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FREE PARATOPOLOGICAL GROUPS

S. ROMAGUERA, M. SANCHIS, AND M. TKACHENKO∗

Abstract. We prove the existence of a free paratopologi-
cal group FP (X,U) and a free Abelian paratopological group
AP (X,U) on every quasi-uniform space (X,U) such that both
groups contain (X,U) as a left quasiuniform subspace. The
main tool in our proof is an extension of quasi-uniformly con-
tinuous quasi-pseudometrics from (X,U) to continuous left in-
variant quasi-pseudometrics on both FP (X,U) andAP (X,U).
Then we show that the paratopological groups FP (X,U)
and AP (X,U) are 2-Hausdorff and X is a 2-closed subset
of these groups if and only if the uniform space (X,U ∨ U−1)
is Hausdorff.

1. Introduction

The role of free topological groups in the study of general topo-
logical groups is extremally important. Free topological groups
serve, on the one side, as a source of numerous examples and coun-
terexamples of topological groups with special properties and, on
the other side, they proved to be a flexible tool for establishing new
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and subtle results valid for wide classes of topological groups. It
suffices to mention Markov’s embedding theorem in [16] (every Ty-
chonoff space is homeomorphic to a closed subspace of a Hausdorff
topological group) and Arhangel’skii’s theorem in [1] on a represen-
tation of every topological group as a quotient of a zero-dimensional
topological group. Both results are essentially based on the use of
free topological groups.

Recent publications in the field of topological algebra show an
increasing activity in the study of semitopological and paratopolog-
ical groups. We recall that paratopological groups are groups with
a topology that makes the group multiplication (but not necessarily
the inverse operation) continuous. These “topologically asymmet-
ric” groups have been studied by many authors and the terminology
is due to Bourbaki’s [4]. The main problem in a number of articles
has been to find conditions under which a paratopological group be-
comes a topological group. The reader will find a lot of information
on the subject in the works of Numakura [18], Wallace [24], Ellis
[6, 7], Zelazko [25], Mukherjea and Tserpes [17], Fletcher and Lind-
gren [9], Raghavan and Reilly [20], Brand [5], Pfister [19], Grant
[12], Reznichenko [21], etc.

Differently, in [2] and [3], Arhangel’skii and Hušek started to
investigate the topological properties of paratopological and semi-
topological groups. Here we continue the study of paratopolog-
ical groups in their own right. As in free topological groups, it
seems natural to define free paratopological groups, investigate
their properties, and then apply the new tool for the study of gen-
eral paratopological groups. In fact, we believe that free paratopo-
logical groups is an appropriate tool for solving the long-standing
problem on the regularity of Hausdorff paratopological groups.

There are at least three different proofs of the existence of the
free topological group F (X) on a Tychonoff space X presented in
[16, 13, 11]. Markov in [16] applied a complicated method based
on the use of multinorms which required more than fifty pages.
Kakutani’s proof given in [13] is the shortest one, but it does not
contribute much to understanding the properties of F (X). We
feel that the most fruitful approach was Graev’s idea of extending
continuous pseudometrics from X to F (X) [11]. Here we mod-
ify Graev’s technique and extend quasi-pseudometrics from the set
of generators X to the abstract free group Fa(X) and the abstract
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free Abelian group Aa(X) over X which in turn enables us to prove
the existence of a free paratopological group FP (X) and a free
Abelian paratopological group AP (X) over an arbitrary space X
such that both groups contain X as a subspace and are algebraically
free over X (Theorem 2.4). The topological asymmetry of the ob-
ject (that is, the discontinuity of the inverse) forces our argument
to be 20% longer than that in the case of free topological groups
(see [11, Theorem 1]). More generally, our approach also works
to show the existence of a free paratopological group FP (X,U)
and a free Abelian paratopological group AP (X,U) for every quasi-
uniform space (X,U) such that these groups contain (X,U) as a left
quasiuniform subspace and are algebraically free over X (Theorem
3.4).

Then we make the first step towards the study of the topological
properties of the paratopological groups FP (X,U) and AP (X,U)
and consider the problems as to whether X is closed in these groups
or whether the natural group topologies (the upper bound of the
original topology and its conjugate) on FP (X,U) and AP (X,U)
are Hausdorff. We show in Theorem 4.4 that this is the case iff the
uniform space (X,U ∨ U−1) is Hausdorff.

2. Preliminaries

We recall that a quasi-metric d on a set X is a non-negative real-
valued function on X×X which satisfies the triangle inequality and
is equal to zero only on the diagonal of X ×X. In other words, d
satisfies the following conditions for all x, y, z ∈ X:
(QM1) d(x, z) ≤ d(x, y) + d(y, z);
(QM2) d(x, y) = 0 iff x = y.
If d satisfies only the triangle inequality, then it is called a quasi-
pseudometric.

If one omits the symmetry and Hausdorff conditions in the def-
inition of a uniform space (X,U), the concept of a quasi-uniform
space comes. Therefore, a family U of entourages of the diagonal in
X ×X is a quasiuniformity on X if the family U has the following
property:
(QU1) for every U ∈ U , there exists V ∈ U such that V ◦ V ⊆ U .
Every quasi-uniformity on a set X is generated by an appropriate
family of quasi-pseudometrics on X (see [10, 14]); this corresponds
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to the fact that every uniformity on X is generated by a certain
family of pseudometrics [8, 8.5.5].

Let us turn to paratopological groups. The following description
of a complete neighborhood base at the identity of a paratopological
group is well known (see [15]).

Proposition 2.1. Let G be a paratopological group and N be a
base at the identity e of G. Then the family N has the following
four properties:

(1) for every U, V ∈ N , there exists W ∈ N with W ⊆ U ∩ V ;
(2) for every U ∈ N there exists V ∈ N such that V · V ⊆ U ;
(3) for every U ∈ N and g ∈ U , there exists V ∈ N such that

gV ⊆ U and V g ⊆ U ;
(4) for every U ∈ N and g ∈ G, there exists V ∈ N such that

gV g−1 ⊆ U .
Conversely, if N is a family of subsets of an abstract group G con-
taining the identity e of G and satisfying (1)− (4), then G admits
the unique topology T that makes it a paratopological group with N
being a base at e. In addition, if {e} = ∩N , then the topology T
satisfies the T1-separation axiom.

In contrast with the case of topological groups, we can define the
free paratopological group FP (X) on every space X. Let us give the
corresponding definition.

Definition 2.2. Let X be a subspace of a paratopological group
G with identity e such that e ∈ X. Suppose that

(1) X algebraically generates G, that is, 〈X〉 = G;
(2) every continuous mapping f : X → H of X to an arbitrary

paratopological group H satisfying f(e) = eH extends to a
continuous homomorphism f̃ : G→ H.

Then G is called the free paratopological group on (X, e) and is
denoted by FP (X, e).

If all paratopological groups in Definition 2.2 are Abelian, then
we obtain the definition of the free Abelian paratopological group
on (X, e) which will be denoted by AP (X, e). We shall show in
Theorem 2.4 that the groups FP (X, e) and AP (X, e) always exist.
Similarly to the case of free topological groups, it turns out that
the groups FP (X, e) and AP (X, e) do not depend on the choice of
the point e ∈ X.
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Proposition 2.3. Let e1 and e2 be arbitrary points of a space
X. Then the free paratopological groups FP (X, e1) and FP (X, e2)
are topologically isomorphic. The same is true for AP (X, e1) and
AP (X, e2).

Proof. Define the mapping ϕ : X → FP (X, e2) by ϕ(x) = x · e−1
1

for each x ∈ X. Then ϕ is continuous and ϕ(e1) is the iden-
tity of FP (X, e2), so ϕ extends to a continuous homomorphism
ϕ̃ : FP (X, e1) → FP (X, e2). Similarly, consider the mapping
ψ : X → FP (X, e1) defined by ψ(x) = xe−1

2 for each x ∈ X. Then
ψ is continuous and ψ(e2) is equal to the identity of the group
FP (X, e1). Therefore, ψ extends to a continuous homomorphism
ψ̃ : FP (X, e2)→ FP (X, e1).

