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SMOOTH JULIA SETS OF ELLIPTIC FUNCTIONS
FOR SQUARE RHOMBIC LATTICES
JANE HAWKINS
Abstract. We discuss the dynamics of iterating the Weierstrass elliptic ℘ function with period lattice any real rhombic
square lattice in C, that is, a lattice generated by the complex
numbers a + ai and a − ai, a > 0. We conjecture that the
Julia set of ℘ for each such lattice is the whole sphere and
describe a holomorphic family of these maps. We prove the
conjecture in a specific case and give results supporting it in
general.

1. Introduction
Smooth Julia sets are a somewhat rare occurrence in complex dynamics and even rarer embedded in parametrized families of meromorphic maps. The only holomorphic family of rational maps with
Julia set the whole sphere is due to Lattès, and a nice expository
article about it may be found in [14].
In this study, we focus on one specific lattice shape for the iterated Weierstrass elliptic ℘ function. While this is restrictive, it is
already known there is a wide variety of dynamical behavior and
topology among Julia sets resulting from parametrized families of
2000 Mathematics Subject Classification. Primary 54H20, 37F10; Secondary
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elliptic functions with period lattice in the shape of a square [6],
[7], [8], [9].
If the square lattice is generated by conjugate vectors of the form
λ1 = a + ai, and λ2 = a − ai, for some real number a > 0, then we
claim that there is much less variety among the Julia sets that can
occur. In particular, we conjecture that in this case J(℘Λ ) = C∞ ,
the Riemann sphere, and we obtain a family of maps with this
property, parametrized by the real parameter a > 0. The starting
point for this paper is the following proposition by the author and
Lorelei Koss [7].
Proposition 1.1. If Λ is a rhombic square lattice, then the Julia
set is connected if and only if J(℘Λ ) = C∞ .
Our main theorem is that the condition is satisfied for one specific lattice and we conjecture that it is true for all square rhombic
lattices. We give supporting evidence for the full conjecture in the
form of traditional proofs and numerical evidence.
Conjecture 1.2. If Λ is a real rhombic square lattice, then J(℘Λ ) =
C∞ .
The reason that the conjecture is quite difficult to prove is that
there is no closed form for the Weierstrass elliptic ℘Λ function and
certainly not for any fixed or periodic points of it. We proceed by
studying the classical identities for these functions and by pushing
them further in order to extract dynamical results from them.
2. Some preliminary definitions and notation
Let λ1 , λ2 ∈ C\{0} such that λ2 /λ1 ∈
/ R. We define a lattice of
points in the complex plane by Λ = [λ1 , λ2 ] : = {mλ1 +nλ2 : m, n ∈
Z}. Two different sets of vectors can generate the same lattice Λ;
if Λ = [λ1 , λ2 ], then all other generators λ3 , λ4 of Λ are obtained
by multiplying the vector (λ1 , λ2 ) by the matrix
µ
¶
a b
A=
c d
with a, b, c, d ∈ Z and ad − bc = ±1.
We can view Λ as a group acting on C by translation, each ω ∈ Λ
inducing the transformation of C:
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Tω : z 7→ z + ω.
Definition 2.1. A closed, connected subset Q of C is defined to
be a fundamental region for Λ if
(1) for each z ∈ C, Q contains at least one point in the same
Λ-orbit as z;
(2) no two points in the interior of Q are in the same Λ-orbit.
If Q is any fundamental region for Λ, then for any s ∈ C, the set
Q + s = {z + s : z ∈ Q}
is also a fundamental region. If we choose Q to be a parallelogram,
we call Q a period parallelogram for Λ.
The ratio τ = λ2 /λ1 is an important feature of a lattice. If
Λ = [λ1 , λ2 ] and k 6= 0 is any complex number, then kΛ is the
lattice defined by taking kλ for each λ ∈ Λ; kΛ is said to be similar
to Λ. For example, the lattice Λτ = [1, τ ] is similar to the lattice
Λ = λ1 Λτ . Similarity is an equivalence relation between lattices,
and an equivalence class of lattices is called a shape.
Definition 2.2.
(1) Λ = [λ1 , λ2 ] is real rectangular if there exist generators such that λ1 is real and λ2 is purely imaginary. Any lattice similar to a real rectangular lattice is
rectangular.
(2) Λ = [λ1 , λ2 ] is real rhombic if there exist generators such
that λ2 = λ1 . Any similar lattice is rhombic.
(3) A lattice Λ is square if iΛ = Λ. (Equivalently, Λ is square
if it is similar to a lattice generated by [λ, λ i], for some
λ > 0.)
In each of cases (1) − (3), the period parallelogram with vertices
0, λ1 , λ2 , and λ3 := λ1 + λ2 can be chosen to look rectangular,
rhombic, or square, respectively.
2.1

