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ON LEXICOGRAPHIC PRODUCTS OF TWO
GO-SPACES WITH A GENERALIZED
ORDERED TOPOLOGY

AI-JUN XU AND WEI-XUE SHI

ABSTRACT. In this paper, we investigate lexicographic prod-
ucts of two GO-spaces with a generalized ordered topology
that we call a generalized ordered topological product of the
two GO-spaces. We concentrate on the relationship of the
properties, such as Lindel6fness, paracompactness, and per-
fectness, of the two GO-spaces and their generalized ordered
topological product.

1. INTRODUCTION

Starting with two generalized ordered (GO) spaces X and Y, we
introduced, in [7], a new topology on the lexicographic product set
X x Y. This new topology contains the usual open-interval topol-
ogy of the lexicographic order and also reflects in a natural way
the fact that X and Y carry a GO-topology, rather than just the
open interval topology of their linear orderings. (Precise definitions
appear in section 2.) This new topology on the lexicographic prod-
uct is called a generalized ordered topological product (GOTP) of
the GO-spaces X and Y and is denoted by GOTP(X «Y'). In this
paper, for GO-spaces X and Y, we show that the GOTP(X %Y) is
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Lindel6f (or paracompact) if and only if X, Y are Lindeldf (or para-
compact), provided that Y has two endpoints. We prove that the
GOTP(X *Y) is a paracompact GO-space if and only if X, Y are
paracompact GO-spaces, provided that X does not have neighbor
points. Moreover, we investigate when the GOTP is metrizable,
(or perfectly normal, or a p-space, or an M-space).

Let X = (X, 7,<) be a GO-space. If p and ¢ are points of X such
that p < g and (p,q) = (), then p and ¢ are called neighbor points
in X; p is the left neighbor point of ¢ and ¢ is the right neighbor
point of p. Let

Ix = {x € X | z is an isolated point of X},
Rx ={zxe X |[z,—) €1},
Lx={ze X | (—,z] €1},

Ex = Rx ULy,

NX:{xEEx—IX’E]yEEx—IX
such that z,y are neighbor points in X}.

For example, suppose X = (—1,0] U {1,2} U [3,4) with the usual
subspace topology from the real line. Then {0,1,2,3} C Ex, but
none of these points belongs to Nx. If C' is a convex subset of X
and { = (4, B) is a (pseudo-)gap in X, then we say that C' covers &
ifCNA#0#CNB. Asubset A of X is said to be left discrete in
X if for each x € X, there exists a convex open neighborhood O(z)
such that O(z) N (A—{z})N (<, z] = 0. A subset A of X is said to
be o-l-discrete if A = U{A,, | n € N} where for each n € N, A4, is
left discrete in X and N denotes the positive integers. o-r-discrete
is similarly defined. Define an equivalence relation ~ on X by

r~y<=x=yoruzy€c Nx & x,y are neighbor points in X.

For a set V' and a collection U of sets, we will write V' < U to mean
that V is a subset of some member of U.
For undefined terminology refer to [3], [4], [5], [6].

2. LINDELOFNESS AND THE GOTP

In contrast to lexicographic products of two LOTS with the usual
interval topology, we give a generalized ordered topology on lexico-
graphic products of two GO-spaces.
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Definition 2.1 ([4]). Let (X,<x), (Y,<y) be linearly ordered
sets. Then the lexicographic product X Y is defined as the Carte-
sian product X x Y supplied with the lexicographic ordering <;
ie., if a = (x1,y1) and b = (x2,y2) € X X Y then

a<bif and only if 1 <x a2 or 1 = x5 and y; <y ¥yo.

Definition 2.2 ([7]). Let (X, 7x,<x), (Y, 7y, <y) be GO-spaces.
Let Ax and Ay be the usual interval topology on X and Y, respec-
tively, and let Ax4y be the usual interval topology on the linearly
ordered set X Y.

