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REFLECTION THEOREMS FOR SOME CARDINAL
FUNCTIONS IN INITIALLY x-COMPACT SPACES

ALEJANDRO RAMIREZ-PARAMO

ABSTRACT. We establish that, in an initially k-compact T5-
space X, the property of having character at most x is dis-
cretely reflective; i.e., if X is initially k-compact, T3, and
x(D) < & for any discrete D C X, then x(X) < . This
generalizes an analogous result of Ofelia T. Alas, Vladimir
V. Tkachuk, and Richard G. Wilson in [Closures of discrete
sets often reflect global properties, Topology Proc. 25, 2000,
Spring, 27-44] proved for compact spaces. We also extend
over the class of initially k-compact T5-spaces a result of Alan
Dow in [An Introduction to Applications of Elementary Sub-
models to Topology, Topology Proc. 13, 1988, no. 1, 17—
72] on reflecting uncountable character in countably compact
spaces. Some corollaries on reflection of other cardinal func-
tions are obtained.

1. INTRODUCTION

In topology, a reflection theorem usually has the form: If a space
X has a property P, then some small (in some sense) subspace of
X has the property P. However, it is usually the case that P is the
negation of a nice property. So one might rephrase the theorem: If
each small subspace of X has the given property P, then X has it.

For example, in [1], Ofelia T. Alas, Vladimir V. Tkachuk and
Richard G. Wilson obtain several results with the form: If the
closure of each discrete subspace of X has a property P, then X
has P. For Alas, Tkachuk, and Wilson, small subspace means it
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is the closure of a discrete subspace. To emphasize this fact, we
mention the following result from [1]: If X is a compact Hausdorff
space such that, for some infinite cardinal k, the closure of every
discrete subspace of X has character < k, then x(X) < k.

Another kind of small subspace, for a given space X, is the one
formed by the subspaces of X of cardinality less than or equal to
k. For example, in [7], R. E. Hodel and J. E. Vaughan proved: If
X is a compact HausdorfF space, and x(X) > k%, then there exists
Y C X with |Y| < k" such that x(Y) > k™.

It is important to say that the study on reflection (and the in-
creasing union property) was initiated in 1978 by M. G. Tkachenko
[11] and continued in 1980 by Istvan Juhdsz [8]. However, it wasn’t
until 2000 that Hodel and Vaughan [7] made the first systematic
study about reflection theorems in cardinal functions. It is worth-
while to say that this systematic study was made taking small sub-
spaces as those whose cardinality is less than or equal to k.

In this paper, we have two purposes. The first one is to establish
that if X is initially k-compact, T3, and x(D) < k for any discrete
D C X, then x(X) < k; (see Theorem 3.6). This generalizes an
analogous result of Alas, Tkachuk, and Wilson proved for compact
spaces. The second purpose is to extend over the class of initially
k-compact spaces many well-known reflection theorems which were
obtained for the class of compact Hausdorff spaces; (see [7], [11]).
In particular, we extend a result of Alan Dow [3] on reflecting un-
countable character in countably compact spaces.

2. NOTATIONS AND DEFINITIONS

We refer the reader to [6] for definitions and terminology on
cardinal functions not explicitly given here. Let w, nw, psw, L,
X, and ¥ denote the following standard cardinal functions: weight,
netweight, point separating weight, Lindel6f degree, character, and
pseudocharacter, respectively. Let ¢ be a cardinal function; the
hereditary version of ¢, denoted he, is defined he(X) = sup{¢(Y) :
Y C X}. Also, it is well known that ¢ is monotone if and only if
¢ = ho.

For any set X and cardinal s, [X]=* denotes the collection of
all subsets of X with cardinality < x; [X]|<" is defined analogously.
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Moreover, A is the closure of A in X. The closure of a subset A of
Y C X is denoted cly (A).

For the reader’s comfort, the formulations of the necessary results
of reflection theorems for cardinal functions and initially xk-compact
spaces are given here (without proof).

The reader is referred to [7] for a systematic study on reflection
theorems for cardinal functions.

Definition 2.1. Let ¢ be a cardinal function and let k be an infinite
cardinal.

(1) ¢ reflects x means: if ¢(X) > , then there exists Y € [X]=F
such that ¢(Y) > k.

(2) ¢ strongly reflects k means: if ¢(X) > k, then there exists
Y € [X]=" such that for each Y € Z C X, ¢(Z) > k.

For some cardinal functions it is necessary to restrict the class of
spaces under consideration in order to obtain a reflection theorem.
The appropriate definition in this case is that ¢ reflects s for the
class C if, given X € C with ¢(X) > k, there exists Y € [X]=" such
that ¢(X) > k.

