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GROUPS OF HOMEOMORPHISMS AND
SPECTRAL TOPOLOGY

HAWETE HATTAB∗ AND EZZEDDINE SALHI∗

Abstract. The aim of this paper is to study some of the
relationships between groups of homeomorphisms on one side,
and A.F C∗-algebra, unitary commutative ring on the other
side.

Let G be a countable group of homeomorphisms of a locally
compact second countable topological space E. The class of
an orbit O is the union of all orbits O′ having the same closure
as O. We denote by X the quasi-orbits space (i.e the space
of orbits classes). If every decreasing sequence of saturated
closed subsets of E is finite, then X is homeomorphic to the
prime spectrum of a unitary commutative ring equipped with
the Zariski topology and E is the closure of the union of a
finitely many orbits.

Let E be the line IR such that every element of G is an
increasing homeomorphism and let X0 be the union of all
open subsets of X homeomorphic to IR or S1. The space
X −X0 is always homeomorphic to the primitive spectrum of
an A.F C∗-algebra equipped with the Jacobson topology and
if G has a minimal set, then it is homeomorphic to the prime
spectrum of a unitary commutative ring equipped with the
Zariski topology if and only if every totally ordered family of
orbits has a greatest lower bound.

We give an example of a diffeomorphism of the unit 2-
sphere S2 such that the above result fails.
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504 H. HATTAB AND E. SALHI

0. Introduction

A topological space is called a spectral space ([11, Definition
4.9]) if it is a T0-space and if each irreducible closed subset has a
generic point. By [11, 4.17], such space is homeomorphic to the
prime spectrum of the lattice of its open subsets.

Recall that a topological space is a T0-space if for every pair of
distinct points x and y, there exists a neighborhood containing one
of them but not the other. A closed subset C is irreducible if it
is not the union of two proper closed subsets or if the intersection
of two nonempty open subsets is nonempty. An element x of C is
called a generic point if the closure of the singleton {x} is equal to
C: {x} = C.

M.Hochster proved in [10] that a topological space X is home-
omorphic to the prime spectrum of a unitary commutative ring
equipped with the Zariski topology if and only if it satisfies the
following properties:

i) X is a quasi-compact space.
ii) X is a T0-space.
iii) Each irreducible closed subset has a generic point.
iv) X has a basis of quasi-compact open subsets.
v) The intersection of two quasi-compact open subsets is quasi-

compact.
The space X is said to be quasi-compact if it satisfies the prop-

erty of Borel-Lebesgue but it is not necessarily a Hausdorff space.
In [1] it was shown that an ordered set (Y,≤) is order-isomorphic

to the prime spectrum of a unitary commutative ring equipped with
the inclusion if and only if there exists a topology defined on the
set Y compatible with the order and satisfying the above properties
i), ii), iii), iv) and v). By [12], such set satisfies the following
conditions:

(K1) Each totally ordered family of elements in (Y,≤) has a
supremum and an infimum.

(K2) For every elements a < b in Y , there exist two consecutive
elements a1 < b1 with a ≤ a1 < b1 ≤ b.

O.Bratteli and G.A.Elliott showed in [5] that a topological space
X is homeomorphic to the primitive spectrum of an approximately
finite-dimensional separable C∗-algebra (called A.F C∗-algebra)



GROUPS OF HOMEOMORPHISMS AND SPECTRAL TOPOLOGY 505

equipped with the Jacobson topology if and only if it has a count-
able basis, and it satisfies the above properties ii), iii) and iv) but
not necessarily the properties i) and v). An approximately finite-
dimensional separable C∗-algebra is an inductive limit of a sequence
of finite-dimensional C∗-algebras.

In the first paragraph, we will give some topological notions
concerning quasi-homeomorphisms and some dynamical notions
corresponding to an open equivalence relation: minimal set, local
minimal set, proper and locally dense trajectories, class of a trajec-
tory, ... . These notions will be used in the following paragraphs.

In the second paragraph, we will study some spectral properties
of a countable subgroup G of the group of homeomorphisms of a
locally compact and second countable topological space E.

In the third paragraph, we will study some relationships between
groups of homeomorphisms of IR on one side, and A.F C∗-algebra,
unitary commutative ring on the other side.

1. Topological notions

1.1 Quasi-homeomorphisms.

Following A.Grothendieck and J.Dieudonné [8] a continuous map
f : X → Y between two topological spaces is called a quasi-
homeomorphism if the map which assigns to each open set V ⊂ Y
the open set U = f−1(V ) ⊂ X is a bijective map. Equivalently,
the map which assigns to each closed set G ⊂ Y the closed set
F = f−1(G) ⊂ X is a bijective map. In the same manner the ini-
tial topology of X coincides with the inverse topology of X under
f and the space f(X) is strongly dense in Y (i.e f(X) meets any
locally closed subset of Y ).

An onto quasi-homeomorphism f : X → Y satisfies the following
statements [3]:

1) The map f is open, closed and for every locally closed subset
A ⊂ X , we have A = f−1(f(A)).

2) For every x, y ∈ X , we have the following implication:

f(x) = f(y) ⇒ {x} = {y}

We deduce that if moreover X is a T0-space, then f is a homeo-
morphism.
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3) The notions of quasi-compact open subset, irreducible closed
subset are stable by direct image and by inverse image under f .

From these properties we obtain the following statements:
4) For each A ⊂ X , B ⊂ Y , we have f(A) = f(A) and f−1(B) =

f−1(B) (f is a continuous open closed map).
5) For every open sets U ⊂ X , V ⊂ Y and for every A ⊂ X , B ⊂

Y , we have f(U ∩A) = f(U)∩f(A). Thus f(U ∩A) = f(U)∩f(A)
and f−1(V ∩ B) = f−1(V ) ∩ f−1(B).

It follows immediately from these properties the following lemma:

Lemma 1.1.1. Let f : X → Y be an onto quasi-homeomorphism.
Then:

a) If A is a locally closed (resp. locally dense) subset of X, then
f(A) is a locally closed (resp. locally dense) subset of Y .

b) If B is a locally closed (resp. locally dense) subset of Y , then
f−1(B) is a locally closed (resp. locally dense) subset of X.

