Topology Proceedings

Web: http://topology.auburn.edu/tp/
Mail: Topology Proceedings
Department of Mathematics & Statistics
Auburn University, Alabama 36849, USA
E-mail: topolog@auburn.edu
ISSN: 0146-4124

COPYRIGHT (© by Topology Proceedings. All rights reserved.



TOPOLOGY
PROCEEDINGS

Volume 29, No. 1, 2005
Pages 361-376

PRODUCTS OF WEAK TOPOLOGIES

YOSHIO TANAKA

ABSTRACT. We consider conditions for weak topologies to
be productive. We give relations between products of weak
topologies and products of sequential spaces (k-spaces, quasi-
k-spaces, resp.), and we also consider products of these spaces.

1. INTRODUCTION

We assume that all spaces are regular, 71, and all maps are
continuous and onto.

Let X be a space. Then X is determined by a cover P [7], if X
has the weak topology with respect to P; that is, G C X is open
in X if GN P is open in P for each P € P. Here, it is possible to
replace “open” with “closed.”

Every space is determined by an open cover or a hereditarily
closure preserving (HCP) closed cover. Let us recall the following
elementary facts which will be used often in this paper. These facts
are routinely shown (see, e.g., [20] and [21]).

Fact 1.1. Let X be determined by a cover C. If C is a refinement
of a cover P (i.e., each C € C is contained in some P € P), then
X is determined by P.
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Fact 1.2. Let X be determined by a cover {P, : a}. If each P, is
determined by a cover Py, X is determined by a cover | J{Pq : a}.

A space X is a sequential space (k-space, quasi-k-space, resp.) if
X is determined by the cover of all compact metric subsets (com-
pact subsets, countably compact subsets, resp.). Here, sequential
spaces (quasi-k-spaces, resp.) are introduced by S. P. Franklin [5]
(Jun-iti Nagata [14], resp.). Sequential spaces are k-spaces, and
k-spaces are quasi-k-spaces, but the converses of these do not hold.
However, quasi-k-spaces in which every point is a Gg-set are se-
quential, and paracompact quasi-k-spaces are k-spaces [10]. As is
well-known, every sequential space, k-space, and quasi-k-space is
characterized as a quotient image of a metric space, locally com-
pact (paracompact) space, M-space, respectively; see, e.g., [10] and
[14]. Here, a space is an M-space iff it is a quasi-perfect inverse im-
age of a metric space.

For a topological property (P) on a space X, X is locally (P) if
each point of X has an nbd whose closure has the property (P).
The following basic result holds by means of Fact 1.1 and Fact 1.2.

Proposition 1.3. If X is determined by a cover of sequential
spaces (k-spaces, quasi-k-spaces, resp.) then X is a sequential space
(k-space, quasi-k-space, resp.). In particular, every locally sequen-
tial space (locally k-space, locally quasi-k-space, resp.) is a sequen-
tial space (k-space, quasi-k-space, resp.).

Now, as is well-known, weak topologies are preserved by closed
or open subsets and quotient maps. Namely, the following holds.

For space X determined by a cover P, every open or closed subset
S of X is determined by {P NS : P € P}, and every image of X
under a quotient map f is determined by f(P) = {f(P): P € P}.

However, weak topologies need not be preserved by products in
view of [3, Example 5, p. 132] due to C. H. Dowker [2], or by
Example 1.5 below. So, let us consider the following classic ques-
tion, and then we will give some relations between products of weak
topologies and products of sequential spaces, k-spaces, or quasi-k-
spaces. Also, as their applications, we will consider products of
these spaces.
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Question 1.4. For each i = 1, 2, let X; be a space determined
by a cover P;. What is a (necessary and sufficient) condition for
X1 x Xo to be determined by Py x Py = {P; x P»: P; € P;}?

Example 1.5. (1) There exist paracompact o-spaces X; (i = 1,2)
determined by an HCP cover P; of compact metric subsets, and (a)
or (b) below holds, but X7 x Xs is not determined by P; x Pa.
(a) |P1] = w and |Py| = 2¥;
(b) X1 = XQ, and ‘PZ’ = wi-

(2) There exist both a countable space X; determined by a count-
able HCP cover P; of compact metric subsets and a countable met-
ric space Xo determined by a cover Py of compact metric subsets
(or a cover Py = {X3}), but X; x X5 is not determined by P; x Pa.