The generalized ordered topology (GOT) Tx.y is generated by
a subbase Ax.y Ut Ut U {[(z,y),—) C X *xY |z € X, y €
Yand [y,—) € v — Ay U{(—,(z,y)] C X *xY |z € X, y €
Y and («,y] € 7v — Ay}, where either

7r = 0 and 77, = 0, if Y does not have endpoints,
or

T = {[{z,y0),—) | x € X and [x,—) € Tx — Ax} and
7, =0, if Y has a left endpoint g9, but no right one,

or

TR = 0 and 77, = {(«,{z,11)] | * € X and (+, 2] € 7x —
Ax }, if Y has a right endpoint y;, but no left one,

or

TR = {[<$7y0>7—>) | relX and[x,—>) €Tx — )\X} and
7L = {(—,{(z,y1)] | z € X and («—,z] € Tx — Ax}, if Y has
both a left endpoint yg and a right endpoint .

We say that the space (X xY, Tx.y ) is the generalized ordered topo-
logical product (GOTP) of GO-spaces (X, 7x,<x) and (Y, 1y, <y),
and denote it by GOTP(X «Y"). Similarly, we denote (X *Y, Ax.y)
by LOTP(X xY).

In Definition 2.2, if X, Y are LOTS, then 7x.v = Axsy. For
each x € X, the subspace {z} *Y of the GOTP(X % Y") is home-
omorphic to Y. Moreover, the topology on the GOTP(X *Y) is
determined by the topologies on X and Y. So the GOTP(X *Y') is
a natural generalization of the lexicographic product with the usual
interval topology.
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Convention. When the meanings are clear from the context, we
do not distinguish notations for orderings on different ordered sets
and use simply < instead of <y, <y, and <.

Definition 2.3. Let X be a GO-space and S C X be convex in X.
Define

I(S) = {x € S| there exist a, b € S with a < = < b}.
For any subset G C X, define
I(G) = U{I(S) | S is a convex component of G}.

For any subset G of GO-space X, I(G) is open in X. Next, we
explore when the lexicographic product of two GO-spaces with a
generalized ordered topology is Lindelof. First, we need the follow-
ing lemmas.

Lemma 2.1 ([7]). Let X, Y be GO-spaces and yo (y1) be a left
(right) point of Y. Suppose U is an open cover of the GOTP(X *Y")
by conver sets and

E ={x € X | no element of U contains both (u,yo)
and (v,y1) for some u, v € X and u < x < v}.

Then E is a closed discrete subspace of X.

Lemma 2.2 ([7]). Let X, Y be GO-spaces. Suppose w1 is a map-
ping from the GOTP(X*Y') onto X, which is defined by m ((z,y)) =
x for each point (x,y) € X *Y. If Y has both a left and a right
endpoint, then w1 is continuous.

Remark. In this paper, m always denotes the map defined in
Lemma 2.2.

Theorem 2.1. Let X, Y be GO-spaces. If Y has both a left and a
right endpoint, then the following are equivalent.

(1) X, Y are Lindeldf;
(2) the GOTP(X *Y') is Lindeldf.

Proof: (1) = (2) Let yo be a left endpoint of Y and y; be a right
endpoint of Y. Suppose U is any open cover of the GOTP(X «Y').
Without loss of generality, suppose every member of U is convex.
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Let E be defined as in Lemma 2.1. Since X is Lindelof, E is
countable by Lemma 2.1. Let

I(m(U)) = {I(m(U)) | U €U}
and
U(Ix)={{z} |z € ENnIx}.

For each z € EN((RxULx)— Ix), choose u,, v, € X and U, €
U satisfying the following properties:

(i) if z € EN(Rx — Ix), then vy, > z and [(x,y1), (vz, y1)] C
U, elU;

(ii) if x € EN(Lx — Ix), then u, < x and [(ugz, yo), (x,y0)] C
U, cU.

For each z € E— (Rx U Lx U Ix), choose u,, v, € X and Uy,
U,1 € U satisfying the following property:

Uy < T < Vg, [(Uz,Y0),(T,%0)] € Ugo € U and
[<x7y1>7 <Ux7y1>] - le eu.
Then let
URx) = {[x,v) |z € EN(Rx — Ix)},
ULx) = {(uz,2]|z € En(Lx —Ix)},
U(TX) = {(ux‘avx) ’ re FE — (RX ULx fo)}.