By using the previous lemma we obtain the following proposition:

Proposition 1.1.2. Let f :X→Y be an onto quasi-homeomorphism.
Then the following are equivalent:

a) X is a Baire space.
b) Y is a Baire space.

Proof. Suppose that X is a Baire space, and let (Vn) be a se-
quence of open dense subsets of Y . By lemma 1.1.1, it follows that
(f−1(Vn)) is a sequence of open dense subsets of X . Therefore,⋂

f−1(Vn) = X and hence

X = f−1(
⋂

Vn) = f−1(
⋂

Vn).

Thus Y = f(X) =
⋂

Vn.
On the other hand, suppose that Y is a Baire space, and let (Un)

be a sequence of open dense subsets of X . From lemma 1.1.1 and
property 1), it follows that (f(Un)) is a sequence of open dense
subsets of Y . Then

⋂
f(Un) = Y and so

X = f−1(
⋂

f(Un)) = f−1(
⋂

f(Un)) =
⋂

f−1(f(Un)).

Thus X =
⋂

Un. �
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1.2 Dynamical properties of an open equivalence relation.

1.2.1 Dynamical notions.

Let R be an open equivalence relation on a topological space X .
In this paragraph, we will give some dynamical notions which will
be used in the following paragraphs. These notions are borrowed
from notions of codimension-one foliation on a closed manifold.

Throughout this paper, we will call trajectory at a point x
instead of equivalence class at x and we write it R(x).

Recall that if A ⊂ X , the saturation SatR(A) of A is the union
of all trajectories meeting A. The subset A is called saturated (or
invariant) if we have A = SatR(A). Since the relation R is open
the interior, the closure, the boundary of each saturated subset is
also saturated.

Let us now give these dynamical notions:
1) The class Cl(T ) of a trajectory T is the union of all trajectories

T ′ having the same closure as T .
2) A minimal set (M.S) is a minimal element of the family of

nonempty saturated closed subsets (ordered by inclusion). Equiva-
lently, a minimal set (M.S) is a nonempty saturated subset S ⊂ X
such that the closure of every trajectory T ⊂ S is equal to S.

3) Let U be a nonempty saturated open subset. A minimal set in
U is a minimal set of the restriction of the relation R to U . Then a
minimal set in U is a nonempty saturated subset S ⊂ U such that
for each trajectory T ⊂ S we have T ∩ U = S.

4) A local minimal set (L.M.S) is a minimal set in some nonempty
saturated open subset. A trajectory T is contained in a local min-
imal set if and only if T − Cl(T ) is closed. In this case the class
Cl(T ) of T is the local minimal set containing T . Otherwise, we
have T − Cl(T ) = T . In general, we have T = Cl(T ).

5) A trajectory T is called locally closed at a point x ∈ T if there
exists a nonempty open subset U containing x such that T ∩ U =
T ∩ U . We say that a trajectory T is locally closed if it is locally
closed at each point x ∈ T . We have the following equivalences:

The trajectory T is locally closed ⇔ the subset T − T is closed
⇔ there exists an open subset U such that T ∩ U = T .

6) A trajectory T is called proper if it is locally closed with
int(T ) = ∅.
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7) A trajectory T is called locally dense at a point x if there exists
a nonempty open subset U containing x such that T ∩ U = U . We
say that a trajectory T is locally dense if it is locally dense at each
point x ∈ T . We have the following equivalences:

The trajectory T is locally dense ⇔ the subset int(T ) is nonempty
⇔ there exists an open subset U such that T ⊂ U ⊂ T .

Remark 1.2.1.1. Let S be a (L.M.S), precisely a (M.S) in an open
nonempty connected saturated subset U . Then:

. If S contains a locally closed trajectory T , then T = S, and
T is closed in U ; indeed we have S = Cl(T ) (T is contained in the
(L.M.S) S) and T = Cl(T ) (T is a locally closed trajectory).

. If S contains a locally dense trajectory T , then S = U = Cl(T ).

Remark 1.2.1.2. The trajectories classes determine an equiva-
lence relation R̃ on X defined by: R̃(x) = Cl(R(x)). Since For
each open subset U ⊂ X we have SatR(U) = SatR̃(U), it is obvi-
ous that the new equivalence relation R̃ is open.

The quotient space X/R̃ (called the quasi-trajectories space) is
always a T0-space but the space of trajectories X/R is not in general
a T0-space. The space X/R̃ is the universal T0-space associated to
the space X/R as in Bourbaki [4, Exercise 27 p: I-104].

The map ϕ : X/R→ X/R̃ which assigns to each trajectory T its
class Cl(T ) is an onto quasi-homeomorphism. Let q : X → X/R
and p : X → X/R̃ be the canonical projections.

We denote by Ts the saturated topology on X formed by the
saturated open subsets of X . A saturated open subset U ⊂ X is
called compact by saturation if it is quasi-compact for the saturated
topology Ts. That is, every covering (Ui) of U by saturated open
subsets Ui contains a finite sub-covering.

Lemma 1.2.1.3. Let R be an open equivalence relation on a topo-
logical space X. An open subset V of the quotient space X/R is
quasi-compact if and only if the open subset U = q−1(V ) is com-
pact by saturation.

Proof. Suppose that V is quasi-compact, and let (Ui, i ∈ I) be
a covering of U = q−1(V ) by saturated open subsets. Thus the
open subsets (q(Ui)) cover V , and some finite number of these,
q(Ui1), ..., q(Uin), cover V . Because every Ui is saturated,
q−1(q(Ui)) = Ui and hence U = Ui1 ∪ ...∪ Uin .
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Conversely, let (Vi, i ∈ I) be a family of open subsets of X/R such
that V =

⋃

i

Vi. Since q−1(Vi) is a saturated open subset and U is

compact by saturation, it follows that U = q−1(Vi1)∪ ...∪ q−1(Vin)
which implies that V = Vi1 ∪ ...∪ Vin . �

Lemma 1.2.1.4. Let R be an open equivalence relation on a locally
compact second countable topological space Y . Let U be a saturated
open subset. Then the following are equivalent:

a) U is compact by saturation.

b) There exists a compact subset K ⊂ U with U = Sat(
◦
K).