For every point x ∈ X ⊆ FP (X, e1), we have

(ψ̃◦ϕ̃)(x) = ψ̃(x·e−1
1 ) = ψ̃(x)·(ψ̃(e1))−1 = (x·e−1

2 )·(e1 ·e−1
2 )−1 = x,

since e1 is the identity of FP (X, e1). So, the composition f = ψ̃ ◦ ϕ̃
is a continuous homomorphism of FP (X, e1) to itself whose restric-
tion to X is the identity mapping. As X algebraically generates the
group FP (X, e1), f must be the identity automorphism. Similarly,
the composition ϕ̃ ◦ ψ̃ is the identity mapping, hence both ϕ̃ and
ψ̃ are topological isomorphisms. The same argument works for
AP (X, e1) and AP (X, e2). �

The result just proved permits us to denote the paratopological
groups FP (X, e) and AP (X, e) simply by FP (X) and AP (X).

Theorem 2.4. The free paratopological group FP (X) and the free
Abelian paratopological group AP (X) on X exist for every space X.

Our proof of Theorem 2.4 is based on a Graev-type extension of
quasi-pseudometrics from X to left invariant quasi-pseudometrics
on the abstract groups Fa(X) and Aa(X) (see Theorem 3.2).

3. Extending quasi-pseudometrics from X to FP (X)

We show in Theorem 3.2 that every quasi-pseudometric % on a
non-empty set X extends to a left invariant quasi-pseudometric %̂
on the abstract free group Fa(X). As usual, an analogous asser-
tion remains valid for the abstract free Abelian group Aa(X). Left
invariance of %̂ on Fa(X) means that

%̂(xg, xh) = %̂(g, h)



618 S. ROMAGUERA, M. SANCHIS, AND M. TKACHENKO

for all g, h, x ∈ Fa(X). The proof of Theorem 3.2 is based on a
combinatorial work with the words that form the groups Fa(X)
and Aa(X). First, we need the notion of a scheme that plays a
crucial role in our construction. Let A be a subset of N such that
|A| = 2n for some n ≥ 1. Roughly speaking, a scheme on A is a
partition of A to pairs {ai, bi}, with ai < bi, such that every two
intervals [ai, bi] and [aj , bj ] in N are either disjoint or one contains
the other. To be precise, a scheme for A is a bijection ϕ : A → A
satisfying the following conditions:

(1) if i ∈ A and j = ϕ(i), then j 6= i and ϕ(j) = i;
(2) there are no i, j ∈ A such that i < j < ϕ(i) < ϕ(j).

Therefore, a scheme for A is an idempotent permutation of A with-
out fixed points that satisfies (2). Note that (2) is equivalent to
saying that no i, j ∈ A satisfy i < ϕ(j) < ϕ(i) < j. The following
simple fact follows from our definition of a scheme.

Proposition 3.1. If n is a positive integer and ϕ is a scheme for
{1, 2, . . . , 2n}, then ϕ(i) = i+ 1 for some i < 2n.

Theorem 3.2. Every quasi-pseudometric % on a non-empty set
X extends to a left invariant quasi-pseudometric %̂ (%̂A) on the
abstract group Fa(X) (respectively, Aa(X)). In addition, if (X, %)
is a quasi-pseudometric space, then the quasi-pseudometrics %̂ and
%̂A generate paratopological group topologies on Fa(X) and Aa(X),
respectively. In both cases, these topologies induce on X the original
topology generated by %.

Proof. We consider in detail the case of the group Fa(X), and then
indicate the necessary changes for the group Aa(X).

Let us fix a point e ∈ X which is identified with the identity of the
group Fa(X). The first step is to extend % to a quasi-pseudometric
%∗ on the subset X̃ = X ∪X−1 of Fa(X). For x, y ∈ X, define the
distances %∗(x, y), %∗(x−1, y−1), %∗(x−1, y) and %∗(x, y−1) by

%∗(x, y) = %(x, y), %∗(x−1, y−1) = %(y, x),

%∗(x−1, y) = %(e, x) + %(e, y), %∗(x, y−1) = %(x, e) + %(y, e).

It immediately follows from our definition that %∗(z, t) ≥ 0 for all
z, t ∈ X̃. Let us verify that %∗ satisfies the triangle inequality

%∗(u,w) ≤ %∗(u, v) + %∗(v, w)
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for all u, v, w ∈ X̃. Suppose that u = xε, v = yδ and w = zν , where
x, y, z ∈ X and ε, δ, ν = ±1. We have to consider the following
cases:

(a) u, v, w ∈ X; (a′) u, v, w ∈ X−1;
(b) u, v ∈ X, w ∈ X−1; (b′) u, v ∈ X−1, w ∈ X;
(c) u,w ∈ X, v ∈ X−1; (c′) u,w ∈ X−1, v ∈ X;
(d) v, w ∈ X, u ∈ X−1; (d′) v, w ∈ X−1, u ∈ X.

The cases (a) and (a′) are clear. By the symmetry argument, it
suffices to restrict our attention to the cases (b), (c) and (d). In
case (b), we have

%∗(u, v) + %∗(v, w) = %∗(x, y) + %∗(y, z−1)
= %(x, y) + %(y, e) + %(z, e)
≥ %(x, e) + %(z, e) = %∗(x, z−1) = %∗(u,w).

Similarly, in case (c) we have

%∗(u, v) + %∗(v, w) = %∗(x, y−1) + %∗(y−1, z)
= %(x, e) + %(y, e) + %(e, y) + %(e, z)
≥ %(x, e) + %(e, z) ≥ %(x, z) = %∗(u,w).

Finally, in case (d) we can write

%∗(u, v) + %∗(v, w) = %∗(x−1, y) + %∗(y, z)
= %(e, x) + %(e, y) + %(y, z)
≥ %(e, x) + %(e, z) = %∗(x−1, z) = %∗(u,w).

We have thus proved that %∗ is a quasi-pseudometric on X̃. The
following property of %∗ is immediate.

Claim 1. %∗(u−1, v−1) = %∗(v, u) for all u, v ∈ X̃.

Now we have to extend %∗ from X̃ to the whole group Fa(X). Let
g be a reduced element of Fa(X), and suppose that X = x1x2 . . . x2n

is a word in the alphabet X̃ of even length l(X ) = 2n such that all
possible cancellations in X transform it to g or, in symbols, [X ] = g.
Denote by Sn the family of all schemes for {1, 2, . . . , 2n}. For every
ϕ ∈ Sn, put

Γ%(X , ϕ) =
1
2

2n∑
i=1

%∗(x−1
i , xϕ(i)).
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The factor 1/2 appears in the above expression due to the fact that
we count every pair {xi, xj} with j = ϕ(i) twice, and %∗(x−1

i , xj) =
%∗(x−1

j , xi) by Claim 1. Then we define a number N%(g) by N%(g) =
0 if g = e, and

N%(g) = inf{Γ%(X , ϕ) : [X ] = g, l(X ) = 2n, ϕ ∈ Sn, n ∈ N+}
for every g ∈ Fa(X) distinct from e. It is clear that N%(g) ≥ 0 for
each g ∈ Fa(X). We divide the rest of the proof into several steps.

Given a word X in the alphabet X̃, we say that X is almost
irreducible if X does not contain two consecutive symbols of the
form u, u−1 or u−1, u (but X may contain several letters equal to
e). Since e−1 = e, an almost irreducible word of length 2k can
contain at most k letters equal to e. This simple observation is
used in the proof of the following claim.

Claim 2. For every g ∈ Fa(X) distinct from e, there exist an
almost irreducible word Xg of even length 2n ≥ 2 in the alphabet
X̃ and a scheme ϕg ∈ Sn that satisfy the following conditions:

(i) each letter of Xg either belongs to g or is equal to e;
(ii) [Xg] = g and l(Xg) ≤ 2l(g);
(iii) N%(g) = Γ%(Xg, ϕg).

