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GROUP HOMOMORPHISMS INDUCED BY
ISOMETRIES OF SPACES OF ALMOST PERIODIC

FUNCTIONS

SALVADOR HERNÁNDEZ∗

Abstract. Let G and H be locally compact groups and
consider their associate spaces of almost periodic functions
AP (G) and AP (H). We investigate the continuous group
homomorphisms induced by isometries of AP (G) into AP (H).
Among others, the following results are proved:

Theorem Let G and H be σ-compact maximally almost
periodic locally compact groups. Suppose that T is a
non-vanishing linear isometry of AP (G) into AP (H) that re-
spects finite dimensional unitary representations. Then there
is a closed subgroup H0 ⊆ H, a continuous group homomor-

phism t of H0 onto G and an character γ ∈ Ĥ such that
(Tf)(h) = γ(h) f(t(h)) for all h ∈ H0 and for all f ∈ C(G).

Theorem Let G and H be LC Abelian groups and H is
connected. Suppose that T is a non-vanishing linear
isometry of AP (G) into AP (H) that preserves trigonomet-
ric polynomials. Then there is a closed subgroup H0 ⊆ H, a
continuous group homomorphism t of H0 onto G, an element

h0 ∈ H0, a character α ∈ Ĥ and an unimodular complex
number a such that (Tf)(h) = a · α(h) · f(t(h − h0)) for all
h ∈ H0 and for all f ∈ C(G).
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1. Introduction

The deduction of topological (resp. algebraic) links between
topological groups G and H from the existence of certain functional
analytic relationships between appropriate spaces of mappings de-
fined on the groups has been widely studied in the literature. For
instance, the rings of all continuous functions or the spaces of
all integrable functions with respect to the Haar measures of lo-
cally compact groups have been considered in that direction. See
(cf. [4, 5, 7, 18]) and the references in those papers.

Here, we deal with isometries defined between certain spaces of
continuous functions in order to investigate when these isometries
induce continuous group homomorphisms (defined between sub-
groups of H and G) representing the isometries canonically.

Our start point has been the following theorem of Holsztyński (cf.
[12]) that is an extension of the well-known Banach-Stone theorem.
Let us say that a linear map T : C(X) −→ C(Y ) is canonical when
T (f) = w · (f ◦ t) for all f ∈ C(X), where w belongs to C(Y ) and
t is a continuous map from Y into X.

Theorem 1.1. [Holsztyński] Let X and Y be compact spaces and
let T be an isometry of C(X) into C(Y ), then there exists a closed
subspace Y0 of Y and a canonical map T0 of C(X) onto C(Y0) such
that the following diagram commutes

C(X) T //

T0

$$HHHHHHHHH
C(Y )

R

{{vvvvvvvvv

C(Y0)

where, R denotes the restriction mapping from C(Y ) onto C(Y0).

Section 2 is devoted to study the continuous group homomor-
phisms that arise out of isometries defined between the spaces of
continuous functions of two compact groups. Here, a basic tool has
been the notion of group representation and the well-known fact
that the set of all continuous functions on an compact group is the
uniform closure of the set of trigonometric polynomials defined on
it.
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In Section 3 we deal with the extension of the results obtained for
compact groups to a more general context. We show how, in many
cases, the compactness constraint hold on the groups involved may
be relaxed if we consider the space of almost periodic functions
defined on them and impose an additional natural requirement on
the isometry. Namely, the isometry must preserve non-vanishing
functions. In fact, a main goal in this section has been to obtain a
variant of the Tannaka-Krĕın duality theory for general maximally
almost periodic locally compact (MAPLC) groups using the Banach
space structure of the set of almost periodic functions.

2. Compact Groups

In this section, we are basically concerned with the following
question: Assuming that we are dealing with compact groups,
which additional hypothesis must be imposed on the isometry of
Theorem 1.1 in order to obtain continuous homomorphisms instead
of “plain” continuous mappings? Obviously, something has to be
assumed on the isometry since each homeomorphism, say t, gives
place to the isometry Tf = f ◦ t. Here, we are going to consider
isometries which behave nicely with respect to the notion of group
representation. Firstly, since our concern is to introduce a variant
of the Tannaka-Krĕın duality theory for general MAP locally com-
pact groups, we recall here some basic definitions about the Krĕın
algebra associated to any compact group and the Tannaka-Krĕın
duality theory.