We claim that U’ = I(m1(U)) UU(Ix) UU(Rx ) UU(Lx)UU(Tx)
is an open cover of X. Obviously, every member of U’ is open
in X. It remains to show that I(m(U)) 2 X — E since U(Ix) U
URx)UU(Lx)UU(Tx) 2 E. For every x € X, if © ¢ E, then
there exist u, v € X with the property v < x < v and (x, ) €
[(w, o), (v,91)] €U €U. Thus, z € (u,v) < I(m(U)) € I(m (U)).

Suppose that V is a countable subcover of I’. Define

Wi = {UeU|I(m(U)) €V}

Wy = {Uz|ze€ EN(Rx —Ix) and [z,vy) € V};

Wy = {U,|ze€ ENn(Lx —Ix) and (ug,z] € V};

Wy = {Uy,Uy |z € E—(RxULxUIyx)and (ugz,vg) € V}.

Since Y is Lindeléf and homeomorphic to {z} % Y, there is a

countable open subfamily V, of U covers {z} *x Y for every z € X.
Then let

Ws ZU{VI ‘ T € E}
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Hence, for ¢ = 1,2,3,4,5, W, is a countable open collection of the
GOTP(X *Y). Define W = U{W,; | i = 1,2,3,4,5}. By the
above construction, W is a subset of ¢. To conclude the proof, it
suffices to show that W is an open cover of the GOTP(X %Y. Let
s ={(z,y) € X xY. There are two cases:

(i) If z € E, then s = (z,y) is covered by Ws.

(ii) If z ¢ E, then there exists V € V with z € V. Furthermore,
V must be a member of I(m (U))UU(Rx)JU(Lx)JU(Tx).
If Ve I(m(U)), then there exists a U € U such that V =
I(m1(U)). Hence, s € U e Wy. If V € U(Tx), then there
exists € E — (Rx U Lx U Ix) with V = (uy,v,;) and = #
z. Thus, s = (z,y) belongs to ((us,yo), (z,y0)) or ({(x,y1),
(vy,y1)). Hence, s = (z,y) belongs to Uy, or U, either of
which belongs to W;. The other cases are similar.

(2) = (1) Clearly, Y is Lindelof because {z} Y is a closed set
of the GOTP(X *Y) and homeomorphic to Y for every z of X.
Next, we will prove that X is Lindelof. For any open cover V of
X by convex sets, m; (V) = {m; (V) | V € V} is an open cover of
the GOTP(X *Y) by Lemma 2.2. So, there is a countable open
subcover 71 (V') of 771 (V) with V' C V. Then, V' is a countable
open subcover of V. In fact, for each x € X, there exists V € V'
such that (z,yo) € 7y (V). Hence, z € V. O

In Theorem 2.1, if Y has only one endpoint, then the GOTP (X
Y) may not be Lindel6f.

Example 2.1. Let Y = [0,1) with the usual topology and let X
denote [0, 1] having a base consisting of all intervals (z,1], [z,vy),
where z, y, z € [0,1]; 2 <y; and  # 1. Then the GOTP(X xY')
is not Lindelof.

In addition, we have the following theorem.

Theorem 2.2. Let X, Y be GO-spaces. If Y has neither a left nor
a right endpoint, then the GOTP(X xY') is Lindeldf if and only if
Y is Lindeléf and | X| < w.

Proof: Obvious, since X * Y is the disjoint union of the open
subset of the GOTP(X *Y'). O
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3. PARACOMPACTNESS AND THE GOTP

Lemma 3.1 ([4]). Let X be a GO-space. Then X is hereditarily
paracompact iff X — {x} is paracompact for each point x € X.

Lemma 3.2. Let X, Y be GO-spaces. If Y has both a left and a
right endpoint, and

(1) if A is discrete in X and B is discrete in Y, then A x B is
discrete in the GOTP(X % Y);

(2) if D is discrete in the GOTP X xY, then m(D) is discrete
n X.