Indeed, let X be a word of length l(X ) = 2n with [X ] = g
and ϕ ∈ Sn be a scheme. Suppose that X = x1x2 . . . x2n, where
x1, x2, . . . , x2n ∈ X̃. First, we show that one can find an almost
irreducible word X1 of length 2m with 1 ≤ m ≤ n obtained after
several cancellations in X and a scheme ϕ1 ∈ Sm that satisfy (i),
(ii) and

(iv) Γ%(X1, ϕ1) ≤ Γ%(X , ϕ).
If X is reduced, there is nothing to prove. Suppose, therefore, that
X contains either two adjacent symbols of the form uu−1 or three
adjacent symbols ueu−1, for some u ∈ X̃ (in the latter case, deleting
e from X produces a new cancellation).

Case I. X contains two adjacent symbols uu−1 for some u ∈ X̃.
Then xi = u and xi+1 = u−1 for some i < 2n. Let us consider
two subcases: ϕ(i) = i + 1 or ϕ(i) 6= i + 1. If ϕ(i) = i + 1,
we delete uu−1 from X , thus obtaining a word X ′, and define ϕ′

as the restriction of ϕ to {1, . . . , i − 1, i + 2, . . . , 2n}. It is clear
that Γ%(X ′, ϕ′) ≤ Γ%(X , ϕ). If ϕ(i) 6= i + 1, put r = ϕ(i) and
s = ϕ(i + 1). Then {r, s} ∩ {i, i + 1} = ∅. Again, we delete uu−1
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from X , thus obtaining a new word X ′, and define a bijection ϕ′

of A = {1, . . . , i − 1, i + 2, . . . , 2n} onto itself by ϕ′(m) = ϕ(m) if
m /∈ {r, s} and ϕ′(r) = s, ϕ′(s) = r. One easily verifies that ϕ′ is a
scheme for A, and it follows from

ρ∗(x−1
r , xs) ≤ ρ∗(x−1

r , xi) + ρ∗(xi, xs) = ρ∗(x−1
i , xr) + ρ∗(x−1

i+1, xs)

that Γ%(X ′, ϕ′) ≤ Γ%(X , ϕ). Evidently, each letter of X ′ is also a
letter of X .

Case II. The word X contains three adjacent symbols u−1eu for
some u ∈ X̃. Then there exists i with 1 < i < 2n such that
u−1 = xi−1, e = xi and u = xi+1. Let r = ϕ(i − 1), s = ϕ(i)
and t = ϕ(i + 1). As in Case I, there are two possible subcases:
s ∈ {i−1, i+ 1} or s /∈ {i−1, i+ 1}. In the former subcase, we can
assume without loss of generality that s = i+1 and r < i−1. Then
X ≡ AxrBu−1euC, where the words A, B and C have the lengthes
r − 1, i − r − 2 and 2n − i − 1, respectively. Put X ′ ≡ AxrxiBC.
Since xi = e, we have [X ′] = [X ] = g, l(X ′) = l(X ) − 2, and
each letter of X ′ is also a letter of X . Let ϕ′ be a bijection of
the set K = {1, . . . , i− 1, i+ 2, . . . , 2n} which coincides with ϕ on
K \ {r, i− 1} and satisfies ϕ′(r) = i, ϕ′(i) = r. Then ϕ′ is a scheme
on K and an easy calculation shows that

Γ%(X , ϕ)− Γ%(X ′, ϕ′) = %(xr, u) + %(u, e)− %(xr, e) ≥ 0.

Hence we conclude that Γ%(X ′, ϕ′) ≤ Γ%(X , ϕ).
Suppose now that s /∈ {i−1, i+1}. Since ϕ is a scheme, neither of

the inequalities r < t < i−1, i−1 < t < r, i+1 < t < s, s < t < i+1
is possible. Suppose, for example, that r < i − 1 < i + 1 < s < t.
Then X ≡ AxrBu

−1euCx−1
s DxtE, where A,B,C,D and E are

words of the lengthes r − 1, i − r − 2, s − i − 2, t − s − 1 and
2n − t, respectively. Let X ′ ≡ AxrBCx

−1
s DxixtE be the word

obtained from X by deleting uu−1 and translating e = xi to the
letter xt. It is clear that [X ′] = g. Let also ϕ′ be a bijection of
the set K = {1, . . . , i − 2, i, i + 2, . . . , 2n} which coincides with ϕ
on K \ {r, i, s, t} and satisfies ϕ′(r) = s, ϕ′(s) = r, ϕ(i) = t and
ϕ(t) = i. One easily verifies that ϕ′ is a scheme on K (which
connects xr with xs and xi = e with xt). Our definition of ϕ′

implies that

Γ%(X , ϕ)− Γ%(X ′, ϕ′) = %(xr, u) + %(u, xs)− %(xr, xs) ≥ 0,
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whence Γ%(X ′, ϕ′) ≤ Γ%(X , ϕ). Notice that each letter of X ′ is a
letter of X . The two more cases when s < r < i−1 or i+1 < s < r
are similar to the one just considered and, therefore, are left to the
reader.

In each of Cases I and II, the length of X ′ is strictly less than the
length of X and, in addition, X ′ does not contain “new” letters. If
the word X ′ again fails to be almost irreducible, we apply one of the
operations described in Case I and Case II to X ′, thus obtaining a
word X ′′ and a scheme ϕ′′ for X ′′ such that [X ′′] = g, Γ%(X ′′, ϕ′′) ≤
Γ%(X ′, ϕ′), and so on. Since g = [X ] = [X ′] = [X ′′] = . . . and
Γ%(X , ϕ) ≥ Γ%(X ′, ϕ′) ≥ Γ%(X ′′, ϕ′′) ≥ . . ., we finally obtain an
almost irreducible word X1 of even length and a scheme ϕ1 for X1

satisfying (i), (ii) and (iv). Notice that the inequality l(X1) ≤ 2l(g)
in (ii) is a consequence of the fact that the word X1 is almost
irreducible.

Finally, for a given element g ∈ Fa(X), there exist only finitely
many pairs (X1, ϕ1) satisfying (i) and (ii). Therefore one of these
pairs, say, (Xg, ϕg) satisfies (i)–(iii). This implies Claim 2.

Claim 3. The function N% is an invariant quasi-prenorm on the
group Fa(X). In other words, N% has the following properties:

(1) N%(e) = 0 and N%(g) ≥ 0 for each g ∈ Fa(X);
(2) N%(g · h) ≤ N%(g) +N%(h) for all g, h ∈ Fa(X);
(3) N%(h−1gh) = N%(g) for all g, h ∈ Fa(X).

The property (1) is evident. Now we verify (2). Let g and
h be elements of Fa(X) and suppose that X = x1x2 . . . x2n and
Y = y1y2 . . . y2m are words in the alphabet X̃ such that

[X ] = g, [Y] = h, N%(g) = Γ%(X , ϕ) and N%(h) = Γ%(Y, ψ),

where ϕ ∈ Sn and ψ ∈ Sm. Put Z = XY = x1 . . . x2ny1 . . . y2m and
rewrite Z in the form Z = z1 . . . z2nz2n+1 . . . z2n+2m, where zi = xi
if 1 ≤ i ≤ 2n and z2n+j = yj if 1 ≤ j ≤ 2m. Define a scheme
σ ∈ Sn+m by the formula

σ(k) =
{
ϕ(k) if 1 ≤ k ≤ 2n;
2n+ ψ(k − 2n) if 2n < k ≤ 2n+ 2m.

It is clear that [Z] = g · h and

Γ%(Z, σ) = Γ%(X , ϕ) + Γ%(Y, ψ) = Nρ(g) +Nρ(h).



FREE PARATOPOLOGICAL GROUPS 623

Therefore,
Nρ(gh) ≤ Nρ(g) +Nρ(h).