(3) In (1) and (2), it is possible to replace “HCP” with “point-
finite” for both P; and Pa, but use Py = { X2} in (2).

No X x Xa in (1), (2), or (3) is a quasi-k-space or is determined
by P1 x Ps for any cover P; of X7 and any cover Ps of X5 by locally
compact subsets (or vice versa).

Proof: We show that the latter part holds. For (1), (2), and (3),
X1 x X5 is not sequential by [6, Theorem 1]; by [5, Example 1.11];
and by [19, Fact C(2) and Lemma 1(2)], respectively. Since each
point of X7 x X is a Gs-set, X1 X X is not even a quasi-k-space, by
[10, Theorem 7.3]. Next, suppose that if X; x X is determined by
Py X Pa, then it is also determined by P = {X; X P2 : Py € Pa} from
Fact 1.1. But, as is well-known, every product of a k-space with a
locally compact space is a k-space. Thus, the elements of P are k-
spaces, so X1 X Xs is a k-space by Proposition 1.3, a contradiction.
Therefore, X1 x Xs is not determined by P; x Ps. O

2. RESULTS

Lemma 2.1. Let X be determined by a cover P. Then X XY is
determined by {P x Y : P € P} if either (a) or (b) holds.

(a) Y is locally compact.

(b) X is sequential, and Y is locally countably compact.

Proof: For G C X xY,let GN (P xY) be open in P x Y
for every P € P. To show G is open in X x Y, let (a,b) € G,
and let a € Pp € P. Put H = {y € Y : (a,y) € G}. Then
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H={yeY :(a,y) € GN(PyxY)}; thus, Hisannbdof bin Y. For
(a) ((b), resp.), there exists an nbd V of b such that V is compact
(countably compact, resp.) with V C H. Let W = {x : xxV C G}.
Then a € W. For (a), W N P is obviously open in P for every
P € P; hence, W is open in X. For (b), to see W is also open in
X, suppose not. Then, since X is sequential, there exists a sequence
L ={p, : n € N} converging to some point p € W with LNW = 0.
Since X is determined by P, but L is not closed in X, then P* € P
frequently contains the point p and L. So, we can assume that
L C P* without loss of generality. Then, there exists a sequence
S = {(pn,qn) : n € N} in X x Y such that (pn,q.) € pn x V,
but S NG = (). Since V is countably compact, some subsequence
T of S has an accumulation point (p,q) € (p x V), so (p,q) € G.
But GN(P* xY)is open in P* x Y and contains the point (p, q).
Since P* x Y contains the sequence T', the sequence T is contained
eventually in G, a contradiction. Hence, W x V is an nbd of (a, b)
in X x Y such that W x V C G. Thus, G is open in X x Y. Then
the result for (a) or (b) holds. O

Corollary 2.2. For each i = 1, 2, let X; be a space determined by
a cover P;. Then X1 x Xo is determined by Py X Po if the following
(a), (b), or (c) holds. The result for (b) is due to [11].
(a) P1 is an open cover or a locally finite closed cover, as is Pa.
(b) Py is a locally finite closed cover of locally compact subsets.
(c) X1 is sequential, and Pa is a locally finite closed cover of
locally countably compact subsets.

Proof: We show that the result for (b) holds since the result for
(a) or (c) is similarly shown. Obviously, X1 x X3 is determined by a
locally finite closed cover { X1 x Py : P» € P2}. But, by Lemma 2.1,
each element X; x P» is determined by a cover {P; X Py : P, € Py }.
Thus, the result holds by Fact 1.2. Il

Lemma 2.3. For each i = 1, 2, let X; be a space determined by a
cover P;. Then X1 X Xo is determined by P1 x P if the following
(a) or (b) holds.