Proof: Let yy denote the left endpoint of Y and y; denote the
right endpoint of Y.

(1) For every z € X and y € Y, there exist convex open subsets
O(z,A) (in X) and U(y, B) (in Y) such that O(z, A)N(A—{z}) =
0 and U(y,B) N (B — {y}) = 0, respectively. It suffices to show
that there exist open subsets V({z,y)) of the GOTP(X %Y such
that V({z,y)) N (Ax B — {(z,y)}) = 0 for each (z,y) € X «Y. If
Yy 75 Yo, Y1, then let V((m,y)) = {x}*(U(y7B)_{y07 yl}) Ify = Yo,
then let V((z,y)) = {2} * U(yo, B) U (n7 " (O(z, 4)) N (—, (z,0))).
If y =y, then let V({z,y)) = {a} * Uy1, B) U (m1 " (O(z, A)) N
(<$7y1>7 _’))

(2) For every (x,y) € X *Y, there exists a convex open neighbor-
hood O({(z,y)) of (x,y) in the GOTP X Y such that O({x,y)) N
(D —{(z,y)}) = 0. We shall prove that there exists an open neigh-
borhood U(z) of z in X such that U(z) N (71 (D) —{z}) = 0. There
are four cases to consider: (i) z € Ix is clear. (ii) v € X — (Rx U
Lx UIx). Then there exists uy, vy € X, O((z,y0)) and O({z,y1))
with v, <2 < e, (ve,51) € O((z,y1)) and (uq, yo) € Oz, y0)).
Then, let U(z) = (ug,v,). (iil) v € Rx — Ix. For (z,y1) € X Y,
there exists v, > x with (vz,y1) € O({(x,y1)). Then let U(z) =
[x,v;). (iv) # € Lx — Ix. Similarly, there exists u, < z with
(ug,y0) € O({z,yo)), then let U(z) = (uy, z|. O

Corollary 3.1. Let X, Y be GO-spaces. If Y has both a left and
a right endpoint, then the following are equivalent.

(1) The GOTP(X *Y) is o-discrete;

(2) X, Y are o-discrete.
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Proof: (1) = (2) Let the GOTP(X *Y') be o-discrete. Obvi-
ously, Y is o-discrete. Moreover, let

X *Y =U{D,, | n € N and D, is discrete
in the GOTP(X *Y) for each n € N}.

Then, X = m(X xY) = U{m(D,,) | n € N} is o-discrete in X by
Lemma 3.2(2).

(2) = (1) Since X, Y are o-discrete, we have
X =U{A, | n € N and A, is discrete in X} and
Y = U{By, | m € N and B,, is discrete in Y}.
For each n,m € N, let C,, ,, = U{{z} * B,, | = € A,}. Then
X *Y = U{Cym | n,m € N}. By Lemma 3.2(1), C,, ,, is discrete
in the GOTP(X xY). Thus, the GOTP(X *Y) is o-discrete. [

Lemma 3.3 ([4], Theorem 2.4.6). Let X be a GO-space. Then
X is paracompact if and only if for each gap and each pseudo-gap
(A,B) in X, there exist discrete subsets C' C A and D C B which
are cofinal in A and coinitial in B, respectively.

Theorem 3.1. If X, Y are (hereditarily) paracompact GO-spaces,
then the GOTP(X % Y') is a (hereditarily) paracompact GO-space.

Proof: Let X, Y be paracompact. Suppose (4, B) is a left-
pseudo-gap in the GOTP(X % Y). (The other cases can be proved
similarly.) Then, the singleton set {(box, boy)} of the left endpoint
of B is a discrete subset of the GOTP (X Y") which is coinitial in
B. So, it suffices to prove that there exists a cofinal subset D of A
which is discrete in the GOTP(X % Y"). Let

Ax = {ax € X | there exists ay € Y such that

a=(ax,ay) € A},
Bx = {bx € X | there exists by € Y such that
b= (bx,by) € B}.
Then X = Ax UByx, ax < bx forallax € Ax, and bx € By.
Further, |[Ax N Bx| <1 and Bx has a left endpoint byx.

