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CHIRALITY AND THE CONWAY POLYNOMIAL
JAMES CONANT
Abstract. In recent work with Jacob Mostovoy and Ted
Stanford, the author found that for every natural number n,
a certain polynomial in the coefficients of the Conway polynomial is a primitive integer-valued degree n Vassiliev invariant,
but that modulo 2, it becomes degree n-1. The conjecture
then naturally suggests itself that these primitive invariants
are congruent to integer-valued degree n-1 invariants. In this
note, the consequences of this conjecture are explored. Under
an additional assumption, it is shown that this conjecture implies that the Conway polynomial of an amphicheiral knot has
the property that C(z)C(iz)C(z 2 ) is a perfect square inside
the ring of power series with integer coefficients, or, equivalently, the image of C(z)C(iz)C(z 2 ) is a perfect square inside the ring of polynomials with Z4 coefficients. In fact, it
is probably the case that the Conway polynomial of an amphicheiral knot always can be written as f (z)f (−z) for some
polynomial f (z) with integer coefficients, and this actually
implies the above “perfect squares” conditions. Indeed, by
work of Richard Hartley and Akio Kawauchi [Polynomials of
amphicheiral knots, Math. Ann. 243 (1979)], this is known
for all negative amphicheiral knots and for all strongly positive amphicheiral knots. In general, it remains unsolved, and
this paper can be seen as some evidence that it is indeed true
in general.
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1. Introduction
The Conway polynomial of knots, which is a renormalization
of the Alexander polynomial, is of interest partially because its
coefficients cn are Goussarov-Vassiliev invariants of degree n. The
invariants cn are not, however, additive under the connected sum
operation, which is inconvenient, because the analysis of weight
systems is considerably easier in the additive, or primitive, case.
Since C(z) is multiplicative under the connected sum operation,
one can apply a standard trick and take the formal logarithm of
C(z) regarded as a power series, but this turns integer coefficients
into rational ones, making the study of torsion harder. In [1], we
obviated this problem by introducing a discrete logarithm logZ : 1+
x · Z[[x]] → x · Z[[x]] which is a bijection sending multiplication to
addition. If we write
∞
X
logZ C(z) =
pc2n z 2n ,
n=1

then pc2n are primitive Goussarov-Vassiliev invariants of degree 2n,
and moreover, modulo 2, they are of degree 2n − 1, except in the
case n = 1.
This is one piece of evidence to support Conjecture 3.2 that the
invariants pc4n are congruent modulo 2 to degree 4n − 1 invariants
v4n−1 . (The conjecture is stated only for 4n, although it may be
that pc2n (n ≥ 2) are also congruent to some invariants v2n−1 .)
Conjecture 3.2 follows from the slightly stronger Conjecture 3.3
which asserts that the mystery invariants v4n−1 change sign when
a knot is sent to its mirror image. (For example, the odd degree
part of the Kontsevich integral has this property.) This stronger
conjecture has the following surprising consequence.
Conjecture 1.1. Suppose K is an amphicheiral knot. Then there
is a polynomial F ∈ Z4 [z 2 ] such that
F 2 = C(z)C(z 2 )C(iz) ∈ Z4 [z 2 ].
This conjecture holds for a wide class of amphicheiral knots including all amphicheiral knots in the knot tables with 14 and fewer
crossings. (There are several hundred such knots.) In fact, more
seems to be true. Let us temporarily adopt the terminology that the
Conway polynomial is splittable if it can be factored as f (z)f (−z)
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for some polynomial f (z) with integer coefficients. Then Proposition 5.1 indicates that if the Conway polynomial of an amphicheiral
knot is always splittable, then Conjecture 1.1 is true. Richard Hartley [3] has shown that every negative amphicheiral knot has a splittable Conway polynomial. (A knot is negative amphicheiral if it
is isotopic to its string-orientation reversed mirror image.) This
built on earlier work of Hartley and Akio Kawauchi [4] which established this for strongly amphicheiral knots. (A knot is strongly
amphicheiral if it is fixed set-wise by an orientation-reversing involution of S 3 .) The general case, the splittability of the Conway
polynomial of an arbitrary amphicheiral knot, remains unsolved.
Besides the results of this paper, there is another bit of evidence
that it is true. Namely, a result of Lebrecht Goeritz [2] implies
that the determinant of an amphicheiral knot is the sum of two
squares. As pointed out by Hartley and Kawauchi, this is implied
by the fact that C(z) = f (z)f (−z). Since the determinant can be
calculated by setting z = 2i, the result is a complex number times
its conjugate: a sum of two squares.
It is not hard to show, using Mostow rigidity, that any hyperbolic amphicheiral knot which has Z4k as a symmetry group cannot
be negative amphicheiral nor can it be strongly amphicheiral, so
that this is a source of possible counterexamples to the splittability
conjecture. However, all such knots the author has tested have satisfied C(z) = f (z)f (−z). In fact, these examples are in some sense
atomic. Hartley proves that all negative amphicheiral knots have
splittable Conway polynomial by considering the JSJ decomposition of the knot complement. The argument proceeds inductively,
with the base of the induction being the case of knots with complements which are either Seifert fibered or hyperbolic. There are no
amphicheiral Seifert fibered knots, so we are left with hyperbolic
knots. It is well known that the symmetry group of a hyperbolic
knot is either cyclic or dihedral. Using Mostow rigidity, the amphicheiral symmetry must be realizable by a hyperbolic symmetry.
Then in all cases but Z4k , it is easy to produce an orientation reversing involution, implying the knot is strongly amphicheiral. Then
one appeals to the main result of [4]. The cases of Z4k do not arise
in Hartley’s work since such knots are not negative amphicheiral.
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2. A formal logarithm
We begin by defining a formal exponential
expZ : x · Z[[x]] → 1 + x · Z[[x]],
where expZ (F + G) = expZ (F ) · expZ (G). Namely, let
Ã∞
!
∞
X
Y
i
expZ
ai x =
(1 + (−x)i )ai .
i=1