This proves that N% is a quasi-prenorm on the group Fa(X). It
remain to verify that N% is invariant, i.e., satisfies (3). In fact,
it suffices to verify the above equality in the case when h has the
length 1, say, h = x ∈ X̃. Let X = x1 . . . x2n be a word in the
alphabet X̃ such that [X ] = g and Γ%(X , ϕ) = N%(g) for some ϕ ∈
Sn. Consider the word Y = y1y2 . . . y2n+1y2n+2, where y1 = x−1,
y2n+2 = x and yk = xk−1 if 2 ≤ k ≤ 2n + 1. Define the scheme
ψ ∈ Sn+1 by the formula

ψ(k) =

 2n+ 2 if k = 1;
1 if k = 2n+ 2;
ϕ(k − 1) + 1 if 2 ≤ k ≤ 2n+ 1.

Then [Y] = x−1gx, and hence

N%(x−1gx) ≤ Γ%(Y, ψ) = Γ%(X , ϕ) = N%(g).

Replace x by x−1 and g by x−1gx in the above inequality to obtain
N%(g) ≤ N%(x−1gx). The two inequalities imply that N%(x−1gx) =
N%(g). This proves Claim 3.

Claim 4. N%(x−1y) = %(x, y) = N%(yx−1) for all x, y ∈ X.

Fix two elements x, y ∈ X. Note that by Claim 3,

N%(x−1y) = N%(xx−1yx−1) = N%(yx−1),

so it suffices to show that N%(x−1y) = %(x, y). If x = y, then clearly

%(x, y) = 0 and N%(x−1y) = Γ%(X , ϕ) = 0,

where X = x1x2 is the word with x1 = x−1, x2 = x and ϕ ∈ S1 is
a transposition of elements 1, 2. Suppose, therefore, that x 6= y.

Put g = x−1y. By Claim 2, one can find an almost irreducible
word Y of length 2m ≤ 4 in the alphabet X̃ such that [Y] = g
and Γ%(Y, ϕ) = N%(g) for some ϕ ∈ Sm. Since l(g) = 2, we have
that m = 1 or m = 2. If m = 1, then Y = x−1y and ϕ is the
transposition of 1, 2, whence it follows that

N%(x−1y) = Γ%(Y, ϕ) = %(x, y).

Suppose that m = 2. Then Y coincides with one of the words

ex−1ey, x−1eye, ex−1ye.
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Suppose, for example, that Y ≡ ex−1ey ≡ x1x
−1
2 x3x4. There are

only two distinct schemes for m = 2, so that either ϕ(1) = 2 and
ϕ(3) = 4, or ϕ(1) = 4 and ϕ(2) = 3. In the first case, we have

Γ%(Y, ϕ) = %∗(e−1, x−1) + %∗(e−1, y) = %(x, e) + %(e, y) ≥ %(x, y).

In the second case,

Γ%(Y, ϕ) = %∗(e−1, y) + %∗(x, e) = %(x, e) + %(e, y) ≥ %(x, y).

A similar argument shows that Γ%(Y, ϕ) ≥ %(x, y) if Y is one of the
words x−1eye or ex−1ye. Therefore, Γ%(Y, ϕ) = %(x, y), as claimed.
This proves Claim 4.

Define a quasi-pseudometric %̂ on Fa(X) by %̂(g, h) = N%(g−1h)
for all g, h ∈ Fa(X).

Claim 5. The quasi-pseudometric %̂ is left invariant on Fa(X) and
its restriction to X coincides with %.

Indeed, by definition of %̂ we have

%̂(xg, xh) = N%(g−1x−1xh) = N%(g−1h) = %̂(g, h)

for all x, g, h ∈ Fa(X). We conclude, therefore, that the quasi-
pseudometric %̂ is left invariant. Claim 4 immediately implies that
the restriction of %̂ to X coincides with %, so Claim 5 is proved.

The next step is to see that %̂ generates a paratopological group
topology on Fa(X) whose restriction to X coincides with the topol-
ogy of the quasi-pseudometric space (X, %). For every ε > 0, put

U%(ε) = {g ∈ Fa(X) : N%(g) < ε}.

Claim 6. The family N = {U%(ε) : ε > 0} is a base at the identity
e for a paratopological group topology T% on Fa(X). The restriction
of T% to X coincides with the topology of the space X generated
by %.

We have to verify that the family T% satisfies the four conditions
of the complete neighborhood system at e (see Proposition 2.1).
Let us do this step by step.

1) For every U, V ∈ N , there exists W ∈ N with W ⊆ U ∩ V .
Indeed, if U = U%(ε), V = U%(δ) and ε ≤ δ, then U ∩ V = U .
2) For every U ∈ N there exists V ∈ N such that V · V ⊆ U .
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Suppose that U = U%(ε). Put δ = ε/2 and V = U%(δ). If
g, h ∈ V , then we have

N%(gh) ≤ N%(g) +N%(h) < ε/2 + ε/2 = ε.

This immediately implies that V · V ⊆ U .
3) For every U ∈ N and g ∈ U there exists V ∈ N such that

gV ⊆ U and V g ⊆ U .
Again, suppose that U = U%(ε), and take an arbitrary element

g ∈ U . Then ε1 = N%(g) < ε and hence δ = ε − ε1 > 0. Put
V = U%(δ). If h ∈ V , then

N%(gh) ≤ N%(g) +N%(h) < ε1 + δ = ε,

whence it follows that gV ⊆ U . A similar argument implies that
V g ⊆ U .

4) For every N ∈ N and g ∈ Fa(X), there exists V ∈ N such
that g−1V g ⊆ U .

Indeed, one can take V = U . If U = U%(ε) and h ∈ U , then
N%(g−1hg) = N%(h) < ε by Claim 3, so g−1hg ∈ U . This proves
that g−1Ug ⊆ U .

Therefore, the first part of Claim 6 follows directly from Propo-
sition 2.1. In addition, the restriction of %̂ to X coincides with %,
so left invariance of %̂ on Fa(X) implies the second part of Claim 6.
In strict terms, it suffices to show that

X ∩ xU%(ε) = {y ∈ X : %(x, y) < ε}
for every x ∈ X and ε > 0. If x, y ∈ X and %(x, y) < ε, then
N%(y−1x) = %(x, y) by Claim 4, whence y = x · (x−1y) ∈ xU%(ε).
This proves that {y ∈ X : %(x, y) < ε} ⊆ xU%(ε). The inverse
inclusion is also clear: if y ∈ X ∩ xU%(ε), then x−1y ∈ U%(ε),
whence %(x, y) = N%(x−1y) < ε.

Since the sets of the form gU%(ε) form a base of the paratopo-
logical group (Fa(X), T%), the equality just proved means that the
restriction of T% to X coincides with the topology of X generated
by the quasi-pseudometric %. This proves Claim 6.

The argument for the Abelian group Aa(X) is similar to that
just given, but it requires one important change in the definition
of a scheme. Given a finite subset B of N with |B| = 2n ≥ 2,
we say that a bijection ϕ : B → B is an Abelian scheme for B if
ϕ is an involution without fixed points, that is, ϕ(i) = j always
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implies j 6= i and ϕ(j) = i. Then one defines an invariant quasi-
prenorm NA

% on the abstract group Aa(X) using Abelian schemes.
For example, if x, y, z, t ∈ X and g = x− y + z − t, then NA

% (g) is
equal to the minimum of the numbers %(y, x) +%(t, z) and %(t, x) +
%(y, z). The rest of the proof goes the same way, thus giving us a
left invariant quasi-pseudometric %̂A on Aa(X) extending %. The
theorem is proved. �

In what follows we call the left invariant quasi-pseudometric %̂
on Fa(X) (respectively, %̂A on Aa(X)) defined in Theorem 3.2 the
Graev extension of %.

Proof of Theorem 2.4. Let X be an arbitrary space. The fam-
ily Q of all continuous quasi-pseudometrics % on X generates the
original topology τX of X ([10], p. 28). For every % ∈ Q, denote by
%̂ the Graev extension of % to a left invariant quasi-pseudometric
on Fa(Y ). Let T% be the paratopological group topology on Fa(X)
generated by %̂. Denote by TX the supremum of all topologies T% on
Fa(X), with % ∈ Q. Then TX is also a paratopological group topol-
ogy on Fa(X), and a simple verification shows that this topology
induces on X the original topology τX of the space X. We con-
clude, therefore, that the abstract group Fa(X) admits at least one
paratopological group topology whose restriction to X coincides
with τX .