Case 1. Ax N Bx = (). Since (A, B) is a left-pseudo-gap, Y has
a left endpoint yg = boy. First we claim that (Ax, Bx) must be a
left-pseudo-gap in X. In fact, if (Ax, Bx) were not a left-pseudo-
gap in X, then it would be a jump. So bypx has an immediate
predecessor by in X that is the maximal point of Ax. Then Y
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does not have a right endpoint since (A, B) is a left-pseudo-gap of
the GOTP(X xY'). But by the definition of GOTP, [(byx, boy ), —)
is not open in the GOTP(X % Y'). This contradicts that (A, B) is a
left-pseudo-gap of the GOTP(X % Y).

Now we know that (Ax,Bx) is a left-pseudo-gap in X. Then
there exists Dx C Ax such that Dy is a discrete subset of X and
cofinal in Ax. Pick arbitrary y € Y. Let D = {(z,y) | + € Dx}.
Obviously, D is a cofinal subset of A. By Lemma 3.2, D is discrete
in the GOTP(X *Y).

Case 2. Ax N Bx # (). Then Ax N Bx = {box}. Let
Ay = {ay ey | (bx,ay> € A}

and
By = {by ey | <bx,by> € B}.

Then (Ay, By) is a left-pseudo-gap in Y since {bx} * Y is homeo-
morphic to Y. Hence, there exists a subset Dy C Ay which is dis-
crete in Y and cofinal in Ay. Now, define D = {(box,y) | y € Dy }.
Then D is a discrete subset of the GOTP(X * Y) and a cofinal
subset of A.

Next, let X, Y be hereditarily paracompact. By Lemma 3.1, it
suffices to prove that there are discrete subsets D and R of X %Y —
{p}, such that D is cofinal in {s € X*Y | s < p} and R is coinitial in
{se X+xY |p< s} forevery pe X «Y. Let p= (px,py) € X xY.
If py is not an endpoint of Y, then the proof is clear since Y is
hereditarily paracompact. Let py be the left endpoint of Y. Then
there are two possibilities to consider:

(i) px has an immediate predecessor py in X. If Y has the
right endpoint yi, then let D = {(px,y1)}. If Y does not
have a right endpoint, then there exists Dy C Y such that
Dy is discrete and cofinal in Y. Thus, let D = {(py,y) |
y € Dy }.

(ii) px does not have an immediate predecessor in X. Then
there exists Dx C X — {px} such that Dy is discrete in
X — {px} and cofinal in {x | * < px}. Thus, let D =
{{z,py) | x € Dx}.

In either case, D is discrete in X*Y —{p} and cofinal in {s € XY |
s < p}. Further, there exists Ry C Y such that Ry is discrete and
coinitial in Y — {py }. Hence, let R = {(px,vy) | y € Ry }. Then R
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is discrete in X *Y — {p} and cofinal in {s € X *Y | s > p}. If py
is the right endpoint of Y, the proof is similar. O

The converse of the above theorem is not true. (See Example
3.1.)

Example 3.1. Let X = wg and Y = w; with the usual order
topology. Then Y is not paracompact. However, the GOTP(X xY")
is paracompact. (In fact, the GOTP(X % Y) is Lindeldf.)

Theorem 3.2. Let X, Y be GO-spaces. If Y has neither a left
nor a right endpoint, then the GOTP(X xY') is paracompact if and
only if Y is paracompact.

The proof of Theorem 3.2 is obvious because the GOTP(X xY)
is the disjoint union of open subsets of X * Y, each homeomorphic
to Y. Moreover, when “paracompact” is replaced by o-discrete,
or perfectly normal, or p-space, or M-space, or metrizable, the
conclusion of Theorem 3.2 is also true.

Theorem 3.3. Let X, Y be GO-spaces. If Y has both a left and a
right endpoint, then the following are equivalent.

(1) The GOTP(X %Y') is paracompact;

(2) X, Y are paracompact.

Proof: (2) = (1) is clear by Theorem 3.1.