i=1

Evidently, expZ takes addition to multiplication.
It is also rather easy to see that expZ is a bijection. This follows
readily from the fact that
Ã∞
!
∞
X
X
i
expZ
ai x = 1 +
(ai + pi (a1 , . . . , ai−1 ))xi ,
i=1

i=1

where pi is a polynomial with integer coefficients.
Now define
logZ : 1 + x · Z[[x]] → x · Z[[x]]
as the inverse to expZ . By construction, it takes multiplication to
addition.
P∞
2i is equivalent to saying
Example 2.1. logZ (1 + x) =
i=1 −x
Q∞
i
that 1 + x = i=0 (1 + (−x)2 )−1 , which can be proven using an
elementary telescoping argument.
¡
¢ P∞
P
i =
i
If we write logZ 1 + ∞
i=0 bi x , then formulae for
i=1 ai x
the first few bi are
b1 = −a1
1
b2 = a2 − (a1 + a21 )
2
1
b3 = −a3 + a1 a2 + (a1 − a31 )
3
1
1
b4 = a4 − a1 a3 + (a2 − a22 ) + a21 a2 − (2a1 + a21 + a41 ).
2
4
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3. Primitive Goussarov-Vassiliev invariants
The algebra of rational-valued Goussarov-Vassiliev invariants is
actually a Hopf algebra, and so by the structure theory of Hopf
algebras, it is a polynomial algebra generated by primitive elements.
The condition of primitivity amounts to saying that a knot invariant
is additive under connected sum. Thus, primitive knot invariants
play a special role in the theory, although it’s not clear whether they
polynomially generate all Goussarov-Vassiliev invariants in the case
where the invariant’s target group is more general.
The coefficients of the Conway polynomial c2i are GoussarovVassiliev invariants of degree 2i, but they are not primitive. By
applying logZ to C(z 2 ) (regarding z 2 as the variable), we get an
additive invariant of knots taking values in Z[[z 2 ]], and it is easy
to show that the coefficients, denoted pc2i , are primitive Vassiliev
invariants of degree 2i.
The following theorem is proven in [1].
Theorem 3.1. pc2i is a degree 2i Goussarov-Vassiliev invariant
over Z and is of degree 2i − 1 over Z2 .
In [1], we deduce the consequence that the only primitive Goussarov-Vassiliev invariants of S-equivalence come from the invariants pc2i . (Two knots are S-equivalent if they have isomorphic
Alexander modules and Blanchfield forms, alternatively, if there
exist Seifert surfaces with isomorphic Seifert pairings.)
Theorem 3.1 opens the door for us, because it suggests that there
may be an integer-valued degree 2i−1 invariant v2i−1 which is a lift
of pc2i modulo 2. There isn’t enough evidence to conjecture that
all of these pc2i lift; however, there is some evidence to support the
following.
Conjecture 3.2. There exist integer-valued Goussarov-Vassiliev
invariants, v4i−1 , of degree 4i − 1, such that
pc4i ≡ v4i−1

mod 2.