Denote by T the supremum of all paratopological group topolo-
gies on Fa(X) whose restrictions to X coincide with τX . This is
obviously the finest paratopological group topology on Fa(X) with
this property, so that FP (X) = (Fa(X), T ). Indeed, let f : X → H
be a continuous mapping of X to a paratopological group H whose
topology is τH , and suppose that f(e) = eH . Let f̃ : Fa(X) → H
be a homomorphism extending f . Then the family

TH = {f̃−1(V ) : V ∈ τH}
is a paratopological group topology on Fa(X), and the supremum
t of TH and TX is also a paratopological group topology on Fa(X).
Since f is continuous, the topology t induces on X its original
topology τX . Therefore, t is coarser than T . This means that the
homomorphism f̃ : (Fa(X), T )→ H is continuous. In other words,
every continuous mapping of X to a paratopological H extends
to a continuous homomorphism f̃ : (Fa(X), T ) → H, and hence
(Fa(X), T ) = FP (X). �
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Let us now extend Theorem 2.4 to free paratopological groups
on quasi-uniform spaces. First we recall several notions related
to quasi-uniform spaces and paratopological groups. Every quasi-
uniformity U on a non-empty set X induces a topology onX defined
as follows. For U ∈ U and x ∈ X, put

U(x) = {y ∈ X : (x, y) ∈ U}.

Then the family
{U(x) : U ∈ U , x ∈ X}

is a base of neighborhoods for the topology associated with U . It
is known that every topology on X is generated by some quasi-
uniformity on X [10]. Given a quasi-uniform space (X,U), one
defines the conjugate quasi-uniformity U−1 on X with the base
{U−1 : U ∈ U}, where U−1 = {(y, x) ∈ X × X : (x, y) ∈ U}. In
contrast to the case of uniformities, the topologies on X associated
with U and U−1 can be different.

Every paratopological group H admits two natural quasi-uni-
formities LH and RH which can be described in terms of the neigh-
borhood baseN (eH) of the identity eH of H. For every U ∈ N (eH),
put

W l
U = {(x, y) ∈ H ×H : x−1y ∈ U}

and
W r
U = {(x, y) ∈ H ×H : xy−1 ∈ U}.

Then the families

{W l
U : U ∈ N (eH)} and {W r

U : U ∈ N (eH)}

are bases for the left and right quasi-uniformities LH and RH on
H, respectively.

Definition 3.3. Suppose that X is a subspace of a paratopological
group G with identity e such that e ∈ X, and let U be the quasi-
uniformity on X generated by the left quasi-uniformity LG of G.
Suppose also that X and G satisfy the following conditions:

(1) X algebraically generates G;
(2) if a quasi-uniformly continuous mapping f:(X,U)→(H,LH)

of X to a paratopological group H satisfies f(e) = eH , then
f extends to a continuous homomorphism f̃ : G→ H.



628 S. ROMAGUERA, M. SANCHIS, AND M. TKACHENKO

Then G is called the free left paratopological group (or simply free
paratopological group) over the quasi-uniform space (X, e,U) and
is denoted by FP (X, e,U).

Similarly to Proposition 2.3, one can show that if e1 and e2 are
points of a quasi-uniform space (X,U) and Gi = FP (X, ei,U) is the
free paratopological group over the quasi-uniform space (X, ei,U),
i = 1, 2, then G1 and G2 are topologically isomorphic. This en-
ables us to denote F (X, e,U) simply by F (X,U). In addition, if
all paratopological groups in the above definition are assumed to
be Abelian, we get the definition of the free Abelian paratopological
group AP (X,U) over (X,U).

Let (X,U) be a quasi-uniform space. Then X carries the topol-
ogy τX = T (U) generated by the quasi-uniformity U whose base of
neighborhoods consists of the sets

U(x) = {y ∈ X : (x, y) ∈ U},
with U ∈ U and x ∈ X. The conjugated quasi-uniformity U−1 =
{V ⊆ X × X : V −1 ∈ U} generates the topology τ−1

X = T (U−1)
on X. It is clear that τ−1

X = {W ⊆ X : W−1 ∈ τX}. We also say
that a topology tX and a quasi-uniformity U on X are compatible
if tX = T (U). Since every topological space X admits a compatible
quasi-uniformity [10], the following result generalizes Theorem 2.4.

Theorem 3.4. The free paratopological group FP (X,U) and the
free Abelian paratopological group AP (X,U) exist for every quasi-
uniform space (X,U).

Proof. It suffices to prove the existence of FP (X,U). Denote by
Uu the upper quasi-uniformity on R the standard base of which
consists of the sets

Ur = {(x, y) : y < x+ r},
where r is an arbitrary positive real number. By [23, Chap. 3,
Th. 2.5], the quasiuniformity U on X is generated by the family
D of all quasi-pseudometrics d on X such that the mapping
d : (X×X,U−1×U)→ (R,Uu) is quasi-uniformly continuous. Note
that by [23, Chap. 3, Prop. 2.4], the condition d ∈ D is equivalent
to saying that the set

Vd(r) = {(x, y) ∈ X ×X : d(x, y) < r}
belongs to U for each r > 0 or, in other words, d is U-quasi-
uniformly continuous.
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For every d ∈ D, denote by Td the paratopological group topology
on Fa(X) generated by the extension d̂ of d to Fa(X) (see Theorem
3.2). Let T be the supremum of the topologies Td, with d ∈ D.
Then H = (Fa(X), T ) is a paratopological group which contains X
as a subspace. In addition, the left quasi-uniformity LH ofH induce
on X the uniformity U . Indeed, each topology Td is coarser than
T and the left quasi-uniformity Ld of the paratopological group
(Fa(X), Td) induces on X a quasi-uniformity Ud which coincides
with the one generated by the quasi-pseudometric d. Since each d ∈
D is U-quasi-uniformly continuous, Ud is coarser than U . Clearly,
the quasi-uniformity V on X induced by LH is the supremum of
the quasi-uniformities Ud, d ∈ D, and hence V = U .

We have thus proved that there exists at least one paratopologi-
cal group topology T on Fa(X) such that the left quasi-uniformity
L(T ) of the paratopological group (Fa(X), T ) induces onX its orig-
inal quasi-uniformity U . Similarly to the proof of Theorem 2.4, de-
note by T ∗ the supremum topology of the family P of all paratopo-
logical group topologies T on Fa(X) with this property. Clearly, T ∗
is also a paratopological group topology on Fa(X) which induces
on X the quasi-uniformity U , that is, T ∗ is the maximal element of
P. It remains to note that G = (Fa(X), T ∗) is the free paratopo-
logical group over (X,U). Indeed, let f : (X,U) → (H,LH) be
a quasi-uniformly continuous mapping of X to a paratopological
group H whose topology is tH . Extend f to a homomorphism
f̃ : Fa(X)→ H and put

TH = {f̃−1(O) : O ∈ tH}.
Then TH is a paratopological group topology on Fa(X) and from
the choice of f it follows that the left quasi-uniformity L of the
paratopological group (Fa(X), TH) induces on X a quasi-uniformity
coarser that U . Therefore, the supremum of the topologies T ∗ and
TH is an element of P, and hence TH is coarser than T ∗. This
means that the mapping f̃ : (Fa(X), T ∗) → H is continuous. The
proof is complete. �

4. Separation properties

It is natural, after Theorem 3.4, to study the topological proper-
ties of the paratopological groups FP (X,U) and AP (X,U). Every
paratopological group G has three natural topologies: the original
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topology TG of G, its conjugate T −1
G = {U ⊆ G : U−1 ∈ T } and

the supremum of both, T ∗G = TG ∨ T −1
G , the latter being a group

topology on G. We call T ∗G the fine topology of G. It is clear that
T ∗G is the coarsest group topology on G that contains the original
topology T of G. Therefore, the first question to ask is whether
the fine topology T ∗G is Hausdorff. If this is so, we shall say that
the paratopological group G is 2-Hausdorff. We characterize the
quasi-uniform spaces (X,U) for which the paratopological groups
FP (X,U) and AP (X,U) are 2-Hausdorff in Theorem 4.4. Its proof
requires several notions and auxiliary results.

