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DENSE ARC COMPONENTS IN
WEAKENED TOPOLOGICAL GROUPS

JON W. SHORT

ABSTRACT. We will show how to construct metrizable group
topologies on the subgroups and quotient groups of R* that
are weaker than the standard topologies. Even though these
groups can be very complicated, we will show, by constructing
a local isometry between many of the groups, that they are
locally the “same.” We give special attention to “unusual”
topological groups in which the arc component of the identity
is dense.

1. INTRODUCTION

Understanding the structure of various classes of topological
groups is a major goal of those interested in the field. Locally
compact, compactly generated abelian groups have, for example, a
nice and well understood structure. If G is a locally compact, com-
pactly generated abelian group, then it is topologically isomorphic
to R* x Zb x F where a and b are nonnegative integers and F is a
compact abelian group [2, Theorem 9.8]. We know, however, that
great diversity and complexity exist even within classes of topolog-
ical groups with “nice” properties. In particular, little is known
about the structure of an arbitrary, metrizable topological group,
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344 J. W. SHORT

and so we must place additional constraints on a class of metriz-
able groups to understand what it “looks like.” That is one focus
of this paper. In particular, we will construct classes of metrizable
topological groups that can exhibit many unusual, and sometimes
pathologic, characteristics. All of these topological groups will have
topologies that are weaker than their standard topology, and they
will be either subgroups or quotient groups of R“. We will ob-
tain the weakened groups by requiring certain types of sequences
to converge at a controlled “rate” to the identity of the group. Even
though these topological groups are extremely complicated, we will
show that understanding the local structure of one allows us to un-
derstand the local structure of many. This will be accomplished
by constructing a local isometry between the topological groups.
We will then extend this local isometry to the completions of the
groups. Knowing that a local isometry exists gives us a powerful
tool to use to understand the local structure (dimensionality, local
connectedness, etc.) of the topological groups. If we can somehow
understand the local structure of one of the groups, then we can
describe the local structure of many. This idea is explored more
fully, though in a restricted case, in [§].

The construction of the weakened, metrizable topological groups
in this paper is related to, but goes beyond, the construction given
in [8], where we obtain similar results on the subgroups and quotient
groups of R™ where m is a positive integer. In fact, the topolog-
ical groups arising in [8] and [10] can be viewed as subgroups or
quotients of the topological groups described in this paper. Even
though they are interesting on their own, it is shown in [9] and
[10] that these types of topological groups also arise in the study of
weakened analytic groups and immersions of Lie groups.

As we know, the arc component of the identity plays a special
role in certain types of topological groups. In particular, each non-
empty open subset in a compact connected group contains a point
on a one-parameter subgroup or, equivalently, contains a point in
the arc component of the identity [3, Corollary 8.5]. The groups
constructed in this paper are, in general, not compact (or complete
for that matter). Thus, we do not have as much structure as the
compact connected case, but it is still interesting to see how the arc
component of the identity “sits” in these groups. That brings us to
the other focus of the paper, which is explored beginning in section
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5. There we illustrate how our construction can be used to obtain
topological groups with an interesting property. In particular, we
force the arc component of the identity to be dense. This gives
interesting examples of Hausdorff, topological group structures on,
for example, R¥ x Z (and its completion) and R¥ x (Z3)¥ (and its
completion).

2. NOTATION AND TERMINOLOGY

We will use the notation presented in this section throughout the
paper. Other notation will be introduced as needed.

We denote the topological space G with topology 7T as (G, 7).
If d is a metric on a topological space X, or a norm that induces a
metric, we will blur the distinction between d and the topology it
induces and denote the space with the metric topology by (X, d).
The closure of (X,d) will be denoted (X,d). If (G,7) is a topo-
logical space and A is a subset of GG, then the subspace topology
A inherits from 7 will be denoted 74, and the quotient topology
induced on G/A by 7 will be denoted by 7 /A.

