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COUNTABLE MIGRANT COVERS

PETER C. VON ROSENBERG

ABSTRACT. This paper contains results from my dissertation
done at the University of South Carolina under Dr. Peter
Nyikos. It expands upon work done by Zoltan Balogh, Joe
Mashburn, and Peter Nyikos concerning when a countable
closed (or open) migrant cover can be obtained.

1. INTRODUCTION

The paper by Z. Balogh, J. Mashburn, and P. Nyikos [1] used
the following notation. Let G be a group of bijections from a set
X to itself and let e denote the identity element. In this situation
they made the following definition.

Definition 1.1. A subset A of X is G—migrant (or just migrant)
if ANg(A) = o for all g € G — {e}.

Balogh et al. pointed out that A is migrant if and only if for
g,h e G

g#h = g(A)Nh(A) = 2.

They also used the terminology of P. E. Conner and E. E. Floyd
[2] as defined below.

Definition 1.2. G acts freely on X if every element of G — {e} is
fixed point free. That is, for all g € G — {e} and for all x € X we
have g(z) # =.
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FIGURE 1. Space X with Migrant Set D

We will be dealing with a space X with a group G of autohomeo-
morphisms acting freely on X. As an example, consider Figure 1.
X is the boundary of a square and G = {e, g1, 92,93} is a group of
autohomeomorphisms where e is the identity map and g;, g2, and
gs are 90°, 180°, and 270° rotations, respectively. The open set D
is migrant since it does not meet g1 (D), g2(D), or g3(D).

We will use covering maps to show that if a space X is Hausdorff
and subparacompact then X has a countable closed migrant cover.

2. MAIN RESULTS

The first question considered by Balogh et al. [1] was for what
type of space is every closed migrant set contained in some open
migrant set. They answered this with the following lemma.

Lemma 2.1. Let X be a normal space and let G be a finite group
of autohomeomorphisms of X. If I is a closed migrant subset of X
then there exists an open migrant subset U of X such that FF C U.

They point out that the following can also be shown.

Lemma 2.2. Let X be a Hausdorff space and let G be a finite group
of autohomeomorphisms acting freely on X. Then every element of
X has a migrant open neighborhood.

Balogh et al. [1] next considered the question of when can a
countable closed or open migrant cover be obtained. We will now
give their basic result.
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Theorem 2.3. Let X be a Hausdorff paracompact space. Let G be
a finite group of autohomeomorphisms acting freely on X. Then X
has a countable closed (or open) migrant cover.

In this paper, we will show that “paracompact” can be replaced
with “subparacompact” in this result to get the countable closed
migrant cover. The space must also be normal to obtain the count-
able open migrant cover. This term “subparacompact” is defined
by J. Nagata [4] as follows.

Definition 2.4. A space X is subparacompact if every open cover
has a o-discrete closed refinement.

In proving this result, we will utilize covering maps and will use the
following notation from J. R. Munkres [3].

Definition 2.5. Let ¢ : X — Y be a continuous surjective map.
The open (or closed) set U of Y is said to be evenly covered by ¢
if there exists a collection { V. : € < A} of disjoint open (closed)
subsets of X such that

o '(U) =V
e<A
and so that for each ¢ < A the restriction of ¢ to V. is a homeo-
morphism of V. onto U. The collection { V. : ¢ < A} will be called
a partition of ¢ 1(U) into slices. When we choose such a collection,
we will always assume it to be faithfully indexed. If every element
of Y has an open neighborhood U that is evenly covered by ¢ then
¢ is called a covering map.

See Figure 2 for an example of a covering map ¢. Here ¢ wraps
each side of the square X around the circle Y. The open set U is
evenly covered. The partition of ¢~1(U) is {V4, Va, V3, V4 }.

Our basic approach will be as follows. We will obtain a covering
map ¢ : X — Y such that ¢~ ({¢(2)}) = {g(z) : g € G} for all
x € X. Then, we will show that Y inherits subparacompactness
from X. Finally, we will construct a countable closed cover of Y
consisting of evenly covered sets and “lift” it to obtain the desired
cover of X.