Suppose that K is a (Hausdorff) compact group and let
Σ = Σ(K) denote the set of equivalence classes of continuous uni-
tary irreducible representations of K. Choose a member of each
σ ∈ Σ, write it in matrix form V σ = (vσjk)

d(σ)
j,k=1 with respect to

some orthonormal basis, and let B = B(K) consists of all the “co-
ordinates” functions on G so formed. In other words, B is the set
of functions x 7−→ vσjk(x), where σ ∈ Σ and 1 ≤ j, k ≤ d(σ). The
linear span of these functions is independent of the selected mem-
bers of each σ and the particular orthonormal bases. It is called
the space of trigonometric polynomials on K and is closed under
pointwise multiplication and complex-conjugation. Denote it by
T (K). The triple (T (K), B,Σ) is a Krĕın algebra representative of
K. In short, the Tannaka-Krĕın theory establishes that if G1 and



464 SALVADOR HERNÁNDEZ

G2 are compact groups that are not topological isomorphs then
they may not have isomorphic Krĕın algebras representatives. (See
[14, Section 30], [11, V.4] and [6] to find further information on this
topic.)

Let U(n) denote the unitary group of order n, namely, the group
of all complex-valued n × n matrices A for which A−1 = A

∗, i.e.,
the conjugate transpose of A. In general, a unitary representa-
tion D of a (topological) group G is a (continuous) homomorphism
into the group of all isometric linear endomorphisms of a complex
Hilbert space E (the latter equipped with the topology defined by its
inner product, see Naimark [16] (Chapter IV)). The space E is the
representation space of D. When dim E <∞, we say that D is a fi-
nite dimensional representation; in this case, D is a homomorphism
into one of the groups U(n). If G is a topological group, the symbol
Repn(G) denotes the set of all representations of G into U(n):

Repn(G) = {f : G −→ U(n) | f is a continuous homomorphism}.

Now, suppose that G and H are compact Hausdorff groups and
let T be a linear map of C(G) into C(H), we say that T respects
unitary representations when for all n < ω and D = (djk)nj,k=1 ∈
Repn(G), the matrix T (D) = (T (djk))nj,k=1 defines a continuous
representation of H. Next we prove that the continuous mappings
associated to this kind of isometries preserve the algebraic structure
of the groups concerned.

Theorem 2.1. Let G and H be compact Hausdorff groups and let
T be a linear isometry of C(G) into C(H) respecting unitary repre-
sentations. Then there is a closed subgroup H0 ⊆ H, a continuous
group homomorphism t of H0 onto G and an element γ ∈ Ĥ such
that

(Tf)(h) = γ(h) f(t(h)) for all h ∈ H0 and for all f ∈ C(G).

Proof. There is no loss of generality in assuming that T (1) = 1.
Otherwise, since T respects unitary representations, we have that
T (1) = γ must be a linear representation (that is, a continuous
group homomorphism of H into T, the unity circle of the complex
plane). Then the map R = γ−1 ·T also is an isometry of C(G) into
C(H) that respects unitary representations and R(1) = 1.
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By Theorem 1.1 there is a closed subset H0 ⊆ H, a continu-
ous mapping t of H0 onto G and a unimodular continuous map
w : H0 :−→ C such that (Tf)|H0

= w · (f ◦ t) for all f ∈ C(G).
Hence, if f ≡ 1 on G, we have that 1 = T (1) = w · 1. That is,
w ≡ 1 on H0. Furthermore, for f and g in C(G), we have that
T (f ·g)|H0

= (f ·g)◦ t = (f ◦ t) · (g ◦ t) = T (f)|H0
·T (g)|Y0

. Since t is
an onto map, it follows that T is a multiplicative isometry of C(G)
into C∗(H0). On the other hand, according to (Holsztyński) Theo-
rem 1.1, the mapping t is defined as follows: for every point p ∈ G
define Cp = {f ∈ C(G) :‖ f ‖= |f(p)|} and for f ∈ C(G) set
L(f) = {q ∈ H : ||T (f)|| = |T (f)(q)|}. If Ip = ∩{L(f) : f ∈ Cp}
then Ip is a non empty closed subset of H, H0 = ∪p∈GIp and
t(q) = p for all q ∈ Ip (cf. [12]). Using this fact, we now check that
H0 is a subgroup of H and t is a group homomorphism.

In order to do it, take two points x, y ∈ H0 and denote by δxy
the point mass evaluated at xy. We claim that there is a singleton
a ∈ G such that δxy ◦ T coincides on C(G) with the point mass δa.
In fact, after the Tannaka-Krěın duality theorem (cf. [14, (30.30)]),
it is enough to verify that δxy◦T is a multiplicative linear functional
on T (G) such that (δxy ◦ T )(f̃) = (δxy ◦ T )(f) for all f ∈ T (G).