Proof. a) ⇒ b) There exists an increasing sequence {Kn} of com-

pact subsets with U =
⋃

n∈IN

◦
Kn. Thus U =

⋃

n∈IN

Sat(
◦

Kn). Since U

is compact by saturation and the relation R is open, there exists an

integer p such that U = Sat(
◦

Kp) (the sequence {Kn} is increasing).
b) ⇒ a) We suppose that there exists a compact K ⊂ U such

that U = Sat(
◦
K). Let {Ui : i ∈ I} be a family of saturated open

subsets such that U =
⋃

i

Ui. The family {Ki = K∩Ui : i ∈ I} is an

open covering of the compact K, then we have K = Ki1 ∪ ...∪Kip.
Because Ui = Sat(Ki) for each i ∈ I , we have U = Ui1 ∪ ... ∪ Uip ;
this ends the proof of lemma. �

1.2.2 The identity relation.

Let R be the identity relation on a topological space X . We
say that a point x ∈ X satisfies a property P if the trajectory
R(x) = {x} satisfies this property. For example :

• The class of a point x is the subset

Cl(x) = {y ∈ X/{y} = {x}}.

• An element x is said to be locally closed if there exists an open
set U such that {x} ∩ U = {x}. Equivalently, {x} − {x} is closed.
In this case we have Cl(x) = {x}.

• An element x is said to be locally dense if there exists an open
set U such that x ∈ U ⊂ {x}, it is equivalent to the fact that
int({x}) 6= ∅.
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• A subset A ⊂ X is called a (M.S) (minimal set) if for any
x ∈ A we have {x} = A. Equivalently, A is a minimal element of
the family of nonempty closed subsets ordered by inclusion.

• A subset A ⊂ X is called a (L.M.S) (local minimal set) if there
exists an open set U such that for each x ∈ A we have {x}∩U = A.
In this case for each x ∈ A we have A = Cl(x) and A = {x}.

• A point x is contained in some (L.M.S) if and only if {x}−Cl(x)
is closed. Otherwise we have {x} − Cl(x) = {x}.

Sometimes we write, wrongly, x to indicate the singleton {x}.

2. Groups of homeomorphisms of a topological space
and spectral topology

Let E be a topological space and Homeo(E) its group of home-
omorphisms. Let G be a countable subgroup of Homeo(E). The
family of orbits G(x) = {g(x) : g ∈ G} by G determines an open
equivalence relation on E. Let Z = E/G be the space of orbits and
X = E/G̃ be the quasi-orbits space (an element of E/G̃ is an orbit
class). The canonical projections q : E → E/G and p : E → E/G̃

are open and the map ϕ : E/G → E/G̃, which associates to each
orbit its class, is an onto quasi-homeomorphism.

The fact that the quasi-orbits space X is a T0-space allows us to
define an order on X by

a = p(x) ≤ p(y) = b if G(x) ⊂ G(y)

It is easy to see that if O and O′ are two orbits, then O ⊂ O′ if
and only if every nonempty saturated open subset U containing
O contains O′. Hence the topology of X is compatible with the
inverse order:. That is, every element a ∈ X satisfies

{a} = {b ∈ X : b ≤ a}

Theorem 2.1. Let E be a locally compact second countable topo-
logical space and let G be a countable subgroup of Homeo(E). If
every decreasing sequence of saturated closed subsets of E is finite,
then we have the following properties:

a) X is homeomorphic to the primitive spectrum of an A.F C∗-
algebra and to the prime spectrum of a unitary commutative ring.
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b) The space E is the closure of the union of a finitely many
orbits O1,...,Op. That is, E = O1 ∪ ...∪ Op.

c) Every orbit contains in its closure a minimal set.

To prove this theorem, we need the lemma 2.2.
From exercise 7, page 171 of Bourbaki (algèbre commutative,

chapitre 1 à 4, Masson 1985) we know that if E is a compact
metrisable topological space such that its quasi-orbits space X is
irreducible, then X has a generic point.

The referee noticed as that an analogous result with the fol-
lowing lemma can be found in the text-book of W.Gottschalk and
G.Hedlund, Topological dynamics, Amer. Math. Soc. Colloq.
Publ. Vol 36, Providence, R.I. 1955 (theorem 9.20).

Lemma 2.2. Let E be a locally compact second countable topolog-
ical space and let G be a countable subgroup of Homeo(E). Then
every irreducible closed subset of X = E/G̃ has a generic point.

Proof. Let A be an irreducible closed subset of X = E/G̃. The
subspace B = p−1(A) is an irreducible closed subset of E equipped
with the saturated topology Ts. Let Ê = E ∪ {ω} be the one-
point compactification of E. We can suppose that G is a group
of homeomorphisms of Ê by putting G(ω) = {ω}. We denote by
C = B if B is a compact of E, otherwise C = B ∪ {ω}. The subset
C is invariant compact contained in Ê.

Let U = {U1, ..., Un} be a finite covering of C by open nonempty
invariant subsets. For each 1 ≤ i ≤ n, Ui is everywhere dense in
C; indeed C is an irreducible closed subset. So the open subset

ΩU =
n⋂

i=1

Ui is everywhere dense in C.

Let S be a countable basis of Ê equipped with the saturated
topology Ts (the space (E, Ts) is second countable). The family
Σ of finite covering of C by elements of S is countable; we write
Σ = {Un : n ∈ IN}. Put

Vn = {
n⋂

k=1

Uik : Uik ∈ Uk for1 ≤ k ≤ n}

It is obvious that Vn is a finite covering of C finer than Un and
for each n < m the covering Vm is finer than Vn.
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The fact that C is compact implies the property:
(*) for each nonempty open subset W of C, there exists an integer

n such that W contains an element of Un, therefore W contains an
element of Vn.

For each integer n the open invariant subset ΩVn is everywhere
dense in C. By Baire’s theorem, it follows that the intersection
F =

⋂

n

ΩVn is everywhere dense in C.

