,..,k, cannot be covered by finitely
many elements of the cover P. Thus there exists a sequence s; of
length 1 such that Cone(s;) cannot be covered by finitely many
elements of the cover P.

Suppose that we have defined sequences sy, s9, .., s, satisfying
the following conditions:

(i) For each k < n, sp €<% k and Dom(sy) = k;

(ii) s1 C 52 C ... C Sp;

(iii) For each k < n, the set Cone(sy) cannot be covered by
finitely many elements of the cover P.

Let U, € P be a basic set containing s, €<% k. Since U, =
Cone(t)\(Cone(t™ (1) U Cone(t™ (2) U ... U Cone(t™ ()), Sn must
be equal to t, by virtue of Lemma 1. Hence one of Cone(s,;3;),
j =1,2,..,k, cannot be covered by finitely many elements of the
cover P. Thus there exists a sequence s,+1 of length n + 1 such
that s, C sp+1 and Cone(s,+1) cannot be covered by finitely many
elements of the cover P.

By induction, there exists a sequence sg, S1, .., Sp, -.. satisfying
the following conditions:

(i) For each k € w, s €< k and Dom(sy) = k;

(ii) 81 C 82 C ... C 8y C ...

(iii) For each k > 0, the set Cone(sy) cannot be covered by
finitely many elements of the cover P.

Let x = U{sx : k¥ € w}. Since = €“ k, there exists U in P
that contains the point . Thus z € Cone(t) — (Cone(t™ 1) U
Cone(t™ () U ... U Cone(t™f)). It follows that ¢ C = and thus
t = s, for some n € w. Since z € Cone(t) — (Cone(t™ (1) U
Cone(t™(2)U...UCone(t™B%)), Sn+1 € Cone(t) — (Cone(t™ (1) U
Cone(t™(2) U...U Cone(t™ k)) too. By lemma 1, Cone(sp+1) C
Cone(t) — (Cone(t™ (1) U Cone(t™B2) U ... U Cone(t™f)), a con-
tradiction. g

2. COMPACTIFYING IRRATIONALS
We begin by proving an easy fact.

Lemma 6. Let Y be a compact Hausdorff space and let p € Y be
a non-isolated point. Suppose that X is a compactification of the
space Y — {p} with remainder Z. Let U be an open neighborhood
of the point p in the space Y and let V' be an open neighborhood of
a point v € Z. Then UNV # 0.
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Proof. The set FF = X — U is a compact subset of the space
Y —{p} € X. So V — F is an open neighborhood of the point
x. Hence 0 £ (V —F)N(Y —{p}) CVNU. O

Let R be the class of all compact Hausdorff spaces that can
be used as a remainder of some compactification of the discrete
countable space w. According to Parovicenko’s theorem (cf. [1]),
any compact Hausdorff space of weight not exceeding w; is in R.

Lemma 7. Let Y = ®{X,, : n € w} be the topological sum of
compact Hausdorff spaces X,,. If Z € R, then there exists a com-
pactification X of the space Y such that the remainder X —Y is
homeomorphic to Z.

Proof. Without loss of generality, we may assume that Y and Z are
disjoint. Let X be a compactification of the discrete space w such
that the remainder X — w is homeomorphic to Z. For any open
set U of the space X such that UNZ # 0, let e(U) = &{X, : n €
UNw}U(UNZ). We take X to be the set Y U Z with topology
generated by the sets that are open subsets of the space Y or of the
form e(U). O

Lemma 8. Let Y be a compact Hausdorff space and let p € Y be a
non-isolated point that has a countable base of closed-open subsets
of Y. If Z € R, then there exists a compactification X of the space
Y — {p} such that the remainder X — (Y — {p}) is homeomorphic
to Z.

Let C be a compact Hausdorff space and let {d,, : n € w} be an
enumeration of a countable subset of C. Suppose further that each
point d,, is non-isolated and has a countable base of closed-open
subsets of C. Let Z,, € R for each n = 1,2,.... By induction, we
define a sequence of spaces {C), : n € w} as follows:

Co =}

Cr+1 = a compactification of the space C,, — {d,,} such that the
remainder Cp ; = Cyq1 — (Cp — {dn}) is homeomorphic to the
space Z,41 (such a compactification exists by virtue of Lemma 8).

Forn =1,2,..., let p,, be the natural projection from C,, to Cy,_1,
i.e.,

. dn-1, tf x € C;;
pn(a:)—{ z,if v ¢ C
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Lemma 9. Forn=1,2,..., p, : C,, — C,,_1 is continuous.

Proof. Proof. Let U be an open neighborhood of the point d,,_1
in the space Cy,_1. The set F' = C,,_1 — U is a compact subset of
the space C,,. Clearly p,'(U) = (U - {d,1}))UZ =C, — F. In
consequence, the set p,}(U) is open in the space C,,. ]

Let us consider the inverse sequence
Co POy P2 Oy P~ Oy P O —

and its limit X, i.e.,

X = {(ml) € H{C, 21 € wlipp(an) = a1 forn=1,2, } :
Lemma 10. X is a compact Hausdorff space.
Let My =

{(:Ci)GH{Ci:iew}:xi:a:foriEwandeC—{dn:nEw}};

Ifn>0 M, ={(z;) € [[{Ci : i € w} : & = dp—1 for i =
0,1,2,..,n—1land z; = x for i > n and x € C}'}. The sets M, n €
w, are pairwise disjoint.