All topological groups in this paper are abelian and we will de-
note the identity element by 0. Since the groups are abelian, a
completion in the category of topological groups exists [1, Theorem
2, p. 249], and we will denote the completion of the topological
group (G,7T) by C(G,T).

N,Z, and R will denote, respectively, the natural numbers, the
integers, and the real numbers. The standard topology on R7 will
be denoted 77 and if j = 1 as 7. If x € R™, for m € N, then ||z||
will be the standard norm of . If m = 1, ||z| will be abbreviated
|z|. If x € R, then |x] will denote the greatest integer less than or
equal to x — 1.

All sequences in a topological space will be indexed on N. Let
{z;} and {y;} be sequences in R™ and R“, respectively. We will
often have cause to construct a sequence in R* from {z;} and {y;}.
To see how this is accomplished, let z; = (zj1,%j2,...,%jm) and

vj = (Y1, Y52, Y53, ---). Then
(@)1, 22, - - Tjms Y51, Yj2, Yjss - - ) 2 J € N}

will be a sequence in R¥. We will denote this sequence by {(x;,y;)}.
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3. THE WEAKENING ON R¥

In this section, we show how to obtain weakened, metrizable
group topologies on R“ and its quotients. Examples are given to
illustrate the process. The main result is Theorem 3.4. In the
next section, we explore the structure of these groups. The theo-
rems and proof in this section resemble those given in [8], but in
a more general setting. We include certain proofs to illustrate the
important differences in changing from a finite product of groups
(addressed in [8]) to an infinite product. If there is no important
change (as in 4.1), we will outline the proof and refer the reader to
the appropriate result in [8].

We need a standard theorem before proceeding.

Theorem 3.1 ([4, Theorem 9.5]). Let x = (x1,22,...),y =
(y1,92,...) € RY, and define D : R¥ x R¥ — R by

ing |z —yil, 1y .
D(ac,y)—sup{mm{aj il 1} :ZEN}.

1

D is a metric that induces the product topology on R*.

The next lemma is a technical lemma which says that certain
vectors in R", written as a linear combination of the v;’s, must
have a large norm. From now on, we assume that all sums are
finite unless otherwise specified.

Lemma 3.2 ([10, p. 103]). Let {p;} be a sequence of positive real
numbers which converges to zero in T, and let {v;} be a sequence of
nonzero elements of R™ such that {||v;||} is nondecreasing and the
sequence

{pjrrllvjrall/llvsll}
has a positive lower bound. For every k > 0, there is a d > 0 such
that, if 3" |cjlp; < d and ¢; € Z, then either ¢; = 0 for all j or
132 cjuill > k.
Definition 3.3. If {p;} and {v;} are as in the previous lemma,

then we will say that {p;} and {v;} form a sequential norming pair
(SNP) and denote this norming pair as ({v;}, {p;}).

We are now able to state the result that allows us to use an
(SNP) for R™ to weaken the topology on R¥.
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Theorem 3.4. Let ({vj},{p;}) be an (SNP) for R" and let {z;}
be any sequence in R*. Let {w;} be the sequence in R¥ defined by
{w;} ={(vj,z;)}. Then, for y € R define

n(y) = inf{z l¢jlp; + D (Z Cjwjvy> tej € Z}-

In this situation, w is a group norm on R such that u(y) < D(y,0)
and p(w;) < pj. p gives rise to a metrizable group topology on RY,
weaker than the standard topology, in which w; — 0.

Note that a group norm is similar to a norm on a linear space,
except that it does not necessarily respect scalar multiplication.
For completeness, the formal definition is given below.

Definition 3.5. A group norm on a group G is a function v : G —
R satisfying, for all z,y € G,

(i) v(z) = v(z™);
(ii) v(x) > 0;
(iii; ng y) Sviz) +v(y);

(iv) v(z) =0 if and only if 2 = 0.

A group norm induces a metrizable group topology 7 on G by
taking as a basis {z - Uc |z € G,e € R,e > 0} where U = {z €
Glv(z) <€}

Proof: Everything is clear except the fact that p gives rise to a
true metric, or, equivalently, that u(y) =0« y = 0.