Every orbit O ⊂ F is contained in each nonempty open subset
W of C (property (*)). Thus O = C and that O is a generic orbit
of (B, Ts). Then p(O) is a generic point of A. �

Proof of theorem.
a) First, we remark that every decreasing sequence (Xn) of closed

subsets of X is finite; indeed in this case (p−1(Xn)) is a decreasing
sequence of saturated closed subsets of E. Therefore the space X
satisfies one of the following equivalences:

α) Every decreasing sequence of closed subsets is finite.
β) Every increasing sequence of open subsets is finite.
γ) Every nonempty open subset is quasi-compact.

We conclude that the space X satisfies the properties i), iv) and
v) given in the introduction. From lemma 2.2, it follows that X
satisfies the property iii). Since X is always a T0-space and it has a
countable basis, it follows that it is homeomorphic to the primitive
spectrum of an A.F C∗-algebra and to the prime spectrum of a
unitary commutative ring.

b) Because X satisfies one of the previous properties α), β) or
γ), it is a noetherian space. Thus there exists a finitely many
irreducible components X1, ..., Xp with X = X1∪...∪Xp (Bourbaki,
algèbre commutative, chapitre 1 à 4). Each Xi is necessarily an
irreducible closed subset, thus every Xi (1 ≤ i ≤ p) contains a
generic point αi; that is, Xi = {αi} (lemma 2.2).

For any 1 ≤ i ≤ p, we denote by Oi an orbit contained in
p−1({αi}). It suffices to show that we have E = O1 ∪ ...∪ Op.
We have p−1({αi}) = Cl(Oi). The fact that Oi = Cl(Oi) together
with p−1({αi}) = p−1({αi}) imply the equality p(Oi) = {αi} for
each integer 1 ≤ i ≤ p. Then we obtain the equalities:

p(O1 ∪ ...∪ Op) = {α1} ∪ ...∪ {αp} = X = p(E).
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Thus
E = p−1(p(O1 ∪ ...∪ Op)) = O1 ∪ ...∪ Op .

c) We consider an arbitrary orbit O. If O is not a minimal set,
then there exists an orbit O1 with O1 ⊂ O and O1 6= O. From the
hypothesis and by a finite recurrence, it follows that there exits an
orbit Op ⊂ O such that every orbit O′ ⊂ Op satisfies O′ = Op. We
conclude that Op is a minimal set contained in O. �
Examples 2.3.

a) Let us consider the space X = IN ∪ {ω} equipped with the
topology of subbasis the family {Un}n∈IN, where for each integer n,
Un = {n, n + 1, ...} ∪ {ω}. The space X corresponds to the quasi-
orbits space of the subgroup G of Homeo+(IR) given in [7, Chapter
4.4, Example 4.14]. This space satisfies the hypotheses of the above
theorem and so it satisfies its three conclusions; in particular it is
homeomorphic to the primitive spectrum of an A.F C∗-algebra and
to the prime spectrum of a unitary commutative ring.

b) Let us consider the space X = { 1
n : n ≥ 1} ∪ {0} equipped

with the topology of subbasis {Un}n∈IN such that for each integer
n we have Un = { 1

n , 1
n−1 , ..., 1}, U0 = X . Since the increasing

sequence {Un}n≥1 is not finite, X does not satisfy the hypotheses
of the previous theorem, but it is homeomorphic to the primitive
spectrum of an A.F C∗-algebra and to the prime spectrum of a
unitary commutative ring.

We remark that this space corresponds to the quasi-orbits space
of the subgroup G of Homeo+(IR) given in [7, Chapter 4.4, Remar-
que 4-17-iii)].

Example 2.4. Let X = A ∪ B be a subset of IR2 with A = {a0 =
(0, 0)} and B = {bn = (n, 1) : n ∈ IZ}. We consider a topology
T on X such that every nonempty closed subset F different from
X is given by F = A ∪ B1 where B1 is a finite subset of B. This
topology satisfies {a0} = {a0} and {bn} = {a0, bn}, n ∈ IZ.

It is easy to see that this space (X, T ) is a noetherian space
such that every nonempty irreducible closed subset Y 6= X has a
generic point, but the whole space X is an irreducible closed subset
without generic point. We conclude, by lemma 2.2, that it cannot
be homeomorphic to any quasi-orbits space. Also, this space cannot
be homeomorphic neither to a primitive spectrum nor to a prime
spectrum.
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Applying [11, 4.17] and lemma 2.2, it follows the following propo-
sition:

Proposition 2.5. If E is a locally compact second countable topo-
logical space and if G is a countable subgroup of Homeo(E), then
X = E/G̃ is homeomorphic to the prime spectrum of the lattice of
its open subsets.

An orbit O is called a maximal (resp. minimal) orbit if every
orbit O′ such that O ⊂ O′ (resp. O′ ⊂ O ) has the same closure
as O: O = O′. An orbit O is a minimal orbit if and only if it is
contained in a minimal set.

If there exists a compact subset K ⊂ E meeting every orbit, then
by lemma 1.2.1.4, the space E is compact by saturation. Thus by
lemma 1.2.1.3, the space E/G̃ is quasi-compact. Also, by using
Zorn’s lemma, every orbit contains in its closure a minimal orbit.

In the next proposition, we will show that every orbit is con-
tained in the closure of a maximal orbit. This result generalizes,
with a different proof, a result of E. Salhi concerning groups of in-
creasing homeomorphisms of the line IR, and transversally oriented
codimension-one foliation on a closed manifold.

Proposition 2.6. Let E be a locally compact second countable
topological space, and let G be a subgroup of the group Homeo(E).
Then every orbit O is contained in the closure of a maximal orbit.

The proof of this proposition needs the following lemma:

Lemma 2.7. Let {ai}i∈I be a totally ordered family of the quasi-
orbits space X. Then there exists a ∈ X satisfying {a}={ai : i ∈I},
and a = sup{ai, i ∈ I}.