For every ε > 0, put

Uu(ε)={(x, y)∈R2 : y < x+ε} and Ul(ε)={(x, y)∈R2 : x < y+ε}.

The families {Uu(ε) : ε > 0} and {Ul(ε) : ε > 0} constitute bases of
the upper and lower quasi-uniformities Uu and Ul on R, respectively.

The category of quasi-uniform spaces has products (see [10],
1.16). If {(Xα,Uα) : α ∈ A} is a family of quasi-uniform spaces,
then the product (X,U) =

∏
α∈A(Xα,Uα) is defined as follows:

X =
∏
α∈AXα, and the quasi-uniformity U on X has the base

{W (α1, . . . , αn, U1, . . . , Un) : n ∈ N+,

αi ∈ A, Ui ∈ Uαi for each i = 1, . . . , n},
where
W (α1, . . . , αn, U1, . . . , Un) =

{(x, y) ∈ X ×X : (xαi , yαi) ∈ Ui for each i = 1, . . . , n}.

If all members of the family {(Xα,Uα) : α ∈ A} coincide, say, with
(Y,V), then we use (Y A,VA) instead of

∏
α∈A(Xα,Uα).

Let us start with the simplest paratopological groups.

Lemma 4.1. The paratopological groups FP (Rn,Unu ) and
AP (Rn,Unu ) are 2-Hausdorff for each n ∈ N+.

Proof. Let n ∈ N+ be arbitrary. We prove the lemma only for
FP (Rn,Unu ) since the argument for the group AP (Rn,Unu ) is anal-
ogous. Let du be the usual quasi-pseudometric on R that generates
the quasi-uniformity Uu:

du(x, y) =
{
y − x if x < y;
0 if y ≤ x.
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Then the left quasi-uniformity Ul on R is generated by the quasi-
pseudometric dl, where dl(x, y) = du(y, x) for all x, y ∈ R. If x =
(x1, . . . , xn) ∈ Rn and y = (y1, . . . , yn) ∈ Rn, we put du,n(x, y) =∑n

i=1 du(xi, yi) and dl,n(x, y) =
∑n

i=1 dl(xi, yi). One easily veri-
fies that the quasi-pseudometrics du,n and dl,n generate the quasi-
uniformities Unu and Unl on Rn, respectively.

Denote the Graev extensions of du,n and dl,n to Fa(Rn) by
d̂u,n and d̂l,n, respectively. By Theorem 3.2, d̂u,n is continuous on
FP (Rn,Unu ) and d̂l,n is continuous on FP (Rn,Unl ). Let T be the
topology of FP (Rn,Unu ) and T −1 be its conjugate. We have to
show that the topology T ∗ = T ∨T −1 on Fa(Rn) is Hausdorff. For
every ε > 0, put

Bu(ε) = {g ∈ Fa(Rn) : d̂u,n(e, g) < ε}

and

Bl(ε) = {g ∈ Fa(Rn) : d̂l,n(e, g) < ε}.

It is easy to see that Bl(ε) = Bu(ε)−1. Indeed, we have dl(x, y) =
du(y, x) for all x, y ∈ R, whence dl,n(x, y) = du,n(y, x) for all
x, y ∈ Rn. Therefore, d̂l,n(g, h) = d̂u,n(h, g) for all g, h ∈ Fa(Rn).
Consequently, for every g ∈ Fa(Rn), we have

d̂u(e, g−1) < ε⇐⇒ d̂l(g−1, e) < ε⇐⇒ d̂l(e, g) < ε,

whence the equality Bl(ε) = Bu(ε)−1 follows. We conclude, there-
fore, that the left invariant quasi-pseudometric d̂l,n is continuous
on (Fa(Rn), T −1). Hence the sum % = d̂u,n + d̂l,n is a continuous
left invariant quasi-pseudometric on (Fa(Rn), T ∗). To finish the
proof, it suffices to show that % is a metric (and hence generates a
Hausdorff topology on Fa(Rn) weaker than T ∗).

For every g, h ∈ Fa(Rn), we have

%(g, h) = d̂u,n(g, h) + d̂l,n(g, h) = d̂l,n(h, g) + d̂u,n(h, g) = %(h, g),

whence it follows that % is symmetric. It remains to verify that
%(e, g) > 0 for every element g ∈ Fa(Rn) distinct from e. First, we
note that the set

N = {h ∈ Fa(Rn) : %(e, h) = 0}
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satisfies the equality N ·N = N . Indeed, let D denote either d̂u,n
or d̂l,n. Using left invariance of D, we obtain

D(e, gh) ≤ D(e, g) +D(g, gh) = D(e, g) +D(e, h)

for arbitrary g, h ∈ Fa(Rn). Therefore, if g, h ∈ N , then

%(e, gh) = d̂u,n(e, gh) + d̂l,n(e, gh)

≤ d̂u,n(e, g) + d̂u,n(e, h) + d̂l,n(e, g) + d̂l,n(e, h)
= %(e, g) + %(e, h) = 0.

Suppose to the contrary that %(e, g) = 0 for some g ∈ Fa(Rn) \
{e}, and let g = x1 . . . xn be an irreducible representation of g
with x1, . . . , xn ∈ Rn ∪ (Rn)−1. We can assume without loss of
generality that n is even, say, n = 2k (otherwise replace g by g ·g ∈
N). Clearly, d̂u(e, g) = 0 and d̂l(e, g) = 0. By the definition of
Graev’s extension of quasi-pseudometrics and Claim 2 in the proof
of Theorem 3.2, one can find schemes ϕ,ψ ∈ S2k such that

(1)
1
2

2k∑
i=1

d∗u,n(x−1
i , xϕ(i)) = Nu(g) = 0 = Nl(g) =

1
2

2k∑
i=1

d∗l,n(x−1
i , xψ(i)),

where d∗u,n and d∗l,n are extension of du,n and dl,n to Rn ∪ (Rn)−1,
respectively (see Claim 1 in the proof of Theorem 3.2). By Propo-
sition 3.1, there exists an integer r with 1 ≤ r ≤ 2k such that
ϕ(r) = r + 1. By assumption, the word g = x1 · · ·x2k is irre-
ducible, so that x−1

r 6= xr+1. Now we define a sequence of integers
i1, j1, i2, j2, . . . by i1 = r, j1 = ϕ(i1), i2 = ψ(j1), j2 = ϕ(i2), etc.
Let us show that i1 = ψ(jq) = iq+1 for some q with 1 ≤ q ≤ 2k.
First, j1 = ϕ(i1) 6= i1 by definition of a scheme. Suppose that the
numbers i1, j1, . . . , ip, jp are pairwise distinct for some p ≥ 1. Then
ψ(jp) 6= jm for each m < p. Indeed, ψ(jm) = im+1 6= jp by our
assumption, so ψ(im+1) = jm. Since ψ is a bijection of {1, . . . , 2k}
and im+1 6= jp, we conclude that ψ(jp) 6= jm. In addition, we claim
that ψ(jp) 6= im for each m = 2, . . . , p. Indeed, ψ(jm−1) = im and
by assumption, jp 6= jm−1. Therefore, ψ(jp) 6= im. We have thus
proved that either ψ(jp) /∈ {i1, j1, . . . , ip, jp} or ψ(jp) = i1. Since
the set {1, . . . , 2k} has 2k elements, the first possibility can happen
at most k times. In other words, we must have ψ(jq) = i1 for some
q ≤ 2k.
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We claim that

d∗u,n(x−1
r , xr+1) = 0 and d∗l,n(x−1

r , xr+1) = 0.(2)
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Indeed, since ϕ(r) = r+ 1, the left equality follows directly from
(1). Again by (1), we have d∗u,n(x−1

im
, xjm) = 0 = d∗l,n(x−1

jm
, xim+1)

for each m = 1, . . . , 2k. In addition, d∗u,n(x−1, y) = d∗l,n(y, x−1) =
d∗l,n(x, y−1) for all x, y ∈ Rn ∪ (Rn)−1. Therefore, we have

d∗l,n(x−1
j1
, xi1) ≤ d∗l,n(x−1

j1
, xi2) + d∗l,n(xi2 , x

−1
j2

) + · · ·

· · · +d∗l,n(xiq , x
−1
jq

) + d∗l,n(x−1
jq
, xi1)

= d∗l,n(x−1
j1
, xi2) + d∗u,n(x−1

i2
, xj2) + · · ·

· · · +d∗u,n(x−1
iq
, xjq) + d∗l,n(x−1

jq
, xi1)

= 0.(3)

Therefore, from (3) and the equalities i1 = r and j1 = r + 1 it
follows that

0 = d∗l,n(x−1
j1
, xi1) = d∗l,n(x−1

r+1, xr) = d∗l,n(x−1
r , xr+1).