For mnotational convenience, let w; = (vj1,-..,Vjn; Tjnt1)s
Tj(n+2),---), and denote elements y € R* as y = (y1,y2,...). Now
suppose that u(y) = 0. Let & = 1+ ||(y1,y2,---,Yn)||. Since
({vj}, {pj}) forms an (SNP), we can apply 3.2 to get a d corre-
sponding to k such that if > |cj|p; < d, then ¢; = 0 for all j,
or || > cju;|| > k. Choose € such that 0 < e < min(d,1). Since
p(y) = 0, there are ¢; such that ) [cjlp; + D (3 cjwy,y) < 77, and
clearly this implies that D (3 cjw;,y) < .5 . Now by the definition

of D we see that
<\yi - Z%%)Z e
7 n
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for s =1,...,n. Thus,

2 n 2 n 2
€ lyi — ZCJ'UM lyi — > ijji‘
- > R e J SR > _ -
s (M) = (s

En: (lyi = 3= ¢jvjil)?
_ =,

=1
1 & 9
= D v el
=1

From this we can conclude that S |y — 3 ¢jujil* < €2, and,
of course,

n n
Z lyi — Zijji\Q <ée= Z lyi — ch”ji\Q <€
i=1 i=1

Hence, ||(y1,.-.,Yn) — Y cjv;|| < € so that

1D ol < Iyn -yl +e < lyns - oyn)| +1=E.

Since Y |¢j|p; < d, we are in the situation of 3.2 and can conclude
that ¢; = 0 for all j. Therefore, D(y,0) < €, and since this argument
holds for any €, and D is a metric, y = 0.

It is clear from the definition of u that p(0) = 0. Thus, u(y) =
0 y=0. O

Clearly, this proposition also gives a way to weaken the topology
on any subgroup of R“. Using the next proposition, we can weaken
the topology on the quotients of R“. These group topologies will
also be metrizable and Hausdorff.

Definition 3.6. Suppose that ({v;},{p;}) is an (SNP) on R". If
the topology on R“ is weakened as described in 3.4, then ({w;}, {p;})
will be called an extended-norming pair and denoted (ENP).

({w;}, {pj}, 1) will be called an extended-norming triple and de-
noted (ENT).

Proposition 3.7. Let the hypotheses be as in 3.4. Then {0}" x R¥
inherits the standard topology from (R¥ p), and {0} x R is u-
closed.
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Proof: Let ({0}", z) € {0} x R¥. We will show that the identity
map from

({0} x R*, pyoynxre) — ({0} X R¥, 7%y )

is uniformly continuous. To do this we need to show that for any e
such that 0 < € < 1 there is a § > 0 such that

p(({0}",2)) <0 = D(({0}", 2), ({0}",0)) = D(0,2) <.

Apply 3.2 to the norming pair ({v;}, {p;}) to get a d corresponding
to €, and then choose § = min (d, -5 ). If u(({0}", 2)) < 6 then there
exists ¢; such that D (3 cjwj, z) < 0 < 5. We can then argue as in
the proof of 3.4 that || }_ cjv;|| < € and that ) |¢j|p; < d. So, once
again, 3.2 implies that all ¢; = 0 so that D () cjwj,2) = D (0,2) <
€. With this we have that the identity is uniformly continuous. To
see that {0}" x R¥ is p-closed, we note that {0}" x R¥ is complete
as a subspace of (R¥,7¢) and this implies, along with the uniform
continuity of the identity map, that {0}" x R“ is complete as a
subspace of (R¥, ut). Since every complete subspace of a Hausdorff
space is closed [1, p. 186], we have the desired statement. O

One use of this proposition is to identify u-closed subgroups of
(R¥, p). If A is such a group, then R¥/A is a Hausdorff topological
group with topology weaker than the standard topology on R“/A.
This is a good place to consider an example, illustrating the use of
3.7 to get a weakened group topology on a quotient group of R¥.