(a) The elements of P1 are k-spaces, and X1 x Xo is determined
by {X1 x L: L € L}, where L is a cover of X by locally compact
subsets.
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(b) Xy is sequential, and X1 x X5 is determined by {X1 X L : L €
L}, where L is a cover of Xy by locally countably compact subsets.

Proof: For (a), let Py = {P, : a}, where each P, is a k-space.
Then each P, is determined by a cover P, of compact subsets.
Then, by Fact 1.2, X is determined by a cover P = [J{P, : a} of
compact subsets, and P is a refinement of P;. Let £ = {L, : a}.
Then X; x X is determined by {X; X L, : a}, and each element
X1 X L, is determined by a cover P x {L,} from Lemma 2.1, for
L, is locally compact. Thus, by Fact 1.2, X; x X5 is determined
by a cover P x L which is a refinement of C = {P x Xy : P € P}.
Then, by Fact 1.1, X; x X5 is determined by C. But, by Lemma
2.1, each P x X5 € C is determined by a cover P x P, for P is
compact. Thus, by Fact 1.2, X; x X5 is determined by P x Ps.
Then, by Fact 1.1, X; x X5 is determined by P; x Pa. For (b), X;
is sequential, then X7 is determined by a cover F of compact metric
subsets. But each F' € F is closed in X, so F' is determined by a
cover {FFN P : P € Py} of metric subsets. Then, by Fact 1.2, X;
is determined by a cover M = {FNP:F € F,P € P} of metric
subsets. But each M € M is metric, so M is determined by a cover
of compact subsets. Thus, by Fact 1.2, X; is determined by a cover
P* of compact subsets, and P* is a refinement of P;. Then the
result for (b) is similarly shown in (a) by means of Lemma 2.1(2),
but use P* instead of the cover P in (a). O

Theorem 2.4. For each i = 1, 2, let X; be a space determined by
a cover P;. Then X1 x Xo is determined by Py X Ps if the following
(a) or (b) holds.
(a) X1 x Xy is a k-space, and the elements of Py are k-spaces.
(b) X1 is sequential, and X1 x Xy is a quasi-k-space.

Proof: For (b), since X; x Xy is a quasi-k-space, X7 x Xy is
determined by a cover C of countably compact subsets. Since C is
a refinement of P = {X; x C : C is countably compact in X}, by
Fact 1.1, X; x X3 is determined by P. Then the result holds by
Lemma 2.3. Similarly, (a) holds. O

Reviewing E. A. Michael [10], let us recall some matters around
k-spaces, and certain quotient spaces. A space X is a space of
pointwise countable type (a g-space, resp.) if each z € X has a
sequence {V,, : n € N} of nbd’s such that C = ([{V,, : n € N} is
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a compact set (countably compact closed set, resp.), and each nbd
of C' contains some V,,. First-countable spaces, locally compact
spaces, or paracompact M-spaces are of pointwise countable type.
Locally countably compact spaces, M-spaces, or spaces of pointwise
countable type are g-spaces.

The implications in (A) and (B) below hold, and for each i =
1,2,3,4,5, (4) in (A) implies (7) in (B). For these implications and
definitions of related spaces, and for five kinds of quotient spaces
below and their related maps, see, e.g., [10].

(A) (1) spaces of pointwise countable type — (2) bi-k-spaces —
(3) countably bi-k-spaces — (4) singly bi-k-spaces — (5) k-spaces.

(B) (1) g-spaces — (2) bi-quasi-k-spaces — (3) countably bi-quasi-
k-spaces — (4) singly bi-quasi-k-spaces — (5) quasi-k-spaces.

The spaces in (1), (2), (3), (4), and (5) in (A) ((B), resp.)
are characterized, respectively, as open, bi-quotient, countably bi-
quotient, hereditarily quotient, and quotient spaces of paracompact
M-spaces ( M-spaces, resp.). Here, amap f: X — Y is bi-quotient
(countably bi-quotient, resp.) if, whenever y € Y and U is a cover
(countable cover, resp.) of f~!(y) by open subsets of X, then fi-
nitely many f(U), with U € U, covers an nbd of y in Y, and f
is hereditarily quotient (or pseudo-open) if f|f~1(S) is quotient for
every S C Y. (Equivalently, for any nbd U of f~!(y) in X, f(U)
contains an nbd of y in Y.)