Something that often happens is that odd-degree invariants are
odd. That is, they change sign under mirror image, and therefore vanish on amphicheiral knots. (Conceivably, string orientation
might be a factor, but no known Goussarov-Vassiliev invariant can
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detect string orientation. Moreover, the fact that the amphicheirality criterion we ultimately derive works for +/− amphicheiral knots
suggests that the invariants v4i−1 , if they exist, are probably insensitive to string orientation.)
Therefore, if v2i−1 were indeed an odd invariant, then pc2i would
have to be even on any amphicheiral knot. Computer experiment
quickly disposes of this possibility for odd i. However, computer
evidence does support the following conjecture.
Conjecture 3.3. The invariants v4i−1 of Conjecture 3.2 can be
chosen to be odd.
This conjecture is a fact proven by Ted Stanford [5] when i = 1,
where it is shown that a degree 3 odd invariant, v3 , is congruent,
1 00
modulo 2, to 21 (c2 + c22 ) + c4 . Indeed, we may take v3 = − 12
J (1) −
1 000
36 J (1), where J(t) is the Jones polynomial.
Corollary 3.4. If Conjecture 3.3 holds, then pc4i ≡ 0 mod 2 on
amphicheiral knots.
This gives us a sequence of amphicheirality criteria. We list
the first three in terms of the standard coefficients of the Conway
polynomial. The following congruences are all modulo 2.
1
c4 + (c22 + c2 ) ≡ 0
(Stanford 0 s Criterion)
2
1
1
c8 + c2 (c6 + c4 ) + (c24 − c4 ) + (c42 + c22 + 2c2 ) ≡ 0
2
4
1
1
c12 + c2 (c10 + c4 + c6 + c8 ) + c4 c8 + (c26 + c6 ) + (c2 c4 − 3(c2 c4 )2 ) ≡ 0.
2
2

4. A conjecture without a formal log
Conjecture 3.1 is certainly intriguing and the amphicheirality
criterion of Corollary 3.4 can be tested easily with the aid of a
computer mathematics package. However, it turns out that the
criterion can be reformulated without reference to logZ . This is
shown in the following theorem.
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Theorem 4.1. Let
f (x) =

∞
Y
(1 + (−x)i )ai .
i=1

f (x)f (−x)f (x2 )

Then
a2i ≡ 0 mod 2.

∈ (1 + x · Z[[x]])2 if and only if for all i,

Q
i ai satisfies a
Proof: Suppose f (x) = ∞
2i ≡ 0 for all
i=1 (1 + x )
i. Then we wish to show that f (x)f (−x)f (x2 ) is a square
Q inside
1 + x · Z[[x]]. Then f (x) is equivalent modulo squares to ∞
i=1 (1 −
2i−1
a
2i−1
x
)
. Now
∞
Y
f (x)f (−x)f (x ) ≡
(1−x2i−1 )a2i−1 (1+x2i−1 )a2i−1 (1+x4i−2 )a2i−1 ,
2

i=1

which is a product of squares.
For the converse, note that the previous argument shows that
∞
Y
f (x)f (−x)f (x ) ≡
(1 + x2i )a2i (1 + x2i )a2i (1 + x4i )a2i
2

i=1
∞
Y
≡
(1 + x4i )a2i .
i=1

Suppose, toward a contradiction, that not all of the a2i are even.
Let i0 be the minimal index such that a2i0 is odd. Then modulo
squares,
2