The next lemma summarizes some properties about reflection
(see [7]).

Lemma 2.2. Let ¢ be a cardinal function and let Kk > w.

(1) If ¢ strongly reflects K, then ¢ reflects k.

(2) If ¢ is monotone and ¢ reflects k, then ¢ strongly reflects
K.

(3) If ¢ strongly reflects all successor cardinals, then ¢ strongly
reflects all infinite cardinals. In particular, if ¢ is monotone
and reflects all successor cardinals, then ¢ strongly reflects
all infinite cardinals.

Remark 2.3. Every cardinal function ¢ is defined so that ¢(X) >
w always holds; it easily follows that ¢ reflects w. So in our discus-
sion of reflection theorems, we may assume that £ > w.

For a detailed discussion on initially k-compact spaces, the reader
is referred to [10].

Definition 2.4. A topological space X is called initially k-compact
if every open cover U of X with |U| < k has a finite subcover.
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Clearly, if X is initially x-compact for some cardinal x > w, then
for each cardinal number w < 0 < k, X is initially #-compact.
Moreover, if k is a singular cardinal number and X is a topological
space such that X is initially 6-compact for every cardinal number
w < 6 < K, then X is initially x-compact (see [10, 2.3]).

Several of our results use the following key lemma (see [10, Con-
struction 3.5]).

Lemma 2.5 (Construction). Let X be an initially k-compact space
and A any subset of X of cardinality < 2%. Then there exists an
initially K-compact subset G of X such that A C G and |G| < 2F.
In the case that X is a topological group, then G may be taken to
be a subgroup of X.

3. MAIN RESULTS

Our first objective is to establish that the property x(X) < & is
discretely reflexive within the class of initially k-compact T3 spaces.
In other words, if X is an initially x-compact T3 space such that

for every discrete subspace D of X, x(D) < k, then x(X) < k. To
see this we need the following results.

Proposition 3.1. Let X be a 73-space and let Y be a subspace of
X. Forallp €Y, there is a family B of open neighborhoods of p
in X, such that |B| < ¢(p,Y) and (N{B:Be€B})NY = {p}.

Proof: Let v = 9(p,Y) and let U be a family of open neigh-
borhoods of p in X, such that ((\{U:U eU})NY = {p} and
U] = ~. Since X is regular, for each U € U there exists By,
an open neighborhood of p in X, such that By C U. Define B =
{By : U € U}. Tt is clear | B| < 7; moreover, (ﬂ {E :Be B})ﬂY -
(N{U:U eU})ny ={p}. O

The following theorem and its corollaries are generalizations of
the well-known corresponding results for compact Hausdorff spaces
(see [4, 3.1.3 and 3.1.5)).

Theorem 3.2. If a subspace A of a topological space X is initially
k-compact, then for every family U of open subsets of X with |U| <
K such that A C \JU, there exists V € [U]<¥ such that A C |JV.
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Corollary 3.3. Let U be an open subset of a topological space X .
If a family F = {F, : a < k} of closed subsets of X contains at
least one initially K—compact set (in particular, if X is initially
k—compact) and if (\F C U, then there exists € € [F|<¥, such
that V€ C U.

Proof: There is no loss of generality to assume that X is initially
k-compact. Let A = X \ U and for each o € k, U, = X \ F,.
Clearly, A C |J{U, : « € k}. Since A is closed, then A is initially
k-compact; hence, by Theorem 3.2, there exists S € [k]|<“, such
that A C |J{U, : @ € S}; therefore, ({F,:a €S} CU. O

Corollary 3.4. Let X be an initially k-compact space. If F =
{Fu : a € K} is a decreasing family of closed subsets of X such that
N {Fuo:a €k} ={p}, then F is a local net of p in X.

Proof: Let U be an open neighborhood of p in X; by Corollary
3.3, there exists S € [k]|<%, such that (({F,:a € S} C U. Since
{Fo : a € K} is decreasing, then Fg C (({F,:a € S} C U where
B =maxS. Thus,pec Fg CU. O

The following is a generalization of the result that establishes
X(X) =9 (X) for X compact and Hausdorff.

Theorem 3.5 ([7]). Let X be an initially k-compact Hausdorff
space. If (X)) < k, then ¥(X) = x(X).

We are now ready to prove that the property x(X) < & is dis-
cretely reflexive within the class of initially x-compact T3-spaces.
The proof follows the same pattern as the respective result from
Theorem 3.5 in [1].

Theorem 3.6. If X is an initially k™ -compact T3-space such that

X(D) < k for every discrete subspace D of X, then x(X) < k.