Example 3.8. Let v; = 3/'+1 and p; = % Then ({v;}, {p;}) forms
an (SNP) onR. Let {z;} = {(2j+1,25+3,2j+5,...)} be a sequence
in R* and define w; = (vj,z;) = (3" +1,2j +1,2j +3,2j +5,...).
Then by 3.4, ({w;},{p;},p) is an (ENT) on R¥. In particular,
the sequence {w;} p-converges to zero and p(w;) < 1/j. Since
the sequence is actually a sequence in R x Z“, we will restrict our
attention to this subgroup of R¥. We know that {0} x (2Z)% is
closed in (R x Z“, 7“Rryz~). Hence, 3.7 implies that it is closed in
(R x Z¥, prxz~). Thus,

(R x Z*)/({0} x (22)), n/ ({0} x (2Z)*))

is a Hausdorff topological group with a countable basis at zero
and thus is metrizable. (See, for example, [2, section 8].) Since
(RxZ¥)/({0} x (2Z)*) = R x Z3* as a group, we have a weakened
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group topology on R x Zy*. In this topology, the sequence {g;} =
{(39* +1,1,1,1,...)} will converge to zero.

By choosing our sequences carefully, we can use the procedure
given in the above example to arrive at weakened group topolo-
gies on Z. For example, weaken the topology on Z“ using the
(ENP) ({n!,0,0,0,...},{1/n}). This topology is just the product
of a weakened topology on Z and the standard topology on Z“. In
the weakened topology on Z, if d is its metric, d(n!,0) < 1/n; i.e.,
{n!} converges to zero. In particular, all of the interesting action is
taking place on the first factor. Weakened topologies of this sort on
Z, and their completions, were studied in detail by J. W. Nienhuys
in [6] and [7]. We can similarly obtain the weakened topologies on
R™ discussed in [8]. Thus, our procedure is more general than both
of these situations.

It should be noted that the weakened topologies we are ob-
taining on the subgroups and quotient groups of R¥ are typically
nonproduct topologies. In particular, projections onto every factor
{0}" x R x {0}, for n a positive integer, of R will not be continu-
ous. In fact, we can guarantee the topologies are nonproduct, and
that the projection onto any factor is not continuous, by picking
the sequence {z;} from 3.4 so that its coordinate sequences do not
converge to zero in (R,7). This follows from 3.7, by noting that
{0} xR x{0}* has its standard topology as a subspace of the weak-
ened topology. The sequence {z;} given in the previous example
will induce a nonproduct topology since the coordinate sequences
are {25 + 1}, {25 +3},....

4. LOCAL STRUCTURE OF WEAKENED TOPOLOGIES

We saw in the previous section how to obtain weakened metriz-
able group topologies on R¥ and its quotients. Since this procedure
used sequences to weaken the topology, a natural question is, “How
do the topological groups relate if different sequences are chosen?”
We might guess that no “relation” is possible since there are infin-
itely many different sequences that we could choose. That is not,
however, the case if we place small restrictions on the sequences
chosen. The next theorem gives the specifics of this notion. Recall
that for z € R, |z ] represents the greatest integer less than or equal
tox — 1.
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Theorem 4.1. Let ({vi}, {pi},v) and ({n;},{pi},p) be (SNT)s on
R™ such that

(4.1) 0 “Uiﬂ‘-‘ . “nm” 51
[|vi]] [[724]]

for all but finitely many i. Let ({vi'},{pi}, V") and ({n'},{pi}, 1)
be two (ENT)s corresponding to ({v;},{pi},v) and ({n:},{pi}, 1),
respectively. Then

(i) (R¥,v) is locally isometric to (R¥, u').

(ii) C(R¥, ') is locally isometric to C(R¥, ).