Let us see that δxy◦T is multiplicative. According to [14, (30.26)],
we must prove that (δxy ◦ T )(D⊗E) = (δxy ◦ T )(D)⊗ (δxy ◦ T )(E)
for all D ∈ Repn(G), E ∈ Repm(G) and n,m < ω. Now,

(δxy ◦ T )(D ⊗ E) = δxy(T (D ⊗ E)) = T (D ⊗ E)(xy)

and, since T respects unitary representations, we have that

T (D ⊗ E)(xy) =
T (D ⊗ E)(x) · T (D ⊗ E)(y) =
(δx ◦ T )(D ⊗ E) · (δy ◦ T )(D ⊗ E).

On the other hand, (δx ◦ T ) and (δy ◦ T ) are multiplicative lin-
ear functionals on T (G) because x and y belong both to H0 and
(Tf)|H0

= f ◦ t for all f ∈ C(G). That is (δx ◦T )(D) = (TD)(x) =
D(t(x)) = δt(x)(D) for all x ∈ H0, D ∈ Repn(G), and n < ω. Hence
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(δxy ◦ T )(D ⊗ E) =
(δx ◦ T )(D ⊗ E) · (δy ◦ T )(D ⊗ E) =
[δt(x)(D ⊗ E)] · [δt(y)(D ⊗ E)] =
(D ⊗ E)(t(x)) · (D ⊗ E)(t(y)) =
(D ⊗ E)(t(x)t(y)) =
D(t(x)t(y))⊗ E(t(x)t(y)) =
[D(t(x)) ·D(t(y))]⊗ [E(t(x)) · E(t(y))] =
[δt(x)(D) · δt(y)(D)]⊗ [δt(x)(E) · δt(y)(E)] =
[(δx ◦ T )(D) · (δy ◦ T )(D)]⊗ [(δx ◦ T )(E) · (δy ◦ T )(E)] =
[(TD)(x) · (TD)(y)]⊗ [(TE)(x) · (TE)(y)] =
(TD)(xy)⊗ (TE)(xy) =
δxy(T (D))⊗ δxy(T (E)) =
(δxy ◦ T )(D)⊗ (δxy ◦ T )(E).

The equality

(δxy ◦ T )(f̃) = (δxy ◦ T )(f)

for all f ∈ T (G) is handled similarly using [14, (30.2)]. By the
Tannaka-Krěın duality theorem (cf. [14, (30.30)]), we have proved
that δxy ◦T coincides with a point mass evaluated at a point a ∈ G.
Thus, (Tf)(xy) = (δxy ◦ T )(f) = f(a) for all f ∈ C(G). By the
way in which t was defined above, it follows that xy ∈ Ia, a ∈ H0

and t(xy) = a. Hence, (Tf)(xy) = f(t(xy)) for all f ∈ C(G).
On the other hand, since T respects unitary representations, for

every D ∈ Repn(G), we have that

D(t(xy)) = (djk(t(xy)) =
(T (djk)(xy)) =
(TD)(xy) =
(TD)(x)(TD)(y) =
(T (djk)(x))(T (djk)(y)) =
D(t(x))D(t(y)) =
D(t(x)t(y)).

For compact groups, unitary representations separate points,
therefore, t(xy) = t(x)t(y). Analogously, it is verified that for every
x ∈ H0, it holds that x−1 ∈ H0 and t(x−1) = t(x)−1. Thus, we
conclude that H0 is a subgroup of H and t is a continuous group
homomorphism of H0 onto G. This completes the proof. �
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An easy consequence of Theorem 2.1 is the following result

Corollary 2.2. Let G and H be two compact groups and suppose
that T is a linear isometry of C(G) onto C(H) that respects unitary
representations. Then there exists a topological isomorphism t of
H onto G and an element γ ∈ Ĥ such that

(Tf)(h) = γ(h) f(t(h)) for all h ∈ H and for all f ∈ C(G).

Hence, G and H are isomorphic compact groups.

In general the subgroup H0 in Theorem 2.1 need not be equal
to H. Indeed, if we take G as the group {−1, 1} and H equal to
T, then no isometry of C(G) into C(H) may be represented by a
continuous mapping of H onto G.