This proves (2). Let us show that (2) implies x−1
r = xr+1, thus

contradicting the fact that the word g = x1 . . . x2k is irreducible.
Denote by d the usual metric d on R, d(x, y) = |x − y|. Let dn
be the metric on Rn defined by dn(x, y) =

∑n
i=1 d(xi, yi) for all

x = (x1, . . . , xn) and y = (y1, . . . , yn) in Rn. Note that d = du + dl.
Therefore, dn = du,n + dl,n, and the sum d∗u,n + d∗l,n coincides with
the extension d∗n of dn to Rn ∪ (Rn)−1 (see the construction before
Claim 1 in the proof of Theorem 3.2). Since dn is a metric, so is
d∗n. Thus, (2) implies that d∗n(x−1

r , xr+1) = 0, whence x−1
r = xr+1.

This contradiction completes the proof. �

Let us extend Lemma 4.1 to arbitrary powers of the quasi-uniform
space (R,Uu). We denote the upper and lower quasi-uniformities
on I inherited from R by the same letters Uu and Ul.

Lemma 4.2. The free paratopological groups FP (RA,UAu ),
FP (IA,UAu ), AP (RA,UAu ) and AP (IA,UAu ) are 2-Hausdorff for
every non-empty set A.

Proof. Again, we prove the lemma only for the groups FP (RA,UAu )
and FP (IA,UAu ). Let T ∗ be the fine topology of FP (RA,UAu ). Since
(Fa(RA), T ∗) is a topological group, it suffices to show that T ∗
satisfies the T1-separation axiom.
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For every finite subset B of A, let pB : RA → R
B be the

projection. Note that the map pB : (RA,UAu ) → (RB,UBu ) is
quasi-uniformly continuous and (RB,UBu ) is a subspace of
(FP (RB,UBu ),L), where L is the left quasi-uniformity of
FP (RB,UBu ). Therefore, pB extends to a continuous homomor-
phism p̃B : FP (RA,UAu )→ FP (RB,UBu ).

Consider an arbitrary element g ∈ FP (RA,UAu ) distinct from the
identity e. Let g = xε11 . . . xεnn be the irreducible form of g, where
x1, . . . , xn ∈ RA and ε1, . . . , εn = ±1. For every i = 1, . . . , n − 1,
there exists αi ∈ A such that xi(αi)−εi 6= xi+1(αi)εi+1 . Also, choose
αn ∈ A such that xn(αn) 6= 0 (we identify 0 ∈ R with the identity
of FP (R,Uu)). Put B = {α1, . . . , αn}. One easily verifies that
gB = p̃B(g) 6= eB, where eB is the identity of FP (RB,UBu ). By
Lemma 4.1, the paratopological group FP (RB,UBu ) is 2-Hausdorff,
so we can find a T ∗B -open neighborhood V of eB in Fa(RB) such that
gB /∈ V , where T ∗B is the fine topology of FP (RB,UBu ). Since the
homomorphism p̃B : (Fa(RA), T ∗) → (Fa(RB), T ∗B) is continuous,
p̃−1
B (V ) is a T ∗-open neighborhood of e in Fa(RA) which does not

contain g. This proves that the group topology T ∗ is T1, and hence
Hausdorff.

The natural embedding ϕ of (IA,UAu ) into (RA,UAu ) is quasi-
uniformly continuous, so it extends to a continuous injective homo-
morphism ϕ̃ : FP (IA,UAu ) → FP (RA,UAu ). This monomorphism
remains continuous when both groups are considered with their
fine topologies, so the fine topology of FP (IA,UAu ) is Hausdorff by
the similar fact established for FP (RA,UAu ) in the first part of the
proof. �

Let T ∗ be the fine topology of a paratopological group G. We
say that a subset B of G is 2-closed in G if B is T ∗-closed in
G. Similarly, B is 2-compact in G if B is a compact subset of
(G, T ∗). The second important question is whether X is 2-closed
in FP (X,U). In Theorem 4.4 we characterize the quasi-uniform
spaces (X,U) with the property that X is 2-closed in FP (X,U).
First, we deduce the following corollary of Lemma 4.2.

Corollary 4.3. The set IA is 2-compact and hence 2-closed in the
paratopological groups FP (IA,UAu ) and AP (IA,UAu ) for each non-
empty set A.
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Proof. Let G be one of the groups FP (IA,UAu ) or AP (IA,UAu ).
Clearly, (IA,UAu ) is a quasi-uniform subspace of (G,L), where L
is the left quasi-uniformity of G. So the topology tu on IA induced
by the quasi-uniformity UAu coincides with the one induced on X
by the quasi-uniformity L. Let T be the topology of G and T −1 be
its conjugate (so that T ∗ = T ∨ T −1). Since the topology T of G
is induced by the quasi-uniformity L, we conclude that tu = T � IA.
Similarly, the topology tl on IA induced by the quasi-uniformity UAl
coincides with the restriction of T −1 to IA. Therefore, the restric-
tion of T ∗ to IA is exactly the topology tu∨ tl. An easy verification
shows that tu ∨ tl is the usual product topology of IA, which is
compact by the Tychonoff compactness theorem. Since the fine
topology T ∗ of G is Hausdorff by Lemma 4.2, we conclude that
the set IA is closed in (G, T ∗) or, equivalently, IA is 2-compact and
2-closed in G. �

To formulate and prove Theorem 4.4, we need some notions intro-
duced in [23] and [15]. Let (X,U) be a quasi-uniform space. Denote
by τX = T (U) and τ−1

X = T (U−1) the compatible topology on X
and its conjugate, respectively. This gives rise to the bitopological
space (X, τX , τ−1

X ). Similarly to the case of paratopological groups,
we call τ∗X = τX ∨ τ−1

X the fine topology of the quasi-uniform space
(X,U). If the fine topology τ∗X is Hausdorff, we say that (X,U) is
2-Hausdorff.