Real rhombic square lattices

Proposition 2.3. The following are equivalent for a lattice Λ.
(1) Λ is a real rhombic square lattice.
(2) There exists a λ > 0 such that Λ = [λeπi/4 , λe−πi/4 ].
(3) There exists γ > 0 such that Λ = [2γ, γ + iγ].
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Proof: By definition, Λ is real rhombic square if and only if (a)
Λ = [λ1 , λ2 ] with λ2 = λ1 and (b) iΛ = Λ.
(2) implies (1): Obviously condition (a) is satisfied, and writing
λeπi/4 in its Cartesian form, we have Λ = [ √λ2 (1 + i), √λ2 (1 − i)].
Then for any ω ∈ Λ, there exist m, n ∈ Z such that ω = m( √λ2 (1 +
i)) + n( √λ2 (1 − i)). We have that

λ
λ
iω = im( √ (1 + i)) + in( √ (1 − i))
2
2
λ
λ
= n( √ (1 + i)) − m( √ (1 − i)).
2
2
So iΛ ⊂ Λ; since
Λ = −Λ = i2 Λ ⊂ iΛ ⊂ Λ,
(b) is satisfied.
(2) and (3) are equivalent using γ = √λ2 and changing the generator using the matrix
µ
¶
1 1
A=
.
1 0
(1) implies (2): If (1) holds, then there exist generators satisfying
λ2 = λ1 ; in polar form, λ1 = reiθ and λ2 = re−iθ for some θ ∈ (0, π).
Since, in addition, it is square, we use the remark in Definition
2.2(3) to see that θ − (−θ) = 2θ = π/2. Therefore, θ = π/4.
¤
We begin with f : C → C∞ , a meromorphic function where C∞ =
C ∪ {∞} denotes the Riemann sphere.
Definition 2.4. An elliptic function is a meromorphic function in
C which is periodic with respect to a lattice Λ.
For any z ∈ C and any lattice Λ, the Weierstrass elliptic function
is defined by
¶
X µ
1
1
1
−
℘Λ (z) = 2 +
.
z
(z − w)2 w2
w∈Λ\{0}

Replacing every z by −z in the definition, we see that ℘Λ is an even
function. The map ℘Λ is meromorphic, periodic with respect to Λ,
and has order 2.
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The derivative of the Weierstrass elliptic function is also an elliptic
function which is periodic with respect to Λ defined by
X
1
℘0Λ (z) = −2
.
(z − w)3
w∈Λ

The Weierstrass elliptic function and its derivative are related by
the differential equation
℘0Λ (z)2 = 4℘Λ (z)3 − g2 ℘Λ (z) − g3 ,
P
P
where g2 (Λ) = 60 w∈Λ\{0} w−4 and g3 (Λ) = 140 w∈Λ\{0} w−6 .
The numbers g2 (Λ) and g3 (Λ) are invariants of the lattice Λ in
the following sense: If g2 (Λ) = g2 (Λ0 ) and g3 (Λ) = g3 (Λ0 ), then
Λ = Λ0 . Furthermore, given any g2 and g3 such that g23 − 27g32 6= 0,
there exists a lattice Λ having g2 = g2 (Λ) and g3 = g3 (Λ) as its
invariants [5].
(2.1)

Theorem 2.5 ([5]). For Λτ = [1, τ ], the functions gi (τ ) = gi (Λτ ),
i = 2, 3, are analytic functions of τ in the open upper half plane
Im(τ ) > 0.
We have the following homogeneity in the invariants g2 and g3
[8].
Lemma 2.6. For lattices Λ and Λ0 , Λ0 = kΛ ⇔
g2 (Λ0 ) = k −4 g2 (Λ)

and

g3 (Λ0 ) = k −6 g3 (Λ).