When the groups are Abelian and connected, the results above
can be improved considerably. It is well known that every unitary
representation of a LC Abelian group is unitary equivalent to a
direct sum of 1-dimensional unitary representations and, as a con-
sequence, one replaces the representation space Rep(G) by the dual
group Ĝ of all continuous characters on G (irreducible elements of
Rep1(G)). Thus, the ring of trigonometric polynomials, T (G), is
generated by Ĝ in this case. Given two compact groups G and H
and an isometry T of C(G) into C(H), we say that T preserves
trigonometric polynomials when for every φ ∈ T (G) it holds that
T (φ) ∈ T (H).

Theorem 2.3. Let G and H be compact groups, with H connected.
Suppose that T is a linear isometry of C(G) into C(H) that pre-
serves trigonometric polynomials. Then there is a closed subgroup
H0 ⊆ H, a continuous group homomorphism t of H0 onto G, an
element h0 ∈ H0, a character α ∈ Ĥ and an unimodular complex
number a such that

(Tf)(h) = a·α(h) ·f(t(h−h0)) for all h ∈ H0 and for all f ∈ C(G).

Moreover, if T is an onto isometry then H0 = H and, as a conse-
quence, G and H are topologically isomorphic.

Proof. Since T (1) is an unimodular trigonometric polynomial, we
know ([10, (1.1)]) that there is a character α ∈ Ĥ and a unimodular
complex number a such that T (1) = a · α. Set R = T (1)−1 · T . It
is clear that R(1) = 1 and R preserves trigonometric polynomials.
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By Theorem 1.1 there is a closed subset Y ⊆ H, a continuous map
r of Y onto G and an element w ∈ C∗(Y ), | w |≡ 1, such that
(Rf)(y) = w(y) f(r(y)) for all y ∈ Y and f ∈ C(G). On the
other hand, since R(1) = 1, it follows that w ≡ 1 on Y . So that
R(f)|Y = f ◦ r for all f ∈ C(G).

Now, choose h0 ∈ Y with r(h0) = 1G, the neutral element in G.
If we define S(f) = (R(f))h0 ; that is (R(f))h0(h) = (Rf)(h + h0)
for all h ∈ H and f ∈ C(G). Then S is an isometry of C(G) into
C(H) that preserves trigonometric polynomials and with S(1) = 1.
Moreover, defining Y0 = {y − h0 : y ∈ Y }, it holds that (Sf)|Y0

=
f ◦ s, where s is a continuous mapping of Y0 onto G defined by
s(h) = r(h + h0). Therefore, 1H ∈ Y0 and s(1H) = 1G. Notice
that, when χ ∈ Ĝ, ([10, (1.1)]) yields that S(χ) = b(χ) · γ(χ)
with γ(χ) ∈ Ĥ and b(χ) an unimodular complex number. So that
(b(χ) · γ(χ))|Y0

= χ ◦ s. Then b(χ) · γ(χ)(1H) = χ(1G) = 1. Thus,
b(χ) = 1 and, as a consequence, S(χ) = γ(χ) ∈ Ĥ. In other words,
S is a multiplicative isometry of C(G) into C(H) that preserves
characters. Thus, we are in position to apply Theorem 2.1. Hence,
there exists a closed subgroup H0 ⊆ H, a continuous group homo-
morphism t of H0 onto G and an character β ∈ Ĥ such that

(Sf)(h) = β(h) f(t(h)) for all h ∈ H0 and for all f ∈ C(G).

Hence,
T (f)(h) = a · α(h) · (Rf)(h) =
a · α(h) · (Sf)(h− h0) =
a · α(h) · β(h) · f(t(h− h0)) =
a · λ(h) · f(t(h− h0)).

where λ = α · β ∈ Ĥ.
Finally, when T is a onto isometry, it is clear that H0 coincides

with H and, therefore, t is a topological isomorphism. This com-
pletes the proof. �

Corollary 2.4. Let ρ : H −→ G where G and H are compact
Abelian groups and H is connected. Then ρ preserves trigonometric
polynomials iff ρ = t + θ where t is a continuous group homomor-
phism and θ is a constant map.

Proof. Necessity is obvious.
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Sufficiency. Set T : C(G) −→ C(H) defined by T (f)(y) = f(ρ(y)).
It is easily checked that T is a multiplicative linear isometry of
C(G) into C(H) that preserves trigonometric polynomials. Apply-
ing Theorem 2.1, there is a closed subgroup H0 ⊆ H, a continuous
group homomorphism t of H0 onto G, an element h0 ∈ H0, a char-
acter α ∈ Ĥ and an unimodular complex number a such that

(Tf)(h) = a·α(h) ·f(t(h−h0)) for all h ∈ H0 and for all f ∈ C(G).