Denote by u and l the upper and lower topologies on the real
line R which consist of the sets (−∞, r) and (r,+∞) (with r ∈ R),
respectively. Then (R, u, l) is a bitopological space and u ∨ l is the
usual interval topology of R. A map f : (X, τ1, τ2) → (R, u, l) is
called bicontinuous if both maps f : (X, τ1)→ (R, u) and (X, τ2)→
(R, l) are continuous. A bitopological space (X, τ1, τ2) is called 2-
completely regular if the topologies τ1, τ2 are initial with respect to
the family of all bicontinuous maps f : (X, τ1, τ2) → (R, u, l). This
is equivalent to saying that for every x0 ∈ X and a τ1-closed set P in
X with x0 /∈ P , there exists a bicontinuous function f : (X, τ1, τ2)→
(R, u, l) such that f(x0) = 0 and f(x) = 1 on P ; and for every τ2-
closed set Q in X not containing x0, there is a bicontinuous function
g : (X, τ1, τ2) → (R, u, l) such that g(x0) = 1 and g(x) = 0 on Q
(see [23, Chap. 1, Prop. 2.2.2]).
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The bitopological space (X, τ1, τ2) is said to be quasi-uniformiz-
able if there exists a quasi-uniformity U on X such that τ1 = T (U)
and τ2 = T (U−1). It is well known that a bitopological space is
quasi-uniformizable iff it is 2-completely regular (see [14]). It is
also known that if G is a paratopological group with their natu-
ral topologies T and T −1, then the bitopological space (G, T , T −1)
is quasi-uniformizable [15, Theorem 1]. It seems interesting to re-
mark that every bitopological space (X, τ1, τ2) has a finest compat-
ible quasi-uniformity denoted by BFN such that every bicontin-
uous function f : (X,BFN,BFN−1) −→ (R,Uu,Ul) satisfies that
both f : (X,BFN) −→ (R,Uu) and f : (X,BFN−1) −→ (R,Ul) are
quasi-uniformly continuous (see [22]). So, it is easy to see that
the free paratopological group FP (X,BFN) (respectively, the free
Abelian paratopological groupAP (X,BFN)) is defined by the prop-
erty that, for every paratopological group H, each bicontinuous
function f : (X,BFN,BFN−1) −→ (H,LH ,L−1

H ) which satisfies
f(e) = eH admits a bicontinuous extension to a homomorphism
from FP (X,BFN) (respectively, from AP (X,BFN)) into H.

Finally, a bitopological space (X, τ1, τ2) is said to be 2-T0 if the
topology τ1 ∨ τ2 on X satisfies the T0-separation axiom. Similarly,
a quasi-uniform space (X,U) is called 2-T0 if the corresponding
bitopological space (X,T (U), T (U−1)) is 2-T0. Clearly, if a quasi-
uniform space is 2-T0, then it is 2-Hausdorff, since every T0 uniform
space is Hausdorff. This fact will be used without special mention.
The theorem below is the main result of the article.

Theorem 4.4. The following conditions are equivalent for a quasi-
uniform space (X,U):

(1) the free paratopological group FP (X,U) is 2-Hausdorff;
(2) the free Abelian paratopological group AP (X,U) is

2-Hausdorff;
(3) X is 2-closed in FP (X,U);
(4) X is 2-closed in AP (X,U);
(5) the quasi-uniform space (X,U) is 2-Hausdorff.

Proof. We shall show that (5) implies (1)–(4) and vice versa, each
of (1), (2), (3) and (4) implies (5).

Let us show that (5) implies (1). Suppose that (X,U) is
2-Hausdorff and consider the family M of all quasi-uniformly con-
tinuous maps f : (X,U)→ (I,Uu). Let x0, y0 be two distinct points
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of X. Since T (U ∨ U−1) is Hausdorff, there exists U ∈ U such that
either y0 /∈ U(x0) or y0 /∈ U(x0). We can assume without loss of
generality that y0 /∈ U(x0). By [23, Chap. 3, Prop. 2.4], there exists
a quasi-pseudometric d on X which is quasi-uniformly continuous
as a map d : (X ×X,U−1 × U)→ (R,Uu) and satisfies

{(x, y) ∈ X ×X : d(x, y) < 1} ⊆ U.

Put % = min{d, 1}. Then the quasi-pseudometric

% : (X ×X,U−1 × U)→ (I,Uu)

is also quasi-uniformly continuous and satisfies the similar condition

{(x, y) ∈ X ×X : %(x, y) < 1} ⊆ U.

Let f be a function on X defined by f(y) = %(x0, y). It is clear
that f : (X,U)→ (I,Uu) is a quasi-uniformly continuous map, that
is, f ∈ M. In addition, from y0 /∈ U(x0) and our choice of d it
follows that d(x0, y0) ≥ 1, whence f(y0) = %(x0, y0) = 1. Since
f(x0) = %(x0, x0) = 0, we conclude that f(x0) 6= f(y0). In other
words, the maps from M separate the points of X.

Enumerate M, say, M = {fα : α ∈ A}, and let ϕ be the diago-
nal product of the maps from M, ϕ : X → I

A. Then ϕ is injective.
Since each map fα : (X,U)→ (I,Uu) is quasi-uniformly continuous,
the map ϕ : (X,U) → (IA,UAu ) is also quasi-uniformly continuous,
where UAu is the product of “A copies” of the quasi-uniformity Uu.
Let FP (IA,UAu ) be the free paratopological group over
(IA,UAu ). Then ϕ extends to a continuous homomorphism
ϕ̃ : FP (X,U) → FP (IA,UAu ). Clearly, IA is a free basis of
the group Fa(IA), and hence the homomorphism ϕ̃ is injective.
Since FP (IA,UAu ) is 2-Hausdorff by Lemma 4.3, we conclude that
FP (X,U) is also 2-Hausdorff. The proof of the implication (5) ⇒
(2) goes the same way.

It is also clear that (5) implies (3). Indeed, since the homomor-
phism ϕ̃ is injective, we have

ϕ(X) = ϕ̃(FP (X,U)) ∩ IA.

The set IA is 2-closed in FP (IA,UAu ) by Corollary 4.3, so the above
equality implies that ϕ(X) is 2-closed in ϕ̃(FP (X,U)). Using injec-
tivity of ϕ̃ once again, we conclude that X is 2-closed in FP (X,U).
The same argument shows that (5) implies (4).
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Now we show that (3) ⇒ (5). Suppose to the contrary that the
quasi-uniform space (X,U) is not 2-Hausdorff. Put τ∗X = T (U) ∨
T (U−1). We can find two distinct points x0, y0 ∈ X such that
every τ∗X -open set in X containing one of the points x0, y0 contains
the other. We claim that the element g = x0y

−1
0 x0 of Fa(X) is in

the T ∗-closure of X, where T ∗ is the fine topology of FP (X,U).
Suppose not, then there exists a T ∗-open neighborhood V of the
identity e in Fa(X) such that x0 /∈ gV or, equivalently, x−1

0 y0 /∈
V . By definition of the fine topology T ∗, there exists an open
neighborhood U of the identity in FP (X,U) such that U∩U−1 ⊆ V .
Then x0U is a τX -open neighborhood of x0, and hence y0 ∈ x0U .
Similarly, y0 ∈ y0U , whence x0 ∈ y0U . Therefore, x−1

0 y0 ∈ U and
y−1

0 x0 ∈ U , so that x−1
0 y0 ∈ U ∩U−1 ⊆ V which in its turn implies

y0 ∈ x0V , a contradiction. This proves that X is not 2-closed in
FP (X,U). A similar argument shows that (4) ⇒ (5).

Finally, it remains to show that each of (1) and (2) implies (5).
It suffices to verify the implication (1) ⇒ (5). Suppose, therefore,
that the paratopological group FP (X,U) is 2-Hausdorff. Again,
let T be the topology of FP (X,U), T −1 be its conjugate and T ∗ =
T ∨ T −1 be the fine topology of FP (X,U). Then τX = T � X
and τ−1

X = T −1� X, where τX = T (U) and τ−1
X = T (U−1). Put

τ∗X = τX ∨τ−1
X . It is clear that τ∗X = T ∗� X, and since the topology

T ∗ is Hausdorff, so is τ∗X . This proves that the quasi-uniform space
(X,U) is 2-Hausdorff. �

5. Open problems

As is easily seen after Section 4, almost every question about
free paratopological groups presents certain difficulties to answer
it. We collect here a very limited number of problems the solution
to which will definitely clarify the topological properties of these
topologically “skew” groups.

Problem 5.1. Characterize the quasi-uniform spaces (X,U) such
that the free paratopological group FP (X,U) (or AP (X,U)) is
Hausdorff, regular or completely regular.

Problem 5.2. Let (X,U) be a quasi-uniform space and let V =
U ∨U−1 be the corresponding uniformity on X. When does the fine
topology of FP (X,U) coincide with the topology of the uniform free
topological group F (X,V)?
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Problem 5.3. Are the free Abelian paratopological groupsAP (I,Uu)
and AP (R,Uu) complete when they carry their fine group topolo-
gies?
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