f (x)f (−x)f (x ) ≡

∞
Y

(1 + x4i )a2i

i=i0

= 1 + a2i0 x4i0 + · · · .
Since the coefficient of the smallest power of x must be even in a
perfect square, we deduce that a2i0 is even, a contradiction.
¤
The next two propositions allow us to deduce Conjecture 1.1
from Conjecture 3.3 and Theorem 4.1.
Proposition 4.2. Suppose F, G ∈ 1 + x · Z[[x]], and the coefficients
√
of F are congruent√to the coefficients of G modulo 4. If F ∈
1 + x · Z[[x]], then G ∈ 1 + x · Z[[x]].
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Proof: Assume thatpG = F ± 4xi . This will imply the general
case. We claim
p G/F
√ that
√ ∈ 1 + x · Z[[x]], iin which case we’re
done, since G = G/F F . Letting γ = ±x /F , we have that
p
p
G/F = 1 + 4γ.
√
It is now an exercise in Taylor series to show that 1 + 4γ has
integer coefficients.
¤
Proposition 4.3. Let F be a formal power series in Z4 [[x]]. Suppose F 2 ∈ Z4 [x]. That is, the square is a polynomial. Then either
F ∈ Z4 [x] or F = F1 + 2F2 where F1 is a polynomial.
Proof: Suppose otherwise. Then F has coeffcients of ±1
P of arbitrarily high degree. Consider F̄ ∈ Z2 [[x]]]. Then F̄ = i∈I z i ,
P
where |I| is infinite. Now F̄ 2 = i∈I z 2i which is not a polynomial,
indicating that F 2 is also not a polynomial.
¤
Proposition 4.4. Conjecture 1.1 is equivalent to the criterion of
Corollary 3.4.
Proof: Suppose pc2i ≡ pc4i for all i. According to Theorem 4.1,
this is equivalent to C(z)C(iz)C(z 2 ) being the square of a formal power series with integer coefficients. By Proposition 4.2,
this is equivalent to the corresponding statement with Z4 coefficients. Now, if C(z)C(z 2 )C(iz) = F 2 inside Z4 [[z]], then we know
F = F1 + 2F2 by Proposition 4.3, where F1 is a polynomial. But
then C(z)C(z 2 )C(iz) = F12 .
¤
5. The work of Hartley and Kawauchi
Recall that a knot is said to be strongly positive amphicheiral
if there is an orientation reversing involution of S 3 which fixes the
knot set-wise and whose restriction to the knot preserves string
orientation.
Hartley [3] shows that if a knot is negative
then its
√ amphicheiral,
√
Alexander polynomial
can
be
written
f
(
t)f
(−
t)
for
some
inte√
√
√
gral polynomial f ( t) satisfying f (− t) = f (1/ t) and |f (1)| = 1.
This can be rephrased as the fact that the Conway polynomial factors as C(z) = φ(z)φ(−z), where φ is an integer polynomial.
Similarly, Hartley and Kawauchi [4] show that if a knot is strongly
positive amphicheiral, then its Alexander polynomial can be written f (t)2 for some integral polynomial f (t) satisfying f (t) = f (t−1 )
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and |f (1)| = 1. This can be rephrased as the fact that the Conway
polynomial factors as C(z) = ψ(z 2 )2 for an integer polynomial ψ.
In particular, the Conway polynomial is of the above form where
φ(z) = ψ(z 2 ).
Proposition 5.1. If C(z) = φ(z)φ(−z) for an integer polynomial
φ, then C(z)C(iz)C(z 2 ) is the square of an integer power series.
Hence, Conjecture 1.1 holds for all strongly amphicheiral knots.
Proof: Write C(z) = φ(z)φ(−z). Either φ(0)
Q∞ = 1 or φ(0)i a=i −1.
If the latter, replace φ by −φ. Then
φ(z) = i=1 (1 + (−z) ) . So,
Q
modulo squares, φ(z)φ(−z) = ∞
(1
− z 2i−1 )a2i−1 . On the other
i=1
hand, C(iz) is modulo squares the product of terms of the form
(1 + z 2i−1 )a2i−1 , and C(z 2 ) is modulo squares a product of terms
of the form (1 − z 4i−2 )a2i−1 , from which the desired result follows
easily.
¤
The condition that C(z) = φ(z)φ(−z) is strictly stronger than
that of Conjecture 1.1, even if one assumes the determinant is a
sum of two squares. For example, C(z) = 1 − 76z 2 is congruent
to 1 modulo 4, and so satisfies the criterion of Conjecture 1.1, and
det = C(2i) = 305 is a sum of two squares since the primes in
its factorization are congruent to 1 modulo 4. However, C(z) 6=
φ(z)φ(−z), since the absolute value of the coefficient of the highest
power of z is not a square.
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