Now, since T is multiplicative, it follows that α ≡ 1 = a. On
the other hand, because of the way in which T was defined it is
clear that H0 = H. Hence ρ(h) = t(h − h0) = t(h) − t(h0) for all
h ∈ H. �

3. σ-compact Locally Compact Groups

The aim of this section is to extend to maximally almost periodic
σ-compact locally compact groups the results obtained previously
for compact groups.

For a topological group G, AP (G) denotes the set of all almost
periodic functions on G; that is, AP (G) consists of all complex-
valued functions f defined on G such that for every ε > 0 there is a
finite decomposition G = ∪ni=1Gi with |f(zxw)−f(zyw)| < ε for all
z, w ∈ G and x, y ∈ Gi, i = 1, ..., n. With every topological group
G there is associated a compact group bG, the so-called Bohr com-
pactification of G, and a continuous homomorphism b from G onto
a dense subgroup of bG. Among such compact groups and continu-
ous homomorphisms, bG and b are determined by this property: for
every continuous homomorphism h from G into a compact group K
there is a continuous homomorphism h from bG onto K such that
h = h ◦ b, that is, making the following diagram commutative:

G
b //

h

  @@@@@@@@ bG
hb

}}||||||||

K

The group b(G) receives a totally bounded group topology inher-
ited from bG. It is usually called the Bohr topology of G. (See
[11, V.4] for a full examination of bG and its properties.) It is
known that every finite-dimensional continuous unitary representa-
tion of G extends to continuous representation on bG (cf. [11, V.4]).
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As a consequence, there is no loss of generality in identifying the
representations spaces of G and bG. In the sequel, this identifica-
tion is always implicitly assumed. The set of all almost periodic
functions AP (G) on a group G coincide with the restrictions to
G of the continuous functions defined on bG. Hence, if we denote
by Gb the group G equipped with the topology inherited from bG
(the Bohr topology), we have that AP (G) is a Banach subalgebra
of C∗(Gb). Among the representations of G, the linear representa-
tions, i.e. with its degree d(σ) = 1, form a group Ĝ under multipli-
cation. The group Ĝ, equipped with the compact open topology, is
called the dual group of G. Next we shall apply the methods of the
Section above to investigate how the Banach algebra of all almost
periodic functions determines the topological and algebraic struc-
ture of maximally almost periodic locally compact groups. First,
we shall need to recall a few definitions and the following simple
lemma. A topological group G is said to respect compactness (cf.
[21]) when any subset of G, which is compact in the Bohr topology,
is also compact in the original topology of G. Given a topological
group G, by Gb we mean the same algebraic group G equipped with
the Bohr topology. For G and H, and T a linear map of AP (G)
into AP (H), we say that T is non-vanishing when (Tf)(y) 6= 0 for
all y ∈ H if and only if f(x) 6= 0 for all x ∈ G. In the sequel all
groups are assumed to be maximally almost periodic.

Lemma 3.1. Let Let G and H be LC groups and let T be a
non-vanishing linear isometry of AP (G) into AP (H) that respects
(finite dimensional) unitary representations. Then, for every
f ∈ AP (G), ‖f‖ = |f(x)| for some x ∈ G if and only if
‖T (f)‖ = |(Tf)(y)| for some y ∈ H.

Proof. There is no loss of generality in assuming that T (1) = 1.
Otherwise, since T respects unitary representations, we have that
T (1) = γ must be a linear representation (that is, a continuous
group homomorphism of H into T, the unity circle of the complex
plane). Then the map R = γ−1 · T also is an isometry of AP (G)
into AP (H) that respects unitary representations and R(1) = 1.

Now, observe that ‖f‖ = |f(x)|, for x ∈ G, if and only if there
is a scalar λ with |λ| = ‖f‖ such that (λ − f)(x) = 0. Since T is
non-vanishing, the latter is equivalent to (λ−Tf)(y) = 0 for y ∈ H
and, therefore, λ = ‖Tf‖ = |(Tf)(y)|. �
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Next theorem permits to extend to LC groups the results proved
in Section 2 for compact groups.