Now for a simple result dealing with homeomorphisms and dis-
crete closed collections. The proof is omitted.
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Ficure 2. Covering Map

Lemma 2.6. Let K = { K, : o < 8} be a faithfully indexed dis-
crete collection of closed subsets of X. Let L = {Lo : a < B}
be a faithfully indexed discrete collection of closed subsets of Y.
Let E = UK and F = JL. Let f : E — F be a function
such that, for all « < B, f(Ka) = Lo and the restricted mapping
f 1 Ko : Ko — Lo is a homeomorphism. Then f is a homeo-
morphism.

Next, we will give two results on covering maps.

Lemma 2.7. Let ¢ : X — Y be a covering map. Let L be closed
(or open) in Y. Let U be evenly covered and open in'Y with L C
U. Then L is evenly covered. Additionally, if {V::e < A} isa
partition of ¢~ 1(U) into slices, then we can choose { K. : ¢ < \},
a partition of ¢ (L) into slices, such that K. C V- for all e < \.

Proof: Let { V. : € < A} be a partition of ¢ *(U) into slices. Let
e : Vo — U be the restriction of ¢ to Vz. Let K. = _'(L). Note
that 1.(K.) = v¥-(¢.*(L)) = L since 9. is a bijection. Since the
V.’s are disjoint and K. C V;, the K_.’s are also disjoint.

Clearly,

¢71(L) = U K.

e<

Fix e < A.
Case 1: If L is open then clearly K. is open.
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Case 2: If L is closed, then we need to show that K. is closed in
X. Let € K.. Since ¢ is continuous, ¢ (L) is closed. So

reK.Cco(L)=¢ L) = U K.
O<A
Suppose that = ¢ K.. Then, x € K5 C Vj for some § # . Since
x € K. and Vj is open,

VsNV. D VzNK. # .

But this is a contradiction since the Vj’s are disjoint. So z € K;.
Therefore, K. C K., and thus K. is closed in X.

Now let 7. : K. — L be the restriction of ¢ to K., or equivalently,
the restriction of 1. to K.. Since v, : Vz; — U is a homeomorphism
and K. C V. with L = 9.(K_.), we see that 7. is a homeomorphism.
So {K. : ¢ < A} is a partition of ¢ (L) into slices such that
K. C V. for all e < A. So L is evenly covered. O

Lemma 2.8. Let ¢ : X — Y be a covering map with |¢ 1 ({y})] = A
forally € Y. Let U be an open (or closed) subset of Y that is evenly
covered by ¢. Then ¢ 1(U) has a partition into slices indeved by \.

Proof: Let y € U. Let V be a partition of ¢ *(U) into slices.
Each V € V contains exactly one element of ¢ *({y}). This is true
since, for each V € V, ¢ : V — U, the restriction of ¢ to V, is a
homeomorphism, and so V' contains 1 !(y) and no other element
of 1({y}). So |V| = |¢ 1({y})| = . Therefore, V can be indexed
by A. O

The next result uses lemmas 2.7 and 2.8 to show that, given a
covering map ¢ : X — Y, a discrete closed collection of subsets of
Y can be “lifted” to a discrete closed collection of subsets of X.

Lemma 2.9. Let ¢ : X — Y be a covering map with |¢ 1 ({y})| = A
forally € Y. Let L = {Ly : « < B} be a faithfully indexed
discrete collection of closed subsets of Y. LetUd = {U, : a < B}
be a collection of evenly covered open subsets of Y with L, C U,
for all aw < 3. Let { V.o : € < A} be a faithfully indexed partition
of ¢ 1(Uy) into slices and let { Koo : € < A} be a faithfully indexed
partition of ¢ (L) into slices such that K., C Veq for all a < 3
and e < X\. Then K = {Kz, 1 € < X and o < (3} is a faithfully
indexed discrete collection of closed subsets of X.
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Proof: Let ¥ : Keoo — Lo be the restriction of ¢ to K.,. To
show that K is faithfully indexed, suppose that K. o, = Keya,- SO

Lo, = ¢(K€1a1) = ¢(K520¢2) = Las,.
So a; = ag since { Ly : a < B} is faithfully indexed. But
Ks1a1 - KEQO&Q - K€2a1 = €1 = ¢&2

since { Ko, : € < A} is faithfully indexed. Therefore, K is faithfully
indexed. We already know that each K, is closed. To show that
IC is discrete, let x € X. We must find an open set B containing x
which meets at most one element of /.