Notice that the norming triples ({v;}, {p;},v) and ({n;},{pi}, 1)
have the same sequence {p;} but that {v;} is not necessarily equal
to {n;}. Since the sequence {p;} controls the rate of convergence,
it somehow restricts the “types” of topologies possible. We should
note that Nienhuys considered issues similar to the above theo-
rem in [7] and [6]. His sequences, however, consisted of increasing
integers, and for his strongest results, consecutive terms of the se-
quences would divide each other. Our sequences can be much more
complicated, but, as might be expected, our results are of a different
flavor.

Theorem 4.1 is similar to [8, Theorem 8], which is the main result
of that paper. The proof of [8, Theorem 8| requires many pages of
work. However, with the results given in §3, the reader can supply
the details of the proof of 4.1 using [8, Theorem 8| as a guide. Thus,
we will not exhibit the proof of 4.1 in detail, choosing instead to
give an outline of the argument.

We first focus on the subgroups of R“ generated by {v;'} and
{n;'} and denoted < v;’ > and < n;’ >, respectively. If we choose
balls small enough, say B, and By, in v/ and p’, respectively, then
the function f : B, — B, defined by

f (Z Civi/) = Z cing'

is a local isometry. Note that choosing the balls “small enough”
is imperative because f is not, in general, well defined outside of
small balls. When, however, r and s are sufficiently small, x € B,
can be expressed uniquely as > ¢;v;’ so that Y |¢i|p; < r. It is, in
fact, quite complicated to show this uniqueness. Again the reader
is referred to [8]. The next step is to determine what happens to
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an element in R“ that is not in the subgroup < v;/ >. In this
case, we once again reduce the radius of our balls. With small
enough balls, we show that the chosen element in R¥ is close (in
the standard topology) to an element = €< vg- >. This allows us to
define another function g, using f and x, which is a local isometry
as claimed. The proofs for the completions follow easily at this
stage.

Theorem 4.1 gives a powerful tool to use in the understanding
of the local structure of the topological groups constructed in 3.4.
We illustrate this with an example.

Example 4.2. Let v; = 3/' + 1 and p; = 1/5. Then ({v;}, {p;})
forms an (SNP) on R. We now take any two sequences in R“.
For the sake of this example we will choose sequences of a very
different nature. Let {r;} = {(e/,j + 1,2, j + 3,e/™,j +5,...}
and {s;} = {(1/e,1/(j +1),1/e9*2 1/(j +3),...)}. Let {w;} =
{(vj,rj)} and {x;} = {(vj,s;)}. We can now use 3.4 to obtain two
metrizable topological groups on R*, denoted (R“, W) and (R“, X),
respectively. {w;} will converge to zero in (R¥, W), and {z;} will
converge to zero in (R“, X’). Based upon the very different natures
of the sequences {w;} and {z;}, which determine the weakened
topologies, we might assume that the topologies are very different.
Theorem 4.1 says, however, that these topological groups are locally
isometric.

In the above example, we used one norming pair for R to obtain
our two weakened topologies on R“. This was done primarily to
introduce the reader to the idea, but it is not necessary. Consider
the example below.

Example 4.3. Consider the two norming pairs for R given by
({37' + 1}, {1/4}) and ({5' + 1},{1/4}). We can now obtain two
extended norming pairs for R* by using the sequences {r;} and {s;}
from above, respectively. Here w; = (37'4+1,7;) and z; = (j!+1, 5;).
Theorem 4.1 says that the two topological groups determined by
these extended norming pairs are locally isometric.

The reader is cautioned about drawing conclusions concerning
the local structure of two quotient groups obtained from two locally
isometric groups. We will show that the quotient groups of two
locally isometric groups can have different topologies.
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5. A DENSE ARC COMPONENT OF THE IDENTITY

In this section, we show how a judicious choice of the sequences
in the extended norming pair ({w;},{p;}) will guarantee that the
arc component of the identity is dense in the weakened topologi-
cal group (and its completion). This construction gives connected,
but not necessarily arcwise connected, group topologies on the sub-
groups and quotient groups of R¥. In the remainder, we will focus
our examples on R x Z* and R X (Z2)“. These examples are easily
generalizable to R™ x Z“ and R™ x (Z2)“, but to simplify notation,
we consider the case where n = 1. We also show that there are two
topological group structures for R x (Z2)%, obtained from locally
isometric group structures on R x Z“, that are not homeomorphic
or locally homeomorphic under the identity mapping.