Corollary 2.5. For each i = 1, 2, let X; be a space determined by
a cover P;. Then X1 x Xy is determined by Py x Pa if either (a)
or (b) holds.

(a) X1 x Xo is a k-space, and each element of Py is a closed set
or a union of Gs-sets in X;.

(b) X1 x Xo is sequential.

Proof: The result for (b) holds by Theorem 2.4. For (a), X1 x X»
is determined by a cover C = {C} x X5 : C is compact in X;}. Let
(C1 x X3) € C. Then the closed subset C of X; is determined by
acover P={CiNP :P € P} Let CyN P €P. When P, is
a closed set in X7, Cq N P is a k-space. When P; is a union of
Gs-sets in X1, C7N P is a union of G-sets in C1; thus, C1 N Py is
a space of pointwise countable type by [10, Remark, p. 103], and
therefore, it is also a k-space. Thus, the set Cq1 N P; is a k-space.
However, each element C; x X5 of C is a k-space, for it is closed
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in the k-space X; X Xo. Thus, by Theorem 2.4, each C; x X3 is
determined by a cover {(Cy N Py) x P» : P; € P;}. Hence, by Fact
1.1 and Fact 1.2, X x X5 is determined by P; x Ps. O

The author asks the following question in view of Theorem 2.4
and Corollary 2.5.

Question 2.6. For each i = 1, 2, let X; be a space determined by
a cover P;. If X7 x X5 is a k-space, then is X1 x Xo determined by
7)1 X PQ ?

We consider equivalent relations between products of weak topol-
ogies and products of sequential spaces, k-spaces, or quasi-k-spaces.

Let X be a space determined by a cover P. Then P is a weak
k-system [24] if the elements of P = {P : P € P} are compact.
When the cover P is closed, P is called a k-system [1]. Similarly,
let us say that P is a weak lk-system by replacing “compact” with
“locally compact,” and that P is an lk-system when the cover P
is closed. A space with a countable k-system is called a k-space
[9] (or space of class 8" [13]). A space with a countable lk-system
is called an lk,-space [19] (or space of class T' [17]). Obviously,
a space is a k-space iff it has a weak [k-system (or k-system) by
Proposition 1.3. Point-countable k-systems are considered in [18]
or [24].

Remark 2.7. (1) A space has a countable k-system iff it is a quo-
tient image of a locally compact Lindel6f space, by [13, Theorem 5].
Similarly, a space has a point-countable k-system iff it is a quotient,
s-image (i.e., each point-inverse is separable) of a locally compact
paracompact space. Analogously, a space X has a point-countable
weak k-system P iff X is an image of a locally compact paracompact
space L under a map f such that for some S C L, f|S is a quotient
s-map onto X. Here, it is possible to replace “paracompact” with
“meta-Lindelof” (i.e., every open cover has a point-countable open
refinement). (In fact, for the “only if” part, let L be the topolog-
ical sum of P and S be the union of elements of P in L, and let
f be the obvious map from L. For the “if” part, L is determined
by a point-countable open cover G such that the elements of G are
compact. Since S is determined by a point-countable open cover
YV ={SNG: G € G}, X has a point-countable weak k-system

f).)
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(2) Every countably bi-quasi-k-space (bi-quasi-k-space, resp.)
X with a point-countable lk-system (weak [k-system, resp.) is lo-
cally compact by [23, Theorem 3.16(2)] (in view of the proof of [24,
Theorem 3.8(1)], resp.). For the parenthetic part, by [24, Lemma
2.3], we can add the prefix “countably” before bi-quasi-k-space if
X is sequential, or generally, t(X) < w (i.e., for any x € A, there is

a countable C' C A with z € C).

Proposition 2.8. For each i = 1, 2, let X; have a cover P;. Then
X1 x Xy is a k-space determined by a cover P1 x Py if each of
(a1) ~ (ay) below holds. When X is sequential, or the elements of
Py are k-spaces (such as (a3)), X1 x Xo is determined by a cover
731 X 732.