Theorem 2.7 ([10]). The following are equivalent:
(1) ℘Λ (z) = ℘Λ (z);
(2) Λ is a real lattice;
(3) g2 , g3 ∈ R.
For any lattice Λ, the Weierstrass elliptic function and its derivative satisfy the following properties: for k ∈ C\{0},
(2.2)

℘kΛ (ku) =

1
℘Λ (u), (homogeneity of ℘Λ ),
k2

1 0
℘ (u), (homogeneity of ℘0Λ ).
k3 Λ
Verification of the homogeneity properties can be seen by substitution into the series definitions.
℘0kΛ (ku) =
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If ℘0Λ (z0 ) = 0, then z0 is a critical point and ℘Λ (z0 ) is a critical
value. The critical values of the Weierstrass elliptic function on an
arbitrary lattice Λ = [λ1 , λ2 ] are as follows.
For j = 1, 2, notice that ℘Λ (λj − z) = ℘Λ (z) for all z. Taking
derivatives of both sides, we obtain −℘0Λ (λj − z) = ℘0Λ (z). Substituting z = λ1 /2, λ2 /2, or λ3 /2, we see that ℘0Λ (z) = 0 at these
values. We use the notation
λ1
λ2
λ3
e1 = ℘Λ ( ), e2 = ℘Λ ( ), e3 = ℘Λ ( )
2
2
2
to denote the critical values. Since e1 , e2 , e3 are the distinct zeros
of equation (2.1), we also write
(2.3)

℘0Λ (z)2 = 4(℘Λ (z) − e1 )(℘Λ (z) − e2 )(℘Λ (z) − e3 ).

Equating like terms in equations 2.1 and 2.3, we obtain
g3
−g2
, e1 e2 e3 = .
4
4
Naturally, the lattice shape relates to the properties and dynamics of the corresponding Weierstrass elliptic function. Denote
(2.4) e1 + e2 + e3 = 0,

(2.5)

e1 e3 + e2 e3 + e1 e2 =

p(x) = 4x3 − g2 x − g3 ,

the polynomial associated with Λ. Let 4 = g23 − 27g32 6= 0 denote
its discriminant.
Proposition 2.8 ([5]). (1) If Λ is real rhombic, then the discriminant is negative; in this case, the roots of p are one real and a
complex conjugate pair. If g3 > 0, then the vertical diagonal of the
rhombus is longer than the horizontal diagonal, and if g3 < 0, then
the horizontal diagonal of the rhombus is longer than the vertical
diagonal.
(2) If Λ is rhombic square, then g2 < 0 and g3 = 0; in this case,
√
the roots of p are 0, ± g2 /2.
The following corollary can be obtained using equations (2.1)
and (2.4).
Corollary 2.9. (1) If Λ is rhombic, then e2 = e1 are the complex
roots of equation (2.5), and e3 is real. If g3 > 0, then e3 > 0, and
if g3 < 0, then e3 < 0. (2) If Λ is rhombic square, then e3 = 0, and
√
e1 = g2 /2 = −e2 are purely imaginary.
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Fatou and Julia sets for elliptic functions

We review the basic dynamical definitions and properties for
meromorphic functions which appear in [1], [2], [3], and [4]. As
above, let f : C → C∞ be a meromorphic function where C∞ denotes the Riemann sphere. The Fatou set F (f ) is the set of points
z ∈ C∞ such that {f n : n ∈ N} is defined and normal in some neighborhood of z. The Julia set is the complement S
of the Fatou set on
the sphere, J(f ) = C∞ \F (f ). Notice that C∞ \ n≥0 f −n (∞) is the
largest Sopen set where all
are defined.
Since
S iterates
−n
−n
f (C∞ \ n≥0 f (∞)) ⊂ C∞ \ n≥0 f (∞), Montel’s theorem implies that
[
J(f ) =
f −n (∞).
n≥0