Suppose that ({v;},{p;}) is an (SNP) for R". Now weaken the
topology on the subgroups and quotient groups of R¥ according to
the methods given in §3. We thus can view the weakened group
as, algebraically, R" x L where L is a subgroup, quotient group, or
quotient group of a subgroup of R“ (see Example 3.8).

Proposition 5.1. Suppose that we have weakened the topology R™ x
L according the methods in 3.4 and 3.7. Let U be this weakened
topology, I' = {U e U : 0 € U}, and p : R" x L — L be the
projection mappz'ngl. Define

A:{yEL:yE mp(U)}

verl

Then A is a subgroup of L, and ’LfZ is the closure of A in the
standard topology on L, then R™ x A is a subset of the U-closure of
R™ x {0}~.

Proof: We first show that A is a subgroup of L. A # () since it
contains the identity element. Now let z,y € A and let U € U be
a neighborhood of the identity in R™ x L. Choose a neighborhood
V' of the identity such that V +V C U and V = —V. Since V is
a neighborhood of the identity and z,y € A, z,y € p(V). Thus,
there exist r1, 79 € R™ such that (r;,z) and (r2,y) are elements of
V. Now (r1 +re,z +y) = (r,z) + (re,y) € V4V C U. Hence,

1Recall that the projection is in general not continuous.
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z+y € p(V+V)CpU). Now since z € p(V) and V = -V,
—x € p(V) Cp(U). Since U was arbitrarily chosen, A is a subgroup
of L.

Now let (r,a) € R” x A and let U be a U-neighborhood of (r,a).
We then have that —(r,a) + U = (—r, —a) + U is a neighborhood
of the identity. Since A is a group, —a € A, and thus, —a €
p((—r,—a) + U). Hence, there exists ' € R™ such that (', —a) €
(—r,—a)+U. This gives that (r'+r,0) € U and, in particular, that
U intersects R™ x {0}“. We have shown that R x A is a subset of
the U-closure of R™ x {0}*. Since U is weaker than the standard
topology on R™ x L, we get that if A is the closure of A in the
standard topology on L, then R™ x A is a subset of the U-closure
of R™ x {0}~. O

Recall that we intend to make the arc component of the identity
of the group dense in the group. This proposition is a first step
and says that if the closure of A is “large,” then the closure of
R™ x {0}*, which is contained in the arc component of the identity
of (R™ x L,U), must also be “large.”

From now on, L will be a subgroup of R¥ unless otherwise spec-
ified. Let us examine a procedure that will guarantee that the
closure of A is dense in L. This procedure will be dependent upon
the fact that any subgroup of (R¥,7%) contains a countable dense
subset. Let ({v;},{p;}) be an (SNP) on R™. Since L is a subgroup
of R¥, it contains a countable, dense (in the usual topology) sub-
set, which we will denote L°. Since L° is countable, we can list its
elements. Without loss of generality, let

L° = {ll, lo,ls, .. }
Before proceeding with the construction, we have a need to con-
sider sequences exhibiting a special property.
Definition 5.2. The sequence {x;} is cascading if for any N € N,
{z; : j > N} contains every element of {z; : j € N}.

There are many simple examples of cascading sequences. Of
course, constant sequences are cascading. A nontrivial example
(and one we will use later on) is {1,2,1,2,3,1,2,3,4,...}.

Now we construct a cascading sequence {b;} in R* using all of
the elements of L°, and let

{w;} = {(v;,05)}
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be a sequence in R¥. Use this as part of the (ENP) ({w;},{p;}) to
weaken the topology on R"™ x L as described in §3.

Lemma 5.3. With the topology on R™ x L weakened as in the
above paragraph, we have that L® C A and that L is a subset of the
standard closure of A.