Case 1: Suppose ¢(z) ¢ |J L.

Let A=Y —|JL. So ¢(x) € A and A is open in Y (since |J L
is closed). Let B = ¢ '(A). Clearly, x € B and B is open in X.
Suppose BN K., # @ for some € < A and a < 8. Let w € BNK_,.
Then

d(w) € AN G(Kea) = AN Lo

and so AN L, # @. This contradicts the definition of A, and so B
meets nothing in /C.

Case 2: Suppose ¢(z) € |J L.

Since L is discrete, we can choose A open in Y with ¢(z) € A
such that A meets nothing in £ — {L,} for some a. So we must
have ¢(x) € Lo, C U, and so = € ¢ }(U,). Choose g9 < A such that
T € Veyo. Let

B=¢YA)NVa.

So x € B which is open in X. If BN K;,o, # 9, then let w €
BN K., Then w € ¢ 1(A) and so ¢(w) € A. Also, ¢p(w) €
&(Keyay) = Lay. So ANL,, # @, and thus oy = a. Since w €
B CVioandw € K. o, = Koo C Vzja, we have Vojo N Voo # O
and so g1 = g¢ since { Voo : € < A} is disjoint. Therefore, B meets
nothing in K — {K.,o}. So we see that K is discrete. O

Next comes the key lemma.

Lemma 2.10. Let ¢ : X — Y be a covering map with Y subpara-
compact and such that |¢1({y})| = X for ally €Y. Then'Y has a
countable closed cover consisting of evenly covered sets.
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Proof: Let U be an open cover of Y consisting of evenly covered

sets. Let
o0
L=\]JcLn
n=1

be a o-discrete closed refinement of U. Let

Fn:UL

Lely,

for all n € N. Since L,, is discrete and closed, F}, is closed. Thus,
F ={F, :n € N} is a countable closed cover of Y. So we only
need to show that F), is evenly covered for all n € N. Fix n € N.
Let £, = {Ly : @ < B} be a faithful indexing. For each o < 3
choose U, € U such that L, C U,. Let U, = {U, : a < (}.
By Lemma 2.9, for each a@ < 3 we can choose { Koo, : € < A}, a
partition of ¢ (L) into slices, such that

K={Kpn:e<Aanda< g}

is a faithfully indexed discrete collection of closed subsets of X. Let

E5:UKm.
a<f

We will show that F,, is evenly covered by ¢ using {E. : ¢ < A}.
Since { K¢ : oo < 8} is a discrete collection of closed subsets of X
for all e < A (since these are all subsets of K), we have E. closed in
X for all e < A. Suppose E., NE,, # @. Let x € E., N E,,. Choose
a1, < B such that z € K. o, and z € K,,4,. S0 K¢ 0, = Kooy
since K is discrete, and so €1 = €9 and a1 = ag. Therefore, the
FE.’s are disjoint.

Cram. ¢ Y(F,) = .., E-.

Let x € ¢ 1(F,). So ¢(z) € F,. Let a < 3 such that ¢(x) € L.
Sox € ¢ 1(Ly). Let € < X such that € K.o. So = € E..

Now suppose that x € E. with ¢ < A. Let a < 3 such that
r € K.. So ¢(x) € Ly, C F,,. Thus, x € ¢ (F,). Therefore, the
claim holds.

Fix ¢ < A. Let n. : E. — F,, be the restriction of ¢ to E..
Let tcq : Kecoo — Lo be the restriction of ¢ to Kg,. Since { K4 :
a < [} and L, satisfy the conditions of Lemma 2.6 and 1), is the
restriction of 7. to K., and is a homeomorphism, we have that 7.
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is a homeomorphism. Therefore, F), is evenly covered and so F is
our desired cover. O

Now we will show how the covering map for Lemma 2.10 can be
obtained.