Proof. Firstly, we prove that the subset A = {ai : i ∈ I} is an
irreducible closed subset. For this, it suffices to show that if U
and V are two nonempty open subsets of X such that each of
them meets A, then the intersection meets also A. There exist two
indexes i and j such that ai ∈ U and aj ∈ V . Since the family
{ai : i ∈ I} is totally ordered, we can suppose that ai ≤ aj which
means that {ai} ⊂ {aj}. Thus the intersection U ∩ V contains aj

and so it meets A.
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Now, by applying lemma 2.2, the subset A = {ai : i ∈ I} contains
a generic point a, that is, {a} = A. The element a is an upper
bound of the family {ai : i ∈ I}; let b ∈ X be an other upper
bound of this family. We have, for each i, the inclusion {ai} ⊂ {b}
and hence {a} = {ai : i ∈ I} ⊂ {b} which implies that a ≤ b, thus
a = sup{ai, i ∈ I}. �

Proof of proposition. Consider an orbit O0 and put a0 = p(O0). We
denote by Ca0 a maximal totally ordered family formed by elements
b ∈ X such that a0 ≤ b. From lemma 2.7, there exists am ∈ X

satisfying {am} = {a : a ∈ Ca0} and am = sup{a : a ∈ Ca0}. Thus
am is a maximal element of X ; indeed Ca0 is a maximal totally
ordered family. Let Om be an orbit contained in the saturated
subset p−1({am}), this orbit is a maximal orbit containing O0 in
its closure. For this, first we remark that the inequality a0 ≤ am

gives the inclusion O0 ⊂ Om. Now, if O′ is an orbit which Om ⊂ O′

and a′ = p(O′), then {am} = p(Om) ⊂ p(O′) = {a′}. Since am

is a maximal element, am = a′ and so Om = O′. This ends the
proof. �

Proposition 2.8. Let E be a locally compact topological space, and
let G be a subgroup of Homeo(E). Then the quasi-orbits space X
and the space of orbits Z are Baire spaces.

Proof. We start by showing that X is a Baire space. Let (Vn) be a
sequence of open subsets such that each Vn being everywhere dense
in X . Therefore every p−1(Vn) is a saturated open subset every-
where dense in E; indeed, the fact that the canonical projection
p is open implies that p−1(Vn) = p−1(Vn). This result combined

with the fact that E is a Baire space implies that E =
⋂

n

p−1(Vn).

Moreover, we have the following equalities:

p−1(
⋂

n

Vn) = p−1(
⋂

n

Vn) =
⋂

n

p−1(Vn) = E.

Thus

X = p(E) = p(p−1(
⋂

n

Vn)) =
⋂

n

Vn.



516 H. HATTAB AND E. SALHI

We conclude that X is a Baire space. From the fact that the map
ϕ : Z → X is an onto quasi-homeomorphism and from
the proposition 1.1.2, it follows that the space Z is also a Baire
space. �

A point a ∈ X is a separated point if for every b /∈ {a} there
exists an open neighborhood Ua (resp. Ub) of a (resp. of b) such
that Ua ∩ Ub = ∅.

An orbit G(x) is a separated orbit if q(x) is a separated point of
E/G which is equivalent to the fact that for every orbit G(y) not
contained in G(x), there exist two saturated open subsets G(x) ⊂ U
and G(y) ⊂ V such that U ∩ V = ∅.

We denote by Sep(X) the union of all separated points of X ,
and by X0 its interior.

Remark 2.9. We have the following properties:
(i) Each locally dense orbit is a separated orbit.
(ii) Each separated orbit O is a maximal orbit.
(iii) The space Sep(X) is a Hausdorff space.

The next example gives a group of homeomorphisms generated
by a homeomorphism on the unit 2-sphere such that X − X0 does
not have any basis of quasi-compact open subsets.

Example 2.10. Let S2 be the two unit sphere

S2 = {(z, u) ∈ IC × IR/|z|2 + u2 = 1}.

We consider a diffeomorphism f on S2 defined by f(z, u) =
(ze2iπu, u). For each element A(z0, u0) ∈ S2 we denote by OA the
orbit at A by f and by PA, MA respectively the parallel and the
meridian circle containing A.

It is easy to show that the orbit OA is contained in PA and that
it is finite if u0 ∈ IQ∩ [−1, 1] or dense in PA if u0 ∈ [−1, 1]− IQ. We
will show that the space X = S2/G̃ of orbits classes, where G is
the group generated by f , cannot have any basis of quasi-compact
open subsets. We remark that the space X0, which corresponds to
the interior of the union of separated points of X , is empty.

According to lemma 1.2.1.3, it suffices to show the following prop-
erty:

(*) The sphere S2 cannot have any basis of open subsets compact
by saturation.
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Let J =]a, b[ be an arc contained in a meridian circle such that
the parallel circles Pa and Pb, containing respectively the points a
and b, are distinct. Consider the saturated open subset U formed
by the points x situated between the parallel circles Pa, Pb. We
claim that the open subset U does not contain any compact by
saturated open subset V . If not, there exist an open saturated

subset V ⊂ U and a compact subset K ⊂ V such that V = Sat(
◦
K)

(lemma 1.2.1.4). The distance r0 = d(K, V c) between the two
compact subsets K and V c is nonzero (V c is the complementary of
V in S2).

Let x0 be the supremum of points x ∈ J where the parallel
circle Px intersects the open subset V . Put ε = r0

2 , there exists
y ∈]x0 − ε, x0[⊂ J such that the parallel circle Py intersects V ,

then Py meets also K because we have V = Sat(
◦
K), thus we have

d(K, V c) ≤ r0
2 which is absurd. So the statement (*) is true.

3. Groups of homeomorphisms on the line E = IR

We begin to give some useful results about codimension-one foli-
ation. Roughly speaking, a codimension-one foliation on a smooth
m-manifold M is an open equivalence relation F on M such that
each trajectory (called a leaf) is weakly embedded submanifold of
dimension p = m − 1 and such that the canonical projection of M
on the space of leaves M/F is locally a submersion. In this case
for each x ∈ M , there exists a chart (U, ϕ) such that ϕ(U) = IRm

and the trajectories of the restriction of the relation F to U are
homeomorphic to IRp × {y}, y ∈ IR. This chart (U, ϕ) is called a
distinguished chart.

For notions: proper leaf, locally dense leaf, minimal set, local
minimal set, class of a leaf see paragraph 1.2.1.