Let Crit(f ) denote the set of critical points of f , i.e.,
Crit(f ) = {z : f 0 (z) = 0}.
If z0 is a critical point, then f (z0 ) is a critical value. For each
lattice, ℘Λ has three critical values and no asymptotic values. The
singular set Sing(f ) of f is the set of critical and finite asymptotic
values of f and their limit points. A function is called Class S if
f has only finitely many critical and asymptotic values; for each
lattice Λ, every elliptic function with period lattice Λ is of Class S.
The postcritical set of ℘Λ is
[
P (℘Λ ) =
℘nΛ (e1 ∪ e2 ∪ e3 ) .
n≥0

For a meromorphic function f , a point z0 is periodic of period p
if there exists a p ≥ 1 such that f p (z0 ) = z0 . We also call the set
{z0 , f (z0 ), . . . , f p−1 (z0 )} a p-cycle. The multiplier of a point z0 of
period p is the derivative (f p )0 (z0 ). A periodic point z0 is called
attracting, repelling, or neutral if |(f p )0 (z0 )| is less than, greater
than, or equal to 1, respectively. If |(f p )0 (z0 )| = 0, then z0 is called
a superattracting periodic point. As in the case of rational maps,
the Julia set is the closure of the repelling periodic points [1].
Suppose U is a connected component of the Fatou set. We say
that U is preperiodic if there exists n > m ≥ 0 such that f n (U ) =
f m (U ), and the minimum of n − m = p for all such n, m is the
period of the cycle.
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Proposition 2.10. If p is an attracting fixed point or a rationally
neutral fixed point for ℘Λ , then the local coordinate chart for the
point is completely contained in one fundamental period of ℘Λ (in
fact, in one half of one fundamental period).
Proof: This is due to the periodicity of ℘Λ ; in each case, the local
form is invertible. If we spill into another half fundamental period
or region, then injectivity fails.
¤
The main conjecture of this paper is that for a real rhombic
square lattice Λ, J(℘Λ ) = C∞ . However, the next result shows
that there are many square lattices Γ with the property that the
corresponding Weierstrass ℘ function with period lattice Γ has a
superattracting fixed point. Hence, the Julia set of ℘Λ does not
depend on the shape of a lattice as much as on its invariants g2 and
g3 (see Figure 1).

Figure 1. One period of the Julia set for a square lattice with a superattracting fixed point

Proposition 2.11. Let Λ = [1, τ ] be a lattice such that the p
critical
value ℘Λ (1/2) = ² 6= 0. If m is any odd integer and k = 3 2²/m
(taking any root), then the lattice Γ = kΛ has a superattracting
fixed point at mk/2.
Proof: Equation (2.2) for ℘0kΛ implies that k/2 is a critical point
for ℘Γ . Since m is odd, periodicity implies that ℘Γ (mk/2) =
℘Γ (k/2). Further, the homogeneity property implies that
k
k
1
1
²
mk
mk
) = ℘Γ ( ) = ℘kΛ ( ) = 2 ℘Λ ( ) = 2 =
.
¤
℘Γ (
2
2
2
k
2
k
2
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Julia sets for square lattices exhibit additional symmetry. The
following was proved in [7].
Theorem 2.12. If Λ is rectangular square or rhombic square, then
eπi/2 J(℘Λ ) = J(℘Λ ) and eπi/2 F (℘Λ ) = F (℘Λ ).
Proof: Let z ∈ F (℘Λ ); then by definition, ℘nΛ (z) exists and is
normal for all n. By equation (2.2), ℘Λ (iz) = −℘Λ (z) and since
℘Λ is even, we know that ℘nΛ (iz) = ℘nΛ (z) for all n ≥ 2. So ℘nΛ (iz)
exists for all n. Let U be a neighborhood of z such that {℘nΛ (U )}
forms a normal family. Let V = iU . Repeating our argument, we
have that ℘Λ (V ) = ℘Λ (iU ) = −℘Λ (U ) and ℘nΛ (V ) = ℘nΛ (U ) for all
n ≥ 2 and thus, {℘nΛ (V )} forms a normal family. The proof of the
converse is identical. So z ∈ F (℘Λ ) if and only if iz ∈ F (℘Λ ). By
symmetry about the origin, −z, −iz ∈ F (℘Λ ), and the Fatou set is
symmetric with respect to rotation by π/2.
¤
2.3