Lemma 2.11. Let X be a Hausdorff space. Let G be a finite group
of autohomeomorphisms acting freely on X. For x € X, define
[] ={g(z) : g€ G}. Let Y ={[z] :x € X}. Let ¢p: X =Y by
¢(x) = [z]. GiveY the quotient topology. Then the following hold.
(a) If A C X and B = ¢(A), then ¢ 1(B) = Ugec 9(A4) and
B = ¢(g(A)) forall g € G.
(b) ¢ is a covering map with |¢ 1 ({y})| = |G| for all y € Y,
and ¢ is open and closed.

Proof: The proof of (a) is straightforward and will be omitted.
The proof of (b) is as follows:

CLAIM. ¢ is open (and closed).
Let A be open (closed) in X. Let B = ¢(A). By (a),

¢'(B) = 9(4)
geG
which is open (closed) in X. So B is open (closed) in Y since Y
was given the quotient topology. Therefore, ¢ is open (and closed).

CLAIM. ¢ is a covering map.

By definition ¢ is continuous and surjective. Let y € Y. We want
to find an evenly covered open set V' containing y. Let x € X such
that ¢(x) = y. Since X is Hausdorff, by Lemma 2.2 let U be an
open migrant neighborhood of z. Let V = ¢(U). So y € V. Also
V' is open since ¢ is open. We will show that V is evenly covered
by ¢ using the collection {g(U) : g € G}. First, notice that

ot (v) = 90)
geG
by (a). Since U is open, g(U) is also open. Also
g#f = gU)NfU)=2

since U is migrant and so the g(U)’s are disjoint. Now, fix g €
G. Let ¢4 : g(U) — V be the restriction of ¢ to g(U). Clearly,
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#(g(U)) C V. To see that 1), is one-to-one, we let v, w € g(U) and
notice that

Yg(v) = Yg(w) = [v] = [w]

= v =h(w) forsome heQqG.
But since ¢g(U) is migrant
weg(U) and h(w)=veg(U) = h=e = v=uw.

Therefore, 1, is one-to-one. To see that v, is onto, let z € V' and
then let w € U such that z = ¢(w). So g(w) € g(U) and

Yy(g(w)) = d(g(w)) = [g(w)] = [w] = ¢(w) = 2.
Therefore, 1), is onto. Clearly,
g(U) open, ¢ open continuous = 1), open continuous.

Thus, 14 is a homeomorphism. So { g(U) : g € G } is a partition of
¢ 1(V) into slices. So V is evenly covered by ¢. Therefore, ¢ is a
covering map and so the claim holds. Note that for y € Y we can
choose z € X such that ¢(x) = y and so

6 {yl ={9(z) 1 g€ G} =]|Gl. 0
In the final result, we will use the following theorem from Nagata

[4].

Theorem 2.12. Let X be a space. Then the following are equiva-
lent.

(a) X is subparacompact.
(b) Every open cover U of X has a o-locally finite closed refine-
ment.

Now for the final result.

Theorem 2.13. Let X be a Hausdorff subparacompact space. Let
G be a finite group of autohomeomorphisms acting freely on X.
Then X has a countable closed migrant cover.

Additionally, if X is normal, then X has a countable open mi-
grant cover.

Proof: Let A = |G|. For x € X define [z] = {g(x) : g € G}. Let
Y ={[z] : v € X} and define ¢ : X — Y by ¢(x) = [z]. Give Y
the quotient topology. By Lemma 2.11, we have the following.
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(a) If A C X and B = ¢(A), then ¢ 1(B) = Ugec 9(4) and
B = ¢(g(A)) for all g € G.

(b) ¢ is a covering map with |¢ ' ({y})| = |G| for all y € Y, and
¢ is open and closed.

CLAIM. Y is subparacompact.