Let F be a transversally oriented codimension-one foliation of
class Cr , r ≥ 0, on a closed manifold M of dimension m. The
boundary δU of a nonempty saturated connected open subset dis-
tinct of M , defined by A.R Dippolito [7, chapter 4.4], coincides
with the set of points x ∈ M − U such that there exists a path
c : [0, 1] → M where c(0) = x and c(]0, 1]) ⊂ U . The boundary δU
of U is a union of a finitely many leaves and we have δU = U −U .
Attracting proper leaf from one side is also defined in [7, chpt. 4.4].
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Lemma 3.1 [2]. Let U be a connected nonempty saturated open
subset of M . Then the following are equivalent:

a) U is compact by saturation (i.e is quasi-compact for the satu-
rated topology Ts).

b) The two following properties are satisfied:
i) Each leaf L ⊂ δεU , ε = ±, is attracting from the side ε

(i.e L is attracting from the side of U).
ii) For each leaf F ⊂ U , the intersection F ∩ U contains a

minimal set in U .

Lemma 3.2 [15]. For each nonempty saturated open subset U ⊂ M
and for each leaf F ⊂ U , the intersection F ∩ U contains at most
finitely many minimal sets in the open set U .

Consider the space of leaves Z = M/F and the space of quasi-
leaves X = M/F̃ (the space of leaves classes). Let X0 (resp. Z0)
be the union of all open subsets of X (resp. Z) homeomorphic to
IR or S1.

In [2], the authors proved that if F has a well defined height,
then the space X − X0 is homeomorphic to the prime spectrum of
a unitary commutative ring equipped with the Zariski topology.

Recall that the statement that the height of the foliation is well
defined [16] is equivalent to the fact that every totally ordered fam-
ily of leaves, ordered by inclusion of their closures, is well-ordered
(i.e. it has a minimal element).

Precisely, the authors of [2] proved that X − X0 satisfies the
properties:

i) X − X0 is a quasi-compact space.
ii) X − X0 is a T0-space.
iii) Each irreducible closed subset has a generic point.
iv) X − X0 has a basis of quasi-compact open subsets.
v’) If F has a well defined height, then the intersection of two

quasi-compact open subsets is quasi-compact.

In this section, we consider a countable subgroup G of the group
Diff+

r(IR) of increasing Cr-diffeomorphisms (r ≥ 0). We remark
that a C0-diffeomorphism means a homeomorphism. We can sup-
pose that for each x ∈ IR, we have G(x) 6= {x} which is equivalent
to the fact that every orbit is unbounded in both sides.
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Let Z = IR/G be the space of orbits, and X = IR/G̃ be the
quasi-orbits space. We denote by Z0 (resp. X0) the union of all
open subsets of Z (resp. X) homeomorphic to IR or S1. We have
Z0 = X0.

Lemma 3.3. With the above notations we have the following prop-
erties:

i) If G has a minimal set, then X − X0 is quasi-compact.
ii) X − X0 is a T0-space.
iii) Each irreducible closed subset of X−X0 has a generic point.

Proof. Immediately, we have the property ii) and the lemma 2.2
gives us the property iii). For showing the property i) we consider
a minimal set S of G. If S is a closed orbit, then there exists an
element f ∈ G without fixed point. If not, S is the only minimal
set and we have S ⊂ O, for each orbit O [15]. In both cases, there
exists a compact set K ⊂ IR with Sat(K) = IR. Thus we deduce by
lemma 1.2.1.3 and by lemma 1.2.1.4 that X is quasi-compact and
so X −X0 is also quasi-compact; indeed X − X0 is a closed subset
of X . �

For each x ∈ IR and ε > 0, we denote by Iη
x,ε the open interval

]x, x + ε[ if η = +, and ]x − ε, x[ if η = −. Recall that Gx is the
isotropic subgroup of G at x.

We say that a proper orbit O = G(x) is attracting from the
side η = ± if there exists ε > 0 such that for every y ∈ Iη

x,ε we
have Gx(y) 6= {y}; this means that for every y ∈ Iη

x,ε we have
x ∈ G(y)∩ Iη

x,ε.
We say also that this orbit O = G(x) is stable from the side

η = ± if there exists ε > 0 such that for every y ∈ Iη
x,ε we have

Gx(y) = {y}. In this case we have the inclusion p(Sat(Iη
x,ε)) ⊂ X0.

Where p : IR → X is the canonical projection.
It is clear that the notions attracting and stable are independent

of the choice of a point x in O.
We say that Oη (η = ±) is attracting, stable instead of O at-

tracting, stable from the side η.

The proof of the following lemma is near to the proof of the
proposition 3.5 of [2].
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Lemma 3.4. With the above notations the space X − X0 has a
countable basis of quasi-compact open subsets.
Proof. It suffices to show that for every nonempty open subset V of
X−X0 and for every α ∈ V , there exists a nonempty quasi-compact
open subset W of X−X0 satisfying the condition (*): α ∈ W ⊂ V .

Consider an orbit O such that p(O) = α and an element x ∈ O.
Let V ′ be a nonempty open subset of X such that V = V ′ − X0.
We put U ′ = p−1(V ′), and let ]a, b[ be the component connected of
U ′ containing x.

Since G(a)∩]a, b[= G(b)∩]a, b[= ∅, for every y ∈]a, b[ we have
G(y)∩]a, b[= Ga(y) = Gb(y).

First, we suppose that there exists g ∈ Ga = Gb such that
g(x) 6= x (we can suppose that g(x) > x). In this case the sub-
set Sat([x, g(x)]) is a nonempty compact by saturation open subset
of IR; we deduce that W = p(Sat([x, g(x)]))− X0 satisfies the con-
dition (*). Otherwise, we have Ga(x) = {x}, then G(x)∩]a, b[= {x}
and so O = G(x) is a proper orbit. We complete the proof in three
steps.

Step 1. If G(x) is proper attracting from both sides, then there
exists ε > 0 such that for every y ∈]x− ε, x + ε[ we have x ∈ G(y).
Thus Sat([x − ε

2 , x + ε
2 ]) = Sat(]x − ε, x + ε[). We conclude that

the open subset W = p(Sat(]x− ε, x+ ε[))−X0 is a quasi-compact
open subset of X − X0 and so satisfies (*).

Step 2. The orbit O = G(x) is proper attracting from one side
and not attracting from the other side (we can suppose that O− is
attracting and O+ is not attracting).