(a1) P; are countable weak lk-systems.

(a2) X; are locally separable singly bi-quasi-k-spaces, and P; are
point-countable weak lk-systems.

(a3) X; are singly bi-quasi-k-spaces, and P; are point-countable
lk-systems.

(ay) P1 is a countable weak lk-system, and Xo has the same
properties as in (as).

Proof: The result for (a1), (as), or (a4) holds in view of the proof
of [20, Theorem 6]; here, for the space X; having a countable weak
lk-system P;, X; has the countable lk-system P; which is assumed
to be increasing. For (ag), each point of X; has an nbd V' whose
closure is separable, while V has a point-countable weak [k-system
V ={VNP: P e P} ButV is a separable singly bi-quasi-k-space.
Thus, by [23, Lemma 2.8], V has a countable lk-system W for some
countable W C V. This implies that each point in X; x X2 has an
nbd whose closure is a k-space in view of (a1). Hence, X; x Xy is
a k-space by Proposition 1.3. Thus, the result holds by Theorem
2.4. O

Similar modifications of Proposition 2.8 would be obtained from
changing the combinations: for example, the same result for (ay)
holds if we replace “(a3)” with “(a2)” in (a4).

Now, every product of k-spaces (or quasi-k-spaces) need not be
a quasi-k-space, by either Example 1.5 or Example 2.9.

Example 2.9. (1) There exist countably compact spaces X and
Y, but X x Y is not a quasi-k-space [10, Example 10.7].
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(2) (2«0 < 2¢1). There exist Fréchet countably bi-k-spaces X
and Y, but X x Y is not a quasi-k-space [15, Example 6.6].

The following holds in view of the proof for (a) and (b) in [20,
Theorem 6], using Fact 1.1.

Lemma 2.10. Let X be a bi-k-space (sequential countably bi-quasi-
k-space, resp.), and let Y be a countably bi-quasi-k-space (bi-quasi-
k-space, resp.). Then X XY is determined by a cover {C xY : C
is compact in X }.

Proposition 2.11. (1) X x Y is a k-space if the following (b1 ),
(b2), or (bs) holds.

(b1) X is a k-space and Y is locally compact.

(b2) X is a bi-k-space, and Y is a k-space which is countably
bi-quasi-k.

(bs) X is a sequential countably bi-quasi-k-space, and Y is a k-
space which is bi-quasi-k.

(2) X xY is a quasi-k-space if each of the following (c1) ~

(cq) holds.

(c1) X is a quasi-k-space, and 'Y is locally compact.

(c2) X is a sequential space, and Y is locally countably compact.

(c3) X is a bi-k-space, and 'Y is a countably bi-quasi-k.

(cs) X is a sequential countably bi-quasi-k-space, and Y is a bi-
quasi-k-space.

Proof: The result for (b1) is well-known, and the one for (cg)
is shown in [16]. But the result for (b1), (c1), or (c2) holds by
Proposition 1.3 and Corollary 2.2. For example, for (¢1), X x Y is
determined by a cover of locally countably compact subsets, taking
P, as the cover of all countably compact subsets, and P2 = {Y'} in
Corollary 2.2(b). Hence, X x Y is a quasi-k-space by Proposition
1.3. The result for (b2) or (bs3) is shown in [20]. But the result for
(b2), (b3), (c3), or (c4) holds by use of Lemma 2.10. For example,
for (c3), X x Y is determined by a cover {C' x Y : C' is compact in
X}, but the elements are quasi-k-spaces by (¢1). Thus, X x Y is a
quasi-k-space by Proposition 1.3. O

By Proposition 2.11 and Theorem 2.4, we have the following
partial answer to Question 3.18 in [24] of whether X2 has a point-
countable weak k-system if X is a locally compact space X with a
point-countable weak k-system.
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Corollary 2.12. Let X be a space with a weak k-system (weak lk-
system, resp.) P. Then X? has a weak k-system (weak lk-system,
resp.) P? if X is a sequential bi-quasi-k-space, or X is a bi-k-space
with the elements of P k-spaces.