Theorem 3.2. Let G and H be MAPLC groups such that H is
σ-compact and G is either σ-compact or G respects compactness
and Gb is realcompact. If T is a non-vanishing linear isometry of
AP (G) into AP (H) that respects (finite dimensional) unitary rep-
resentations. Then there is a closed subgroup H0 ⊆ H, a continuous
group homomorphism t of H0 onto G and an element γ ∈ Ĥ such
that

(Tf)(h) = γ(h) f(t(h)) for all h ∈ H0 and for all f ∈ AP (G).

Proof. Firstly, we shall prove that there is a closed subgroup
H0 ⊂ H and a group homomorphism t of H0 ⊂ Hb onto Gb which
is (Bohr) continuous. Since AP (G) and AP (H) can be identified
with C(bG) and C(bH), respectively, we can apply Theorem 2.1
to obtain a closed subgroup L0 of bH, a continuous group ho-
momorphism t of L0 onto bG and an element γ ∈ Ĥ such that
(Tf)(q) = γ(q) f(t(q)) for all q ∈ L0 and for all f ∈ C(bG).
Moreover, according to (Holsztyński) Theorem 1.1, the homomor-
phism t is defined as follows: for every point p ∈ bG define Cp =
{f ∈ C(bG) :‖ f ‖= |f(p)|} and for f any element of C(bG) set
L(f) = {q ∈ bH : ||T (f)|| = |T (f)(q)|}. If Ip = ∩{L(f) : f ∈ Cp}
then Ip is a non empty closed subset of bH and t(q) = p for all
q ∈ Ip (cf. [12]). Defining H0 to be H ∩ L0, in order to prove that
t|H0

is an homomorphism of H0 onto G, it is enough to show that
Ix ∩H 6= ∅ for all x ∈ G and that t(H0) ⊆ G.

Pick any point x ∈ G. Every function f ∈ Cx satisfies that
‖f‖ = |f(x)| and, by Lemma 3.1, there is y ∈ H such that ‖Tf‖ =
|(Tf)(y)|. Thus, LH(f) = L(f) ∩H 6= ∅ for all f ∈ Cx. We claim
that the collection {LH(f) : f ∈ Cx} has the countable intersection
property on H.

Indeed, let {fn}n<ω a sequence contained in Cx. Since L(f) =
L(λf) for all λ ∈ C, there is no loss of generality if we assume that
|fn(x)| = ||fn|| = 1 for all n < ω. Define f =

∑
n<ω 2−n fn(x) fn.

We have that 1 = f(x) ≤ ||f || ≤
∑

n<ω 2−n ||fn|| ≤ 1 and,
therefore, f ∈ Cx. Hence, by Lemma 3.1, there is y ∈ H with
1 = ||T (f)|| = |T (f)(y)| = |

∑
n<ω 2−n fn(x) T (fn)(y)|, where the

continuity of T has been applied at this point. Since

|2−n fn(x) T (fn)(y)| ≤ 2−n,
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it follows that |T (fn)(y)| = 1 for all n < ω so that y ∈ ∩n<ωLG(fn).
Thus, {LH(f) : f ∈ Cx} is a collection of closed subset of Hb

with the countable intersection property. Now, the group H is
σ-compact. Since the topology of Hb is weaker than the topology of
H, it follows that Hb is σ-compact and, therefore, has the Lindelöf
property. Thus, ∩{LH(f) : f ∈ Cx} 6= ∅. This proves that Ix∩H 6=
∅ for all x ∈ G.

Suppose now that y ∈ H0 but t(y) /∈ G. Using the work of Ross
and Stromberg (cf. [17]) and Blair (cf. [1]) or, equivalently, the
results proved independently by Ščepin (cf. [19], [20]), we obtain
that Gb is z-embedded in bG. Since Gb is realcompact, it is easy
to find a function f ∈ C(bG) such that f(t(y)) = 0 and f does
not vanish on G. Hence, f|G 6= 0 and belongs to AP (G). On the
other hand, T (f|G)(y) = w(y) f(t(y)) = 0. This is a contradiction
implying that t(H0) ⊆ G.

Thus, we have proved that t is a (Bohr) continuous group homo-
morphism of H0 ⊂ Hb onto Gb satisfying that

(Tf)(h) = γ(h) f(t(h)) for all h ∈ H0 and for all f ∈ AP (G).

We shall now prove the continuity of t with respect to the locally
compact topologies of H0 and G.