- If O+ is not stable, then there exists an infinite sequence (yn)
in ]x, b[ converging to x and such that for every integer n, Gx(yn) 6=
{yn}. We put FixGx = {y ∈]a, b[: Gx(y) = {y}}. For every integer
n we denote by ]an, bn[ the component connected of ]x, b[−FixGx

containing yn. Since O+ is not attracting the sequences (an), (bn)
are infinite and converge to x. Thus for some integer (large enough)
we have Sat(]x − ε, bn[) = Sat([x − ε

2 , an + bn−an
2 ]) and hence the

subset W = p(sat(]x − ε, bn[))− X0 satisfies (*).
- If O+ is stable, then

p(Sat(]x− ε, x + ε[))− X0 = p(Sat([x− ε

2
, x]))− X0

and so the quasi-compact open subset W = p(Sat(]x−ε, x+ε[))−
X0 satisfies the condition (*).
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Step 3. The orbit O = G(x) is proper not attracting from both
sides. Since α = p(G(x)) is not contained in X0 the orbit G(x)
is not stable from one side at least (we suppose that O− is not
stable). As in the step 2, we can construct the quasi-compact open
subset W satisfying (*) according to the fact that O+ is stable or
not stable. This ends the proof. �

Remark 3.5. We can associate to the group G a group H of
Homeo+(IR) generated by two elements T and h such that the or-
bits of G and those of H have the same nature (proper, dense,
exceptional, ...).

By taking S1 = IR/ − ∞ ∼ +∞ where IR = [−∞, +∞] and by
suspension of the new group H , we obtain a transversally oriented
codimension-one foliation of class C0 on the closed 3-manifold M =
V2 × S1, where V2 is a closed surface of genus 2.

Proof of remark 3.5. By taking IR = [−∞, +∞] we can suppose that
E = [0, 1]. Since G is countable, we can write G = {gn/n ∈ IN}.
We put T (x) = x + 1 for every x ∈ IR, h(x) = x if x ≤ 0 and
h(x) = gn(x − n) + n if x ∈ [n, n + 1], n ∈ IN. The orbit H(0) is
closed and equal to IZ, for every x ∈ IR − IZ and for the integer n
with n < x < n + 1, we have H(x)∩]0, 1[= G(x − n); indeed, we
have H(x)∩]n, n + 1[= Hn(x) where Hn is the isotropic subgroup
of H at n, the subgroup Hn is equal to the subgroup containing
elements of H having a fixed point in IR [14]. We conclude that the
orbits G(x) and H(x− n) have the same nature. �

Lemma 3.6. If G has a minimal set, then the intersection of two
quasi-compact open subsets of X −X0 is quasi-compact if and only
if every totally ordered family of orbits (ordered by inclusion of their
closures) has an infimum.

Proof. By lemma 3.3 and lemma 3.4, the space X − X0 satisfies
the properties i), ii), iii), iv) of the introduction. If moreover, the
intersection of two quasi-compact open subsets of X −X0 is quasi-
compact then, as in the introduction, X−X0 satisfies the condition
(K1) of Kaplansky and so every totally ordered family of orbits has
an infimum.

Conversely, by the above construction in remark 3.5, we can
study the intersection of two nonempty open saturated subsets U ,
V of M = V2 × S1 which are compact by saturation.
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We must show, by using lemma 3.1, that the intersection W =
U ∩ V is also compact by saturation. Since δεW ⊂ δεU ∪ δεV ,
ε = ±, it suffices to show that the open subset W satisfies the
property b − ii) of lemma 3.1. Consider a leaf F ⊂ W, we can
suppose that W is connected, otherwise we can take the connected
component of W containing the leaf F .

Let {Fi} be a maximal totally ordered family of leaves contained
in F ∩ W and let L be the infimum of this family (from the hy-
pothesis, this leaf L exists). Using lemma 3.2 and lemma 3.1-b-ii),
there exists a minimal set E1 (resp. E2) of F restricted to U (resp.
V ) contained in the closure Fi for each index i. If L1 ,L2 are two
leaves with L1 ⊂ E1, L2 ⊂ E2, then L1 = E1 ⊂ L and L2 = E2 ⊂ L
and so L ⊂ U and L ⊂ V , thus L ⊂ W and L ∩ W is a minimal
set of F restricted to W . Otherwise, there exists a leaf L′ ⊂ L∩W
with L′ 6= L which contradicts the fact that the family {Fi} is max-
imal in F ∩ W . We conclude that W satisfies the two facts of the
property b) of lemma 3.1, thus it is compact by saturation. �

Remark 3.7. As in the proof of the lemma 3.4 we can state and
give a proof of lemmas 3.1 and 3.2, where we replace in the state-
ment of these lemmas the hypothesis “codimension-one foliation”
by the hypothesis “groups of increasing homeomorphisms of the line
E = IR” without using foliation. Hence we can give a direct proof
of the lemma 3.6 without returning to foliation. But to state the
theorem 3.9 we need the proof of lemma 3.6 in terms of foliation.

By lemmas 3.3, 3.4 and 3.6, the characterization of primitive
and prime spectrum spaces, given in the introduction, permit us to
state:
Theorem 3.8. Let G be a countable subgroup of Homeo+(IR) hav-
ing a minimal set. Let X be the quasi-orbits space and X0 be the
union of all open subsets of X homeomorphic to IR or S1. Then:

a) The space X − X0 satisfies always the properties i), ii), iii)
and iv) as in the introduction.

b) The space X − X0 satisfies also the property v) if and only if
every totally ordered family of orbits has a greatest lower bound.

In the same manner we obtain also the following theorem which
generalizes and completes the main result of [2]:
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Theorem 3.9. Let F be a transversally oriented codimension-one
foliation of class Cr, r ≥ 0, on a closed manifold M . Let X be
the quasi-leaves space and X0 be the union of all open subsets of X
homeomorphic to IR or S1. Then:

a) The space X − X0 satisfies always the properties i), ii), iii)
and iv) as in the introduction.

b) The space X − X0 satisfies also the property v) if and only if
every totally ordered family of leaves has a greatest lower bound.