Proof: Suppose that x(X) > &, then there exists p € X such that
X(p, X) > k. By Theorem 3.5, ¢(p, X) > rk*. Construct a sequence
{zq : @ € KT} of points in X \ {p} and a sequence {U, : @« € Kk}
of families of open neighborhoods of p in X such that

(1) Ual < &y o <K

(2) Us CU,,if0< B < o

(3) 2o e N{U : U €U} \ {p}, a < rT; and

1) (N{U:Ueta})n{z,:p<a}={p},0<a<rk’.
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Let 0 < a < ™ and suppose that for each 8 € a, zg and U
have been constructed such that (1) — (4) holds. The set Y, =
{zs : B € a} is discrete. Indeed, for each v < «, we have z, ¢
{zg : B <~} by the properties (2) and (4). Applying (4) once more,
we can observe that z,, & N{U:U € Uyy1} D {zg: v < B <a};
thus, z, € {zg: <y} U{ag:y< B <a}. As a consequence,
X (p, {p} U?a) < k. By Proposition 3.1, there exists a collection
U, of open neighborhoods of p in X, with U{Us: B € a} C U,
and |Us| < &, such that (N{U:U €eUs}) N{z,:p < a} = {p}.
Finally, since ¢ (p, X) > k, we can choose 2o € ({U: U € Us} \
{p}. This completes the construction.

Let D = {zo : @ € k7} and let Y, = {23 : B < a} for each

a < k1. Tt is clear D is a discrete subset of X; hence, x(D) < k.
Now, by (4), for each a € kT,

(a)?aﬂD\Ya:{:vﬁ:ﬁ<g}ﬂ{xﬁ:a§ﬁ<ﬁ+}
Clzg:B<a}n(N{U:U€ls}) = {p}

On the other hand, the collection {T\YQ ta € /ﬁ} is a de-
creasing sequence of at most kT closed nonempty subsets of X
hence, as X is initially x™-compact, F = {T\Ya fa € /{+} is
nonempty. Moreover, if y € F, then y € D = cl5(D) and since
t(D) < x(D) < K, there exists C' € [D]=F such that y € cl5(D).
By regularity of kT, there exists o € k™ such that C' C Y,; there-
fore, y € cl5(C) C clp(Ya) C Ya. Hence, y e Yo ND\Y, C {p};
thus, F' = {p}, and hence the collection {T\Ya RS /-1+} is a
local net of p in X (Corollary 3.4).

Finally, as 1 (p,ﬁ) < K, there exists a family U = {Us : § € s}
of open neighborhoods of p in X, such that (U)N D = {p}. For
each 3 € k, choose a(f) € k™, such that D\Ya(ﬂ) C Ug. Then,
for each v € kT \sup{a(B3) : B € K}, zo € (NU)ND = {p}. Indeed,
if @ € K7\ {a(pB) : B < K}, then x4 ¢ Yy (g, for all § < k. Hence,
To € Q{T\Ya(g)} ND CUND = {p}, which is a contradiction.
Therefore, x(X) < k. O
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Corollary 3.7 ([1]). Let X be a compact space such that, for some
infinite cardinal k, the closure of every discrete subspace of X has
character < k. Then x(X) < k.

Now we turn our attention to the second objective of this paper.
The following result is due to Vaughan [12] (stated for the case of
countable tightness in [3]).

Theorem 3.8. If X is initially k*-compact, Tz, and t(X) > kT,
then there exists Y € [X]|<F" such that t(Y) > kT. In the class of
compact Th-spaces, tightness reflects every cardinal.

Theorems 3.6 and 3.8 motivate the following natural question:

Question 3.9. Let X be an initially k™ -compact Hausdorff with
&(X) > kT, where ¢ € {x, ¥, psw,nw}. Is it true that there exists
Y € [X]=F" such that ¢(Y) > kT2

We will give partial results for this question showing similar re-
sults to Theorem 3.8, for the monotone cardinal functions y, %,
psw, and nw.

Our first result shows that ¢ can be replaced by x in the Theorem
3.8. The corresponding proof for x is just a slight modification of
the one given in [8].

Theorem 3.10 (Dow [3], for countable character). If X is initially
Kt -compact, Ts, and x(X) > k7T, then there exists Y € [X]=¢" such
that x(Y) > k™.

Proof: Since t(X) < x(X), by Theorem 3.8, we may assume that
t(X) < k. Now, as x(X) > k™, then there exists p € X such that
x(p, X) > w7

We assume in what follows that S € [X]=* and p € S imply
x(p,S) < k. (If there is an S € [X]=" such that p € S and
X(p,S) > k™, then there is nothing to do.)