Suppose that G is σ-compact and let U be an arbitrary element
of NG(1G) and take V ∈ NG(1G) such that V is compact and
V V −1 ⊆ U . Since G is σ-compact, there is a sequence {an}n<ω ⊆ G
with G = ∪n<ω{V an}. Hence, H0 = ∪n<ωt−1(V an). On the other
hand, since t is Bohr continuous and V an is a compact subset of
Gb for all n < ω, it follows that t−1(V an) is a Bohr-closed subset
of Hb

0 and, as a consequence, a closed subset of H0 for all n < ω.
The fact that H0 is of second category in itself implies that there
is some n < ω such that t−1(V an) has non-empty interior. Then
t−1(V V −1) ⊆ t−1(U) contains 1H in its interior, what proves the
continuity of t. This completes the proof in this case.

Finally let us suppose that Gb is realcompact and G respects
compactness. Since the Bohr topology of any topological group is
always weaker than the original locally compact topology of that
group, it follows that t is continuous on the compact subsets of
H0 when this group is equipped with the original locally compact
topology inherited from H. Thus, if C is any compact subset of H0,
then t(C) is a Bohr compact subset of Gb. Now, by hypothesis, the
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group G respects compactness, therefore, it holds that t(C) is also
compact in the original locally compact topology of G. Moreover,
since H0 is a topological k-space and we have just seen that the
map t of H0 onto G is continuous on the compact subsets of H0, we
deduce that t is continuous on H0 when with respect to the locally
compact topologies of H and G. �

Combining the last result and Corollary 2.2, we get the following
consequences for arbitrary σ-compact MAPLC groups.

Corollary 3.3. Let G and H be σ-compact MAPLC groups and
suppose that T is a non-vanishing linear isometry of AP (G) onto
AP (H) that respects (finite dimensional) unitary representations.
Then there exists a topological isomorphism t of H onto G and an
element γ ∈ Ĥ such that

(Tf)(h) = γ(h) f(t(h)) for all h ∈ H0 and for all f ∈ AP (G).

Corollary 3.4. If τ1 and τ2 are two σ-compact MAPLC topolo-
gies on a group G such that AP (G, τ1) = AP (G, τ2), that is, they
have exactly the same almost periodic functions. Then τ1 = τ2;
or, equivalently, there is at most one σ-compact maximally almost
periodic locally compact topology compatible with a fixed Bohr com-
pactification of the group.

Proof. Clearly, τ1 and τ2 have associated the same Bohr topology,
say τ b1 and τ b2 . Hence the identity map t of (G, τ b1) onto (G, τ b2) is
a topological group isomorphism. Then it is proved as at the end
of Theorem 3.2 that t is also a topological isomorphism of (G, τ1)
onto (G, τ2). �

Corollary 3.5. If τ1 and τ2 are two maximally almost periodic
locally compact topologies on a group G such that both respect com-
pactness and AP (G, τ1) = AP (G, τ2). Then τ1 = τ2.

Proof. Consider the identity linear operator T : AP (G, τ1) −→
AP (G, τ2). The mapping t : (G, τ b2) −→ (G, τ b1) canonically as-
sociated to this isometry (the identity mapping) is a topological
isomorphism with respect to the Bohr topology of both groups.
Now, since we are dealing with locally compact groups that respect
compactness, the arguments in Theorem 3.2 apply to obtain that t
is a topological isomorphism with respect to the original topologies.
Thus τ1 = τ2. �
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Remark 3.6. The statement above is not true in general if the
requirement of respecting compactness on the groups is removed.

Indeed, it is known that if H is a compact, connected, simple
Lie group with trivial center, and h is any homomorphism from
H into any compact topological group K. Then h is continuous
(cf. [23] or [2, 9.16].) Thus the group H posses two different group
topologies: the discrete topology and the original one which makes
H a compact Lie group. However, both topologies share exactly the
same family of almost periodic functions: notice that H equipped
with the original compact topology is the Bohr compactification
of the group H equipped with the discrete topology. This sort of
example cannot be expected for Abelian groups. In fact Varopoulos
proved (cf. [22]) that for any Abelian group G there is at most
one locally compact group topology compatible with a fixed Bohr
compactification of the group. Corollary 3.4 extends Varapoulos’
result to σ-compact MAPLC groups.

Furthermore, since LC Abelian groups respect compactness (cf.
[9]) and are always realcompact in their Bohr topology (cf. [3]), we
can extend Theorem 2.3 and Corollary 2.4 to LC Abelian groups
following the pattern of Theorem 3.2.

Theorem 3.7. Let G and H be LCA groups and H is connected.
Suppose that T is a non-vanishing linear isometry of AP (G) into
AP (H) that preserves trigonometric polynomials. Then there is
a closed subgroup H0 ⊆ H, a continuous group homomorphism t

of H0 onto G, an element h0 ∈ H0, a character α ∈ Ĥ and an
unimodular complex number a such that

(Tf)(h)=a·α(h) ·f(t(h−h0)) for all h∈H0 and for all f ∈AP (G).