Example 3.10. The example 2.10 shows that the two conclusions
of these theorems fail if E is a closed surface or ifF is of codimension
greater than one; indeed, in these cases the space X −X0 does not
have any basis of quasi-compact open subsets.

The two examples of 2.3 satisfy the conclusions a) and b) of the
theorem 3.8. The next example gives a space which satisfies a) but
not b).
Example 3.11. Let us consider the space X = { 1

n : n ≥ 1}∪{a, b}
equipped with the topology of subbasis the family {Un : n ≥ 1}∪
{Va, Vb}, where Va = X−{b}, Vb = X−{a} and Un = { 1

n , 1
n−1 , ..., 1}

for each integer n ≥ 1. This space corresponds to the quasi-orbits
space of the subgroup G of [2, Example 2.9], it satisfies the prop-
erty a) but not the property b) of the theorem 3.8. Indeed the
intersection Va ∩ Vb = X − {a, b} of the two quasi-compact open
subsets Va and Vb is not quasi-compact.

Next, we will give some conditions on a countable subgroup G
of Homeo+(IR) such that X − X0 satisfies the two properties of
theorem 3.8.
Proposition 3.12 [14]. A countable subgroup G of Homeo+(IR)
has a minimal set and each totally ordered family of orbits has an
infimum under one of the following conditions:

a) G is polycyclic (i.e every subgroup of G is of finite type). In
particular if G is abelian of finite type.

b) G is an abelian subgroup of Diff+
r(IR) (r ≥ 2) (of finite type

or not).
c) G is a subgroup of Diff+

ω(IR) (abelian or not, of finite type or
not).

d) The action of G on IR is free.
e) G is a finite type subgroup of Diff+

r([0, 1]), (r ≥ 2).
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Each totally ordered family of orbits has a finite length under
the conditions a), b), c), and d) of the previous proposition. In the
case of the property e) every totally ordered family is well-ordered
of order type less than or equal to the first limit ordinal ω.

Using examples of [14] and of [9], and the method used in [2, Ex-
ample 2-9] we can construct some countable groups of Homeo+(IR)
which do not satisfy the property b) of theorem 3.8 in one of these
conditions:

a) G is abelian (necessarily of non finite type).
b) G is a subgroup of Diff+

∞(IR) generated by two elements
(necessarily non abelian).

c) G is a subgroup of Diff+
∞([0, 1]) (necessarily of non finite

type).

Example 3.13. Consider the set Y = {a, b1, b2, b3, c} formed by
elements distinct two-two. We consider a topology on Y generated
by the family {Y, {bi, c} : i = 1, 2, 3}. We have {a} = {a} and
{bi} = {a, bi}, i = 1, 2, 3.

Since the closure of {c} contains three minimal sets {b1}, {b2},
{b3} in the open subset V = Y − {a}, we deduce that Y cannot
be homeomorphic to any X −X0 as in theorem 3.8. Indeed, under
the hypotheses of this theorem every orbit contains in its closure at
most two minimal sets in a given nonempty saturated open subset
[15].

Nevertheless, it is easy to see that every T0-space having only
a finitely many elements satisfies the five properties given in the
introduction and so it is homeomorphic to a primitive spectrum
and to a prime spectrum. However, we don’t know when such
spaces are homeomorphic to a space X − X0 as in theorem 3.9.

In infinite case, we may build some countable topological spaces
having an infinitely many elements which cannot be homeomorphic
to any X −X0 as in theorem 3.9. However, these spaces satisfy the
five properties cited above [2, example 3.20].

Proposition 3.14. We denote by G, X, X0 the same objects as
in theorem 3.8. If every orbit is contained in a local minimal set
(L.M.S), then the space X − X0 is homeomorphic to the primitive
spectrum of a postliminary A.F C∗-algebra.
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Proof. The fact that each orbit is contained in a (L.M.S) implies
that each point of X −X0 is isolated in its closure. Indeed, on one
side for every x ∈ X and for every orbit O contained in p−1({x}), we
have p−1({x}−{x}) = O−Cl(O), and on the other side an orbit O
is contained in a (L.M.S) if and only if O−Cl(O) is a closed subset
(property 4 of paragraph 1.2.1). Applying [5, Theorem p. 79] and
lemmas 3.3, 3.4, it follows that the space X −X0 is homeomorphic
to the primitive spectrum of a postliminary A.F C∗-algebra. �

Proposition 3.15. Under the hypotheses of theorem 3.8, the union
Y of all locally closed points of X is a strongly dense subset of X.
In particular, Y is everywhere dense in X.

A subset is said to be strongly dense if it meets every nonempty
locally closed subset[8].

For notions related to closed point, locally closed point, mini-
mal set, local minimal set in a topological space we refer to the
paragraph 1.2.2.

Proof. In the beginning, we show the following statement:
(*) If a nonempty topological space Z is a quasi-compact T0-

space, then it contains a closed point z ∈ Z.
Since Z is a quasi-compact space, by Zorn’s lemma, there exists

a minimal set S of Z. Thus for every z ∈ S we have {z} = S. The
fact that Z is a T0-space implies that S is a singleton {z} (indeed
{a} = {b} ⇒ a = b). Therefore, we have (*).

For showing the proposition, it suffices to prove that every non-
empty locally closed subset of X contains a locally closed point.
Let A be a locally closed subset of X . There exists a(n) open (resp.
closed) subset U (resp. C) of X such that A = U ∩ C. Since the
open subset X0 is Hausdorff, it follows that its points are locally
closed. First, we suppose that A meets X0, that is, A contains a
locally closed point. Otherwise, we suppose that A is contained in
X − X0. From lemma 3.4, it follows that the space X − X0 has a
basis of quasi-compact open subsets. Then for each x ∈ A, there
exists a quasi-compact open subset V such that x ∈ V ⊂ U . Since
the subset V ∩ C is closed in the quasi-compact V , then V ∩ C is
quasi-compact. By the statement (*), there exists a closed point y
in V ∩ C ⊂ U ∩ C = A. We deduce that y is a locally closed point
containing in A. �
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Sfax 3018 Tunisie

E-mail address: Ezzeddine.Salhi@fss.rnu.tn