Proof: Let p: R" x L — L be the projection mapping, & denote
the weakened topology on R" x L, and V € U/ contain the identity.
Since {w;} = {(v;,b;)} U-converges to the identity, there exists a
natural number N such that w; € V for all j > N. Since {b;} is
a cascading sequence of the elements of L°, L° C p(V). Since V
is arbitrary, we can conclude that L® C A. L° is dense in L, and
thus, the closure of A contains L. O

Although we have not obtained our main result at this point, we
introduce an example to illustrate the ideas of 5.1 and 5.3.

Example 5.4. As we have seen, ({v;},{p;}) = ({3/' + 1}, {1/5})
is an (SNP) for R. Let L = Z*. L has a countable dense subset.
One countable dense subset is easily recognized as the subgroup
consisting of all tuples in Z* with only finitely many nonzero terms.
Denote this subgroup by L, and list its elements as {l1, 12,13, ...}.
{l1,12,11,12,13,11,12,13,14, ...} is a cascading sequence using all of
the elements of L°®. We use this sequence to construct the sequence
{w;} in R x Z* as shown below. Note that we could use any cas-
cading sequence that uses every element of L°.

w = (3" + 1,1
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({w;}, {p;}) is an (ENP) on R x Z*, and {w;} U-converges to 0.
Denote the weakened topology by Y. By 5.1, R x A is a subset of
the U-closure of R™ x {0}*. The closure of A is dense in L by the
construction of the sequence {w;}. In fact, we have the following
general result.

Theorem 5.5. Let the topology on R™ X L be weakened as in 5.3
and let U be this weakened topology. Then R™ x {0}* is dense in
(R*"x L,U) and in C(R" x L,U)). In particular, the arc component
of the identity is dense in (R™ x L,U) and C((R™ x L,U)).

Proof: By 5.3, L is a subset of the standard closure of A, and by
5.1, R" x A is a subset of the U-closure of R" x {0}*. Therefore, we
have that R™ x L is a subset of the U-closure of R™ x {0}*. Since our
space under consideration is R™ x L, we can conclude that R™ x L
equals the U-closure of R" x {0}*. Thus, the arc component of
the identity of (R™ x L,U), which contains R" x {0}“, is dense.
It is clear from this that the arc component of the identity in the
completion must also be dense. ([l

Continuing Example 5.4 and applying 5.5, we see that the topol-
ogy on R x Z“, weakened using the norming pair ({w;}, {p;}), has
a dense arc component of the identity. This, of course, implies that
the topological group (and its completion) is connected.

There is another interesting idea associated with this example.
By Proposition 3.7, we can use this weakened topology on R x Z*
to obtain a weakened, Hausdorff topology on R x (Z3)“. Recall this
weakened topology is denoted U /({0} x (2Z)“). Clearly, R x (Z2)¥
is a connected topological group. But also, since the quotient map
q is continuous and R x {0}* is dense in R x Z“, we see that

R x Zs¥ = q(R x Z¥) = q(R x {0}*) = ¢(R x {0}*).

Thus, R x (Z2)“ also has a dense arc component of the identity.
This weakened topology clearly uses the “compact” factor in an
essential way:.

We are now in a position to show that the quotient groups of our
locally isometric groups may not be homeomorphic. First, consider
the groups constructed in the above argument. There we used
the (ENP) ({w;},{p;}) where w; = (3 + 1,1;), and {l;} was a
cascading sequence formed using all of the elements of the dense
subgroup of Z“ consisting of all tuples with all but finitely many