The following holds in view of the proof of Example 1.5, but use
Proposition 2.11(2) for the parenthetic part.

Lemma 2.13. Let X, be a k-space (quasi-k-space, resp.) deter-
mined by a cover P1, and let Xo be a space determined by a cover
Pa by locally compact subsets. If X1 x Xo is determined by P1 x Pa,
then X1 x Xy is a k-space (quasi-k-space, resp.). For the paren-
thetic part, when X1 is sequential, it is possible to replace “locally
compact subsets” with “locally countably compact subsets.”

Theorem 2.14. For each i = 1, 2, let X; be a space determined
by a cover P;.

(1) Let X; be k-spaces. Suppose that each of (d1) ~ (ds) be-
low holds, for example. Then X1 X X is a k-space iff X XY is
determined by P x Pa.

(dv) The elements of Py are locally compact.

(d2) The elements of Py are bi-k-spaces, and the elements of Ps
are countably bi-quasi-k-spaces.

(d3) The elements of P; are (locally) lk,,-spaces.

(dy) The elements of P; are singly bi-quasi-k-spaces with a point-
countable lk-system.

(2) Let X1 be a sequential space. Suppose that (e1), (e2), or
(e3) below holds. Then X1 x Xo is a quasi-k-space iff X1 x Xa is
determined by P1 x Pa.

(e1) The elements of Pa are locally countably compact.

(e2) Same as (d2).

(es) The elements of P1 are countably bi-quasi-k-spaces, and the
elements of P are bi-quasi-k-spaces.

Proof: The “only if” parts of (1) and (2) hold by Theorem 2.4,
because the elements of P; (or Ps) are k-spaces for (1), and X, is
sequential for (2). Their “if” parts hold, using propositions 2.8 and
2.11. Indeed, let X7 x X5 be determined by P; x Po, and let us
consider (dy), (d2), and (es), for example. For (d;), the result holds
by Lemma 2.13. For (d3), by Lemma 2.10, each element P; x Py
of P; x Py is determined by a cover {C' x P, : C' is compact in
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P1}. Thus, by Fact 1.1 and Fact 1.2, X; x X, is determined by a
cover {C x Xg : C is compact in X} of k-spaces. Then X; x Xo
is a k-space by Proposition 1.3. For (e3), the elements of P; are
quasi-k-spaces; hence, they are determined by a cover of countably
compact subsets. Since X is sequential, these countably compact
subsets are closed in X7, hence sequential. Thus, the elements of P;
are sequential by Proposition 1.3. Then X; x X5 is a quasi-k-space
by Proposition 2.11(2). O

Theorem 2.15. For each i = 1, 2, let X; be a space determined
by a cover P;. Let Xy be a sequential space, and Xo be a k-space
(sequential space, resp.). Then (a) < (b) below, and (b) = (c)
hold. When each of (e;) in Theorem 2.14 holds, (a), (b), and (c)
are equivalent.

(a) X1 x Xy is a k-space (sequential space, resp.).

(b) X1 x X9 is a quasi-k-space.

(c) X1 x Xo is determined by Py x Pa.

Proof: (a) = (b) is clear. (b) = (c) holds by Theorem 2.4. Also,
(b) = (a) holds, by taking P as a cover of compact metric subsets,
and Py as a cover of compact (compact metric, resp.) subsets in
(c). For the latter part, (c) = (b) holds by Theorem 2.14(2). O

To consider other sufficient conditions on X for a quasi-k-space
X XY to be a k-space, we introduce the following condition (C):

(C) For each countably compact subset K of X, there exists a
locally paracompact subsets S of X such that S D K.

Every locally compact (generally, locally paracompact) space sat-
isfies (C). Let us consider other spaces satisfying (C).