Summary of properties of ℘Λ when Λ is a real
rhombic square lattice

We collect the results for our setting and show the graph of ℘Λ
in this case (see Figure 2).
7
6
5
4
3
2
1
-4

-2

2

4

6

Figure 2. The graph of ℘Λ for Λ real rhombic square
For the rest of the paper, we assume that Λ is a real rhombic
square lattice. Most of these follow immediately from the results
above; a few references are given for more detailed proofs.
(1) Λ = [λeπi/4 , λe−πi/4 ] for some λ > 0.
(2) iΛ = Λ, iJ(℘Λ ) = J(℘Λ ), and iF (℘Λ ) = F (℘Λ ).
(3) g3 = 0 and g2 < 0.
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(4) The connection between λ and g2 is as follows. For k > 0,
Λ0 = kΛ if and only if g2 (Λ0 ) = k −4 g2 (Λ).
(5) e3 = 0 and e1 = −e2 are purely imaginary and satisfy
−4e1 e2 = g2 ,
or equivalently,
√
e1 = − g2 /2.
(6) We define the standard lattice to be the unique lattice corresponding to g2 = −4 and giving e1 = −i and e2 = i.
(7) For the standard lattice, we have λ = γ ≈ 2.62206, and we
denote the special lattice Γ = [b+bi,
b−bi], with b ≈ 1.85407
√
(see e.g., [12]). Note that γ = 2b.
3. The main results
As above, Γ denotes the standard square rhombic lattice with
side length γ.
Theorem 3.1. If we define a real rhombic square lattice Λ = kΓ,
with k = (2/b)1/3 ≈ 1.02558, then J(℘Λ ) = C∞ .
Before giving a proof of the theorem, we need to recall some
basic analytic properties of ℘Λ which follow from classical identities.
There are formulas for the quarter period values of the Weierstrass
elliptic function; we mention one which is of use in what follows.
Let for each i, j, k = 1, 2, 3
(3.1)

d2i = (ei − ej )(ei − ek ) = 3e2i − g2 /4,

where we choose the square root so that
(3.2)

℘Λ (λi /4) = ei + di ,

with Λ = [λ1 , λ2 ], and λ3 = λ1 + λ2 .
We use this to prove the following result (see Figure 3).
Lemma 3.2. If Λ = [a + ai, a −
pai], a > 0 is a real rhombic square
lattice, then ℘Λ (a/2) = d3 = −g2 /4, where g2 is the invariant
associated to the lattice Λ. In particular,
for the standard lattice Γ,
√
℘Γ (b/2) = 1 and ℘Γ0 (b/2) = −2 2.
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Figure 3. The fixed point for the standard lattice
p
Proof: By equation (3.2), we have that ℘Γ (b/2) = −g2 /4 = 1
since e3 = 0. Moreover, by equation (2.1), we have that
(℘0Γ )2 = 4 − g2 = 8,
and since the function is decreasing at b/2, the result follows.