Let Uy be an open cover of Y. Let U refine Uy with U an open
cover of Y consisting of evenly covered sets. (We can do this since
each point in Y has an open evenly covered neighborhood and so
we can intersect this neighborhood with elements of Uy. By Lemma
2.7, these intersections are also evenly covered.) Let U = { Uy : a <
B} be a faithful indexing. By Lemma 2.8, let { V.o : € < A} be a
partition of ¢ 1(U,) into slices. Let V = {V.q:e < X and a < 8 }.
Let ¥.q @ Veo — Uy be the restriction of ¢ to V.. Clearly, V is a
cover of X since

Uv = UUVea=Ue"'0)

a<fe<A a<f
= o' U] =¢'r)=x.
a<pf
Let

K=JKn
n=1
be a o-discrete closed refinement of V. Let K € K. Let € < A and

a < 3 such that K C V. Since ¢ is closed, ¢(K) is closed in Y.
Also, ¢(K) C ¢(Vzq) = Uq. Let

L=|]Ln with L,={¢K):Keck,}
n=1

KeK KeK
So L is a closed cover of Y and L refines U; therefore, £ refines .

Uc= U¢<K>=¢>( UK>=¢<X>=Y-

Now to show that L, is locally finite (then we will use Theorem
2.12). Let y € Y. We need to find an open neighborhood B of
y hitting at most a finite number of elements in £,,. Let x € X
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such that y = ¢(x). By Lemma 2.2, let D be a migrant open
neighborhood of z. Let E = ¢(D). So by (a) we have

o 1(B) = 9(D).

geG

See Figure 3 for an example of this. Since I, is discrete, for each
g € G let A, be open and K, € K, such that g(z) € Ay C g(D)
with A, missing every element of I, — {K,}. Let

B = ¢(4)

geG

So B is open (since ¢ is open and G is finite) and y € B since
y = [z] = [9(2)] = o(g(x)) € d(Ay)

for all g € G. Let K, = K,, — {Ky:9 € G}. Let Ln = {$(K) :
K € K,}. Clearly, |£, — L,| < |G| which is finite and so we only
need to show that B hits nothing in L', Suppose that there exists
an L € L, with BNL # @. Let K € K, with L = ¢(K). Let
be BN L. Since b€ L = ¢(K), choose a € K with b = ¢(a). Now

beB = bep(A4y) forall gedG
= ¢ '({b})NA,#2 forall geG.
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Also
beB = () ¢4y
geG
c ) #e(D))
geG
= [VE=E by (a)
geG
So

acd({b}) co(B) =] g(D)
geG
Let g € G such that a € g(D). So

({ey)n4, < ¢ ({oy)ng(D)
= {flae): feG}ng(D)
= {a} since g(D) is migrant.

Since we know that ¢ 1({b})N A, # @, we must have a € ¢ *({b})N
Ay and so a € Ay. ThusAﬂK;ﬁ@ So K = K,. But this is

a contradiction since K € IC Therefore, B hits nothing in E
Therefore, L, is locally finite. So £ is a o-locally finite closed
refinement of Uy which covers Y. By Theorem 2.12, we see that Y
is subparacompact.

Now to find the countable closed migrant cover of X. By Lemma
2.10, Y has a countable closed cover consisting of evenly covered
sets. Let F = { F}, : n € N} be such a cover. By Lemma 2.8, let
{E-, : € < A} be a partition of ¢ !(F},) into slices. Let 1.y, : Ez,, —
F,, be the restriction of ¢ to F,,. Let

E={E,:neNande<\}.

So
Ue = UlUAEen—U¢
o (OR) e

So € is a closed cover of X. Let n € N and € < .
CrAam. E, is migrant.
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Let z,g(z) € Ey. Then
Nen () = ¢(x) = ¢(g(x)) = 1en(9(x))

and so x = g(x) which implies that g = e since X is fixed point free.
Therefore, E., is migrant. Since A = |G| is finite, £ is countable,
and so we are done.

If X is normal, then by Lemma 2.1, we can obtain a countable

open migrant cover. O
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