Let X be a space, and let P be a closed cover of X. Then,
X is dominated by P [8], or P dominates X (= X has the weak
topology with respect to P in the sense of Morita [11]), if the union
of elements of any subcollection Q of P is closed in X, and the union
is determined by Q. Every space is dominated by an HCP closed
cover. Obviously, if X is dominated by P, then X is determined
by P, but the converse doesn’t hold. As is well known, every CW-
complex is dominated by a cover of compact metric subsets, and
every space dominated by paracompact subsets is paracompact [§],
[12].
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Lemma 2.16. Let f : X — Y be a closed map such that (a) or
(b) below holds. Then each countably compact subset K of Y is
contained in a finite union of elements of f(P).

(a) X is determined by a point-countable cover P.

(b) X is dominated by a closed cover P.

Proof: Suppose that the result doesn’t hold for some countably
compact subset K of Y. For (a), let {P € P:z € P} = {P,(x) :
n € N} for each z € X. Then, there exists D = {z,, : n € N} such
that x,, ¢ Pj(z;) for i,j < n, and f(D) C K with f(D) infinite.
Then D N P is finite for each P € P, so D is closed discrete in
X. Then f(D) is discrete closed in the countably compact set
K, a contradiction. For (b), the result is shown by the same way,
replacing “ x,, ¢ Pj(z;) fori,j <n” with “z, € P,—|J{P; : i < n}
for some {P, :ne€ N} CP.” O

Proposition 2.17. A space X satisfies the condition (C) if each
of the following (f1) ~ (f1) holds.

(f1) X is determined by a point-countable cover P such that the
elements of P are locally paracompact subsets; in particular, X has
a point-countable weak lk-system.

(f2) X is dominated by a closed cover of locally paracompact
subsets.

(f3) X is a closed image of a space having the same property
in (f1) or (f2), but the locally paracompact subsets are moreover
meta-Lindeldf.

(fa) X is a quotient s-image of a locally Lindeldf (or locally
separable) meta-Lindeldf space.

Proof: The result for (fi) or (f2) holds by Lemma 2.16. For
(f3), let f: S — X be a closed map. Let S be determined by
a point-countable cover P such that the elements of P are locally
paracompact meta-Lindelof. Let K be a countably compact subset
of X. Then, by Lemma 2.16, K is contained in some F' = J{f(P;) :
i =1,2,--- ,k}, where P; € P. Let T be the topological sum of
these finitely many closed sets P; in S. Then F is a closed image of
the locally paracompact meta-Lindel6f space T, and F' contains K.
Then we can assume that S is locally paracompact meta-Lindelof.
Thus, S is determined by a point-countable open cover G such that
every element of G is paracompact. Hence, by Lemma 2.16, K
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is contained in some f(H), where H is paracompact, so f(H) is
paracompact, as is well known. Thus, X satisfies condition (C).
Similarly, the result for (f2) in (f3) also holds.

For (f4),let g : L — X be a quotient s-map, and let L be locally
Lindelof meta-Lindelof. Then L is determined by a point-countable
open cover V such that the elements of V are Lindeldf. Since ¢ is a
quotient s-map, X is determined by a point-countable cover g(V).
Thus, by Lemma 2.16, each countably compact subset K of X is
contained in a finite union of elements g(V) of g(V). Since the
g(V) are Lindeldf, K is contained in a Lindelof space. Thus, X
satisfies condition (C). The parenthetic part also holds, because
every separable meta-Lindelof space is Lindelof. O

Theorem 2.18. For each i = 1, 2, let X; be a space determined
by a cover P;, and let Xo be a k-space. For relations among the
following (a) ~ (d), (1), (2), and (3) below hold. Obviously, (a) =
(b), and (d) = (c) hold.

(a) X1 x Xy is a k-space.

(b) X1 x X9 is a quasi-k-space.

(c) X1 x X3 is determined by a cover Py X Ps.

(d) X1 x Xy is determined by a cover P X Ps.

(1) Suppose that Py is a point-countable cover (a closed cover
dominating X1, resp.). Then (a) = (c) ((a) = (d), resp.) holds.

(2) Suppose that X, satisfies the condition (C). Then (a) and
(b) are equivalent. When Py is a point-countable weak lk-system
(an lk-system dominating X1, resp.), then (a), (b), and (c) ((a),
(b), (¢), and (d), resp.) are equivalent.