¤

Using the second equation in (2.2), we obtain the following corollary.
√
Corollary 3.3. For any lattice Λ = kΓ, ℘0Λ (a/2) = 2 2k −3 .
The next result gives a simple one-point test for determining if
J(℘Λ ) = C∞ . In particular, it is enough to determine if the real
quarter period lattice point is in J(℘Λ ).
Proposition 3.4. For any lattice Λ = [a + ai, a − ai] = kΓ,
℘Λ (a/2) = 1/k 2 ; moreover, J(℘Λ ) = C∞ if and only if a/2 ∈
J(℘Λ ).
p Proof: By Lemma 3.2 and equation (2.4), we have that ℘Λ (a/2) =
−g2 /4 = ie1 . Since for the standard lattice e1 (Γ) = −i, and for
kΓ, e1 (kΓ) = −i/k 2 , the result then follows, since ie1 = 1/k 2 .
For the second statement, we have that J(℘Λ ) 6= C∞ if and
only if there exists a Fatou component which contains at least one
critical value if and only if both e1 and e2 are in F (℘Λ ). This
holds if and only if ie1 and ie2 are in F (℘Λ ), by Theorem 2.12,
which, by the first statement of this proposition, holds if and only
if a/2 ∈ F (℘Λ ).
¤
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The next proof uses a crude estimate on the value of γ from [12],
namely that γ > 1, to produce one specific square rhombic lattice
with all repelling fixed points.
√
Proposition 3.5. Denoting γ = 2b, with b as above, and letting
k = (2/b)1/3 , we have that using the lattice Λ =√kΓ gives a map
such that ℘Λ (a/2) = a/2 and ℘0Λ (a/2) = −γ = − 2b < −1.
Proof:
By Lemma 3.2, we have ℘Γ (b/2) = 1 and ℘0Γ (b/2) =
√
−2 2, so using k = ( 2b )(1/3) , we have
1
b
1
℘Γ (b/2) = 2 = ( )(2/3) ,
2
k
k
2
b (2/3)
and kb/2 = ( 2 )
, so the quarter lattice point is fixed.
Using equation (2.2) to compute the derivative, we have
√
√
℘0kΓ (kb/2) = 1/k 3 (−2 2) = −b 2 = γ
(3.3)

℘kΓ (kb/2) =

as claimed.

¤

We now turn to the proof of Theorem 3.1, which follows easily
from the results proved above.
Proof of Main Theorem: By Proposition 3.5, we have that ℘Λ (a/2)
is a repelling fixed point and is therefore in J(℘Λ ). Then by Theorem 3.4, we have that J(℘Λ ) = C∞ .
¤
We conjecture that for a real rhombic lattice, all fixed points
of ℘Λ are repelling. The next few results establish this for large
enough lattices.
Lemma 3.6.
√ Suppose Λ = [a + ai, a − ai], a > 0. Let D = {z ∈
C : |z| < 2a}, the largest open disk centered at 0 and containing
no other lattice points. Then the Laurent series for ℘Λ (z), valid for
z ∈ D, is
∞

(3.4)

℘Λ (z) =

1
g22 6 X
g2 2
z
+
z +
a2k z 2k ,
+
z 2 30
2700
k=4

with an a polynomial in g2 .
In [7], it was shown that for a real square lattice, any nonrepelling
fixed point is necessarily the smallest positive real one. In particular, a fixed point of ℘Λ in our setting lies in the interval (0, a), so
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this is where a nonrepelling one would occur. This follows from the
piecewise monotonicity of ℘Λ and the fact that ℘0Λ is increasing.
Corollary 3.7. As a → ∞, g2 → 0, and the real fixed point in
z0 ∈ D tends to 1 with ℘0Λ (z0 ) → −2. Therefore for values of a
large enough, the smallest fixed point for ℘Λ in R is repelling.
Proof: The function h(z) = z12 has one real fixed point at z0 = 1
with h0 (z0 ) = −2. Since the coefficients g2 vary holomorphically
with the lattice, by Lemma 2.6 the result follows.
¤
For small lattices, the evidence is even more overwhelming that
all fixed points are repelling, as is shown in Figure 4. We conclude
with the observation that if all fixed points are repelling for ℘Λ ,
then either the Julia set is the whole sphere or it has a periodic
cycle of period > 1 with derivative ±1, because the hyperbolic case
is ruled out by results from [9]. Therefore, ℘Λ has a disconnected
Julia set with very unusual properties, which are the subject of
further study by the author; we conjecture this cannot happen.
2

1.75

1.5

1.25

1

0.75

0.5

0.25

0.2

0.4

0.6

0.8

1

Figure 4. Fixed points of ℘Λ for a small lattice
(a = 14 )
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