DENSE ARC COMPONENTS IN WEAKENED TOPOLOGICAL GROUPS357

nonzero terms. We forced the arc component of the identity to be
dense in R x Z* and in R x (Z2)“. Recall that the topologies were
represented by U and U/(R x Z*), respectively. Now consider the
weakened topology on R x Z“ obtained from the (ENP) (z;,p;)
where x; = (3j! +1,0,0,0,...). Let the weakened topology obtained
from this norming pair be denoted by V. All of the interesting
action is taking place in the first factor of (R x Z«, V). In fact, (R x
Z*¥,V) is the product topology of a weakened topology on R and the
standard topology on Z“. By 4.1, (R x Z¥,V) is locally isometric to
(RxZ¥ ,U). Now form the quotient group (R x (Z2)¥,V/(R x Z*)).
This group is clearly not homeomorphic to the connected group
(Rx (Za)“,U/(R xZ¥)), since it is disconnected, being the product
of a weakened topology on R and the standard topology on the
compact group (Zsy)“. Most of our results have dealt with the local
nature of topological groups. In showing that the two topological
groups above are not homeomorphic, the local difference is not
readily apparent. The following argument addresses that issue by
showing that the topologies are not locally homeomorphic under
the identity mapping.

Consider the subsequence of {w;} defined by wj; = (3 +
1,1,0,0,...). Since {w;} U-converges to the identity, so does {w;, }.
Likewise, the sequence {z;, } defined by z;, = (3%+' +1,0,0,0,...)
V-converges to 0. Since the quotient map is continuous, the im-
age of each sequence will converge to the identity in the rela-
tive quotient spaces. Let w;,’ = wj;, + [{0} 4+ (2Z)“] be the im-
age of wj;, under the quotient map, and similarly define z;' =
zj, + [{0} + (2Z)“] to be the image of x;, under the quotient map.
If the identity map is a local homeomorphism, then the sequence
defined by w;,' — z;’ = (0,1,0,0,0,...) + [{0} + (2Z)*] would
V/(R x Z*)-converge to 0. This is clearly not the case, since it
converges to (0,1,0,0,0,...) + [{0} + (2Z2)“], and V/(R x Z¥) is a
Hausdorff topology. Thus, the identity is not a local homeomor-
phism.

6. A NoTE ON FINITE PRODUCTS

In this paper we focused on extending many of the results ob-
tained on finite products in [8], to infinite products, as well as new
results that forced unusual topological group structures on these
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products. Here we note that the arguments which allowed us to
obtain dense arc components also give interesting results in the
case of finite products. For example, if ({v;},{p;}) is a norming
pair for R” and we extend to a norming pair on R"™ using the
techniques in [8], we can weaken the topology on the subgroups
and quotient groups of R™*™ and view the weakened group as alge-
braically R™ x L where L is a subgroup, quotient group, or quotient
group of a subgroup of R™ (see Example 3.8). Now Proposition 5.1
becomes

Proposition 6.1. Suppose that we have weakened the topology R™ x
L as above. Let U be this weakened topology, T' ={U e U : 0 € U},
and p : R™ x L — L be the projection mapping. Define

A:{yeL:ye ﬂp(U)}

vell
Then A is a subgroup of L, and Q‘Z is the closure of A in the
standard topology on L, then R™ x A is a subset of the U-closure of
R™ x {0}™.

The proof is the same as for 5.1 since the infinite product does
not manifest itself in the proof. The reason that this is interesting
in the finite case is that, since A is a group, the subgroup generated
by any element of A must be a subgroup of A. For example, take
the (SNP) for R ({n!},{1/n}) and extend to an (ENP) for R x Z
given by ({(n!,1)},{1/n}). Since {(n!,1),1/n)} converges to zero,
A contains 1. But A is a group, and thus it contains the subgroup
generated by 1. Hence, A contains Z, and 6.1 gives that R x {0} is
dense in R x Z.

7. CONCLUDING REMARKS

We have shown that we can construct large classes of weakened
Lie groups that can be very different globally but, with small re-
strictions, will be the same locally. We focused, in particular, on
constructing groups in which the arc component of the identity
is dense. There is a complementary question related to this con-
struction: Can we force the arc component of the identity in the
completion of a connected, weakened Lie group to be “small”? If
somehow dense arc components of the identity are characteristic of
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the completion of these groups, then results by T. Christine Stevens
can be viewed as structure theorems for these groups [9, §7]. We
plan to explore this question in a future paper.
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