(3) Suppose that X1 is sequential (the elements of P1 are k-
spaces, resp.). If Pi is a point-countable weak lk-system, or an
lk-system dominating X1, then (a), (b), (c), and (d) ((a), (c), and
(d), resp.) are equivalent.

Proof: For (1), to show (a) = (c) holds, let X; x X5 be a k-
space. Since Xj is a k-space, it is determined by a cover K of
compact subsets. Then, by Theorem 2.4, X; x X5 is determined by
ICxPy. But each compact subset of X7 is contained in a finite union
of elements of P; by Lemma 2.16. Hence, by Fact 1.1, X7 x X5
is determined by a cover {F x P, : F'is a finite union of elements
of P1, and P, € P2}. But each element F' x P, is determined by
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some finite subcover of {P x Py : P € fl}, because each P € Py is
closed in X;. Thus, by Fact 1.2, X x X» is determined by Py x Ps.
Similarly, the parenthetic part holds.

For (2), to show (b) = (a) holds, let X; x X2 be a quasi-k-space.
Since X1 x X» is determined by a cover of countably compact sub-
sets, it is determined by C = {C x X3 : C' is countably compact in
X1}. Let C x X9 € C. Then, by the condition (C), the countably
compact subset C of X7 is contained in a locally paracompact sub-
set S of Xi. Thus, C is covered by a collection V of open subsets
in S such that the elements of V are paracompact. Here, the “clo-
sure” is taken in S. Then C' x Xs is determined by an open cover
Ve ={(CnNV)xXy:V eV} Let (CNV)x Xy € Ve, and let
K = CNV. We show that Lo = K x X5 is a k-space. Since V O K,
K = cli7K. Since K is countably compact and V isnormal in S, K
is countably compact; thus, it is compact. Hence, by Proposition
2.11(1), L¢ is a k-space which contains (C' N V') x Xy. Therefore,
each element of V¢ is contained in a k-space Lo of X1 x Xo, and,
by Fact 1.1, X7 x X is determined by a cover | J{V¢ : C x X5 € C}.
Thus, by Fact 1.1, X; x X5 is determined by a cover of k-spaces.
Hence, X1 x X3 is a k-space by Proposition 1.3. Let P; be a weak
lk-system. Then (c) = (a) holds, since X; x Xy is determined by
a cover {P x Xy : P € P1} of k-spaces. Thus, (a), (b), and (c) are
equivalent.

For (3), (b) = (d) ((a) = (d), resp.) holds by Theorem 2.4. [

In the following corollary, (1) follows from Theorem 2.15, and
(2) follows from Theorem 2.18(2) with Proposition 2.17.

Corollary 2.19. (1) If X is a sequential space and 'Y is a k-space
(sequential space, resp.), then X XY is a k-space (sequential space,
resp.) iff X XY is a quasi-k-space [16].

(2) If each of (f1) ~ (fa) in Proposition 2.17 holds, and Y is
a k-space, then X XY is a k-space iff X XY 1is a quasi-k-space.

The author doesn’t know whether the condition on X in Corol-
lary 2.19 (or the condition (C) in Theorem 2.18(2)) is essential.

Question 2.20. For eachi =1, 2, let X; be a k-space. If X x X5 is
a quasi-k-space, then is X7 x X5 a k-space? In particular, when the
X;’s are countably compact (then X; x Xs is countably compact
[4, Theorem 3.10.13], since X is a k-space), is X7 x Xy a k-space?
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By theorems 2.15 and 2.18(1), and by Proposition 2.11(2), we
have

Proposition 2.21. (1) Suppose that X satisfies the condition (C).
Then X XY is a k-space if the following (a), (b), or (c) holds.

(a) X is a quasi-k-space, and Y is locally compact.

(b) X is locally countably compact, and Y is sequential.

(c) X is a bi-quasi-k-space, and Y is a sequential countably bi-
quasi-k-space.

(2) Suppose that X is a k-space in (b) (X is sequential in (b)

or (c), resp.). Then X XY is a k-space (sequential, resp.) [20].
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