Lemma 11. My and C — {d,, : n € w} are homeomorphic.
Lemma 12. For eachn=1,2,..., M, and Z, are homeomorphic.
Both lemmas, above, follow immediately from the following one:

Lemma 13. Let [[{X, : a € S} be the product of spaces X,
where Xo = X for each a € S. Then the diagonal A = {(z4) €
[{Xa:a€eS}t:x, =2 for each v € S and x € X} and the space
X are homeomorphic.

Proof. Let h: X — A be defined as follows:
h(z) = (z4), where zo = x for each a € S.

One can easily see that if A C X and o € Sand 7y : [[{Xo : @ €
S} — X, is a natural projection, then h(A4) = A N 1(A). O

Lemma 14. X = |J{M,, : n € w}.



848 A. SZYMANSKI

Proof. Let (x;) € X. Consider the following two cases:

Case (a) Vi x; = iq1;

Case (b) 3i €Ty 75 Lj41-

In case (a), let © = z; for each i. Since g = z, € C. Clearly,
x # dy, for each n € w (for if x = dp, then ppi1(zpy1) =dp =2
and z = x,,41 € C};; a contradiction). Hence (x;) € Mp.

In case (b), since piy1(xit1) = 24, xi11 € Cpy and x; = d;. Thus
x; = d; for each j <4, and x; = ;41 for each j > i + 1. Hence
(a:z) € Mi—f—l‘ ]

Lemma 15. Let U = Uy x Uy X ... x Up X Cpqq1 X Cpqo X ... be an
open basic subset of the product [[{C;:i € w}. IfUNX # 0, then
(Uo NUIN...N Un) N (C — {do,dl, ...,dnfl}) 75 0.

Proof. By Lemma 14, U N My, # () for some k € w. If &k = 0,
then there exists z € C' — {d,, : n € w} such that (z;) € U and
z; = x for each i € w. Hence x € UyNU; N..NU,. Thus
(Uo NU1N...N Un) N (C — {do,dl, ...,dnfl}) #* 0. Let £ > 0 and
let (z;) € U N Mj,. Thus there exists € C} such that

x._{ di—1, if i <k

YUl x, if i >k '

If £ > n, then di,_1 € UyNU1N...NU,. Assume that k < n. The set
U=(WUi:i<k—-1}n(C —{do,di,...,d;—2}) is an open neigh-
borhood of the point dj_; in the subspace (C — {do, d1, ..., dg—2}).
The set V.= ({U; : ¥ < i < n}} an open neighborhood of the
point z in the space Cy. By Lemma 6, U NV # (. O

Lemma 16. My is a dense subset of X.

Proof. Let U =Uy x Uy X ... x Up X Cpq1 X Cpya X ... be an open
basic subset of the product [[{C; : i € w} such that U N X # 0.
By Lemma 15, (UyNU N...NU,) N (C —{do,dy,....,dn—1}) # 0.
In consequence, (UyNU1N...NU,) N (C—{d, :new}) # 0. If
ze UonUin..NU,) N(C—A{dy, :n €w}) and (z;) is such that
x; = x for i € w, then (z;) € U N M. d

Lemma 17. If {d, : n € w} is a dense subset of C, then
{My,:n>1}is am™—net in X.

Proof. Let U =Uy x Uy X ... x Up X Cpy1 X Cpgo X ... be an open
basic subset of the product [[{C; : i € w} such that U N X # 0.
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By Lemma 15, (Uo NULN...N Un) N (C - {do,dl, ...,dnfl}) =+ 0.
In consequence, Uy NU; N...N U, contains infinitely many elements
among {d, : n € w}. Pick any m such that m > n and d,, €
UsnU;N..NU,. Then M,, CU. O

Theorem 18. There exists a compactification X of the space of
irrational numbers w* such that: (i) X —w* = J{M,, : n > 1},
(ii) {My, :n>1} is a® —net in X, (iii) For each n = 1,2, ...,
M, and Z, are homeomorphic.

3. APPLICATIONS

The metrizability number m(X) of a space X is the smallest
cardinal number x such that X can be represented as a union of k
many metrizable subspaces. In [2] we showed that compact Haus-
dorff spaces with finite metrizability number can be represented as
follows:

Theorem 19. If X is a (locally) compact Hausdorff space with
m(X) =n, 2<n <w, then X can be represented as X = GUF,
where G is an open dense metrizable subspace of X, FNG = (),
and m(F)=n—1.

A similar representation theorem may not hold for compact Haus-
dorff spaces with countable metrizability number.

Theorem 20. There exists a compact Hausdorff space X with a
countable m — base such that m(U) = w for each non-empty open

subset U of X.

Proof. Let X be the space constructed from the Cantor set C', an
arbitrary countable dense subset {d, : n € w}, and from Z,, that is
e.g., the one-point compactification of a discrete space of cardinality
Ny, foreach n =1,2,.... ]

Theorem 21. If M is a zero-dimensional metrizable space, then
M has a compactification Y such that Y\M is a union of countably
many discrete subspaces of Y.

Proof. The space M can be embedded into a Baire space x“. Let
X be the compactification of the Baire space k“ as given in The-
orem 5. Then the closure of M in the space X gives the required
compactification Y. O
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