Construct a sequence {z, : a < k*} of points of X and one
{B, : a < T} formed by collections of open neighborhoods of p in
X such that p = 2o, By = 0, and for each 0 < oo < k™,

(1) [Ba| < KT

(2) U{Bg: B <a} CBa;

(3) o € N{B: B € By} \ {p}; and

(4) (({B: B € By}) NSa = {p}, where S, = {z5: 8 < a}.
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Let 0 < a < k™, and suppose that for each 5 € a, x and Bg have
been constructed such that (1) — (4) holds. It is clear x(p, Sa) =
X(p, Sa) < k. By Proposition 3.1, there exists a collection B, of
open neighborhoods of p in X, such that (1), (2), and (4) hold.
Now as ¢(p, X) > k, we can choose z, € (({B:B € By} \ {p},
which completes the construction.

Let Y ={zq:a<kT}and B=U{Bs:a <k} Ast(X) <k,
then Y = J{Ss : a < kT }.

It is not difficult to check that {B: Be B}NY =(\{B: B¢
B} NY = {p}. Thus, ¢¥(p,Y) < k™.

CLAIM. ¥(p,Y) = k. Indeed, if ¢(p,Y) < K, then there exists
a collection U = {Us : f < K} of open neighborhoods of p in X
such that {p} = (NU)NY. Note that for each 3 < &, the collection
{(BNY)\ U : B € B} is a family of at most x* closed subsets of
Y such that N{(BNY)\ Uz : B € B} = (); since Y is initially k-
compact, there exists Vg € [B]<“ such that {(BNY)\Us: B €
Vg} = 0. Hence, | J{(BNY) : B € Vg} C Ug, for each 3 < k. Let
V =U{Vs: B < k}. Since |V| < &, by regularity of £, there exists
oo € kT such that V C B,,. Note {p} = ({Us: B < k}NY D
(UBNY : BeV}yD>({BNY : B € By} D o, which is a
contradiction. Thus, ¥(p,Y) = k™.

Finally, since x(p,Y) = x(p,Y) > ¢(p,Y) = £, we have x (V) >
KT, O

Corollary 3.11 ([7]). For the class of compact Hausdorff spaces,
x reflects all infinite cardinals.

In [7], Hodel and Vaughan proved that under Generalized Con-
tinuum Hypothesis (GCH), 1 reflects all infinite cardinals for the
class of compact Hausdorff spaces. This result is now a consequence
of the following corollary.

Corollary 3.12. Assume GCH. If X is initially kT -compact, T3,
and ¥(X) > kT, then there exists Y € [X]<5" such that (V) >
Jr

KT

It was also proved in [7] that, under GCH, psw reflects all infinite
cardinals for the class of compact Hausdorff spaces. We will extend
this result to the class of initially k-compact spaces. To see this,
we need a couple of results. The first one is a generalization of
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w(X) = psw(X) for X compact and Hausdorff. The second is the
remarkable reflection theorem for weight which was shown for T3
spaces by Tkachenko [11] and later, for any space (no separation
axiom is needed), by A. Hajnal and Juhész [5].

Lemma 3.13 ([7]). If X is initially k™ -compact, Ty, and psw(X) <
K, then psw(X) = w(X).

Theorem 3.14. If X is a topological space and w(X) > Kk, then
there exists Y € [X|=F such that w(Y) > k.

Theorem 3.15. Assume GCH. If X is initially k-compact, T, and
psw(X) > k', then there exists Y € [X|=F" such that psw(Y) >
kT

Proof: Since psw(X) > 1 and psw(X) < w(X), then w(X) >
kT: hence, by Theorem 3.14, there exists Y € [X]S’“Jr such that
w(Y) > kT. Now, since X is initially x-compact and we are as-
suming GCH, by Lemma 3.13, we suppose, without loss of gen-
erality, that Y is initially x-compact. Hence, by Lemma 3.13,
psw(Y) > k™. O
Corollary 3.16. Assume GCH. For the class of compact Hausdorff
spaces, psw reflects all infinite cardinals.

Corollary 3.17. Assume GCH. If X is initially k-compact, T,
and psw(Y) < &t for any Y € [X]=5", then X is compact.

Proposition 3.18. If X is initially k-compact, Ts, and nw(X) >
KT, then there exists Y € [X]<5" such that nw(Y) > k't

Proof: Since nw(X) > hL(X) and hL reflects all infinite car-
dinals (see [7, Theorem 2.1]), we may assume that hL(X) < s*.
Then L(X) < k; hence, X is compact. Thus, by Theorem 1.5 in
[11], there exists Y € [X]*" such that nw(Y) > xT. O

Corollary 3.19. If X is initially k-compact, Ty, and nw(Y) < k™
foranyY € [X]§”+, then X is compact.
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