Moreover, if T is an onto isometry then H0 = H and, as a conse-
quence, G and H are topologically isomorphic.

Corollary 3.8. Let ρ : H −→ G where G and H are LCA groups
and H is connected. Then ρ preserves trigonometric polynomials
iff ρ = t+ θ where t is a continuous group homomorphism and θ is
a constant map.

Remark 3.9. In all results in this section we have assumed the
hypothesis that the isometry T is non-vanishing. It is readily seen
that this assumption may not be removed in general; for example,
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it is enough to take H as any non compact LCA group and define
G as the Bohr compactification of H. The map Tf = f|H for all
f ∈ AP (G) is a simple multiplicative linear isometry of AP (G) onto
AP (H) while the groups G and H are not homeomorphic. However,
this example has no special interest since one of the groups is never
metrizable. Next we give a less obvious example due to Kunen
[15] to show that in general multiplicative linear onto isometries
between spaces of almost periodic functions are not always related
to continuous 1-1 mappings between the groups involved, even when
they are metrizable.

Example 3.10. There exists a pair of discrete Abelian groups
G and H and a multiplicative linear isometry T of AP (G) onto
AP (H) that may not be represented by means of a continuous 1-to-1
mapping of H into G.

Proof. For every prime p, let Vp be the vector space over Zp of
dimension ℵ0 where we just consider Vp as an (additive) Abelian
group, and ignore the vector space structure. It is shown in
[15, (4.2)] that for distinct primes, p and q, the groups Vp and
Vq equipped with their respective Bohr topologies are not home-
omorphic; in fact, there is no 1-1 Bohr-continuous mapping from
Vp into Vq. On the other hand, their respective Bohr compactifi-
cations, bVp and bVq, are homeomorphic (cf. [13, (9.15)]). Let t be
a homeomorphism of bVq onto bVp. If we take G = Vp, H = Vq

and define T : AP (G) −→ AP (H) by T (f) = (f b ◦ t)|H where f b

means the continuous extension to bG of the mapping f then it is
easily verified that T may not be represented by a 1-1 continuous
mapping of H into G. �

Remark 3.11. We do not know whether there is a variant of our
results for spaces of weakly almost periodic functions. In connection
with this question, observe that each isometry T , defined between
spaces of continuous functions, that preserves finite dimensional
unitary representations sends automatically almost periodic func-
tions into almost periodic functions. Thus, nothing new may be
obtained along this way unless one replaces the preservation of fi-
nite dimensional representations by a weaker condition.

We wish to thank the referee for his/her constructive report that
has helped us to improve parts of this paper.
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References

[1] R. L. Blair, Spaces in which special sets are z-embedded, Canad. J. Math.
28 (1976), 673-690.

[2] W. Comfort, Topological Groups, In “Handbook of Set-theoretic topol-
ogy” (K. Kunen and J. Vaughan, Eds.). North-Holland, Amsterdam (1984),
1143-1263.

[3] W. Comfort, S. Hernández and J. Trigos-Arrieta, Relating a Locally com-
pact Abelian Group to its Bohr Compactification, Advances in Math. 120,
N.2 (1996), 322-344.

[4] M. Deshpande and S. Ghorpade, Algebraic characterization of compact
Abelian groups, Amer. Math. Monthly 98 (1991), 235-237.

[5] R. Edwards, Bipositive and isometric isomorphisms of some convolution
algebras, Canad. J. Math. 17 (1965), 839-846.

[6] W.P. French, J. Luukkainen, and J.F. Price, The Tannaka-Krein Duality
Principle, Advances in Math. 43 (1982), 230-249.

[7] J. Galindo, Relations among LCA groups with isomorphic group algebras,
to appear in J. London Math. Soc.

[8] L. Gillman and M. Jerison, Rings of continuous functions, Van Nostrand,
London (1960).

[9] I. Glicksberg, Uniform boundedness for groups, Canad. J. Math. 14 (1962),
269-276.

[10] I. Glicksberg, Some special transformation groups, P.A.M.S. 11 (1960),
315-318.

[11] H. Heyer, Dualität lokalkompakter Gruppen, Lecture Notes in Mathematics,
Vol. 150, Springer-Verlag, Berlin/Heidelberg/New York (1970).
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