(1) = (2) Obviously, Y is paracompact since it is homeomor-
phic to the closed {z} * Y of the GOTP(X % Y) for every x € X.
Next, we prove that X is paracompact. Let (A, B) be a left-
pseudo-gap in X. (The other cases are proved similarly.) Then
(m71(A), 77 H(B)) is a left-pseudo-gap in the GOTP(X *Y). Hence,
there exists a discrete subset D of the GOTP(X % Y') such that D
is a cofinal subset of w7 *(A). Thus, 71 (D) is a cofinal subset of A
and a discrete subset of X by Lemma 3.2(2). O

Theorem 3.4. Let X, Y be GO-spaces. If X does not have neigh-
bor points, then the following are equivalent.
(1) the GOTP(X % Y') is paracompact;
(2) X, Y are paracompact.
Proof: (2) = (1) is clear by Theorem 3.1.

(1) = (2) Since X does not have neighbor points, {z} * Y is
a closed subset of the GOTP(X %Y for every x € X. Then Y
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is paracompact because Y is homeomorphic to {z} * Y for every
x € X. Next, we prove that X is paracompact. Let (A, B) be a
left-pseudo-gap in X. (The other cases proved similarly.) There
are two cases.

Case 1. If Y has a left endpoint, then (7 *(A),7;*(B)) is a
left-pseudo-gap in the GOTP(X xY).

Case 2. If Y does not have a left endpoint, then (77 (A), 7, *(B))
is a gap in the GOTP(X % Y).

In either case, there is a discrete subset D in the GOTP(X *Y')
which is cofinal in 77 '(A). Thus, (D) must be cofinal in A.
Further, m1(D) is a discrete subset of X by Lemma 3.2 (2). The
proof is finished. U

In Theorem 3.4, the condition “X does not have neighbor points”
cannot be removed. Otherwise, Y may not be paracompact (see
Example 3.1).

Lemma 3.4 ([4]). Let X be a GO-space. Then the following are
equivalent.

(1) X is metrizable;
(2) there exists a subset D C X such that
(i) D = X; (i) Ex C D; (iii) D is o-discrete (in X).
Theorem 3.5. Let X, Y be GO-spaces. If Y has both a left and a

right endpoint, then the following are equivalent.

(1) The GOTP(X *Y') is metrizable;
(2) X is o-discrete and Y is metrizable.

By Lemma 3.2 and Lemma 3.4, the proof of Theorem 3.5 is easy.

4. OTHER RESULTS ON THE GOTP

Theorem 4.1. Let X, Y be GO-spaces.

(1) If Y| > 2 and Y has both a left and a right endpoint, then
the GOTP(X *Y') is perfectly normal <= X is o-discrete
and Y 1is perfectly normal.

(2) If |Y| =2, then the GOTP(X xY') is perfectly normal <
X is perfectly normal and Ex is o-discrete in X.

Proof: (1) Necessity. Clearly, Y is perfectly normal. Since |Y| >
2, there exists y € Y such that y is not an endpoint of Y. Then
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{{z,y) | x € X} is a relatively discrete subset in the GOTP(X xY").
Hence, {(x,y) | x € X} is a o—discrete subset in the GOTP(X *Y")
by Theorem 2.4.5 in [4]. Therefore, X is o—discrete by the Lemma
3.2(2).

Sufficiency. Let P be arelatively discrete subset in the GOTP (X
Y). Let P, = ({2} *Y) N P. Then P, is a relatively discrete
subset in {z} * Y for each z € X. Since {z} *Y is homeo-
morphic to Y, P, is o-discrete in Y for each z € X. In addi-
tion, P C {{z} *« P, | * € m(P)}. Thus, P is o-discrete in the
GOTP(X *Y) by Lemma 3.2(1). By Theorem 2.4.5 in [4], the
GOTP(X xY) is perfectly normal.

(2) Necessity. Suppose Y = {yo,y1} with yo < y1. Let P be
relatively discrete in X. Then 7 L(P) is relatively discrete in the
GOTP(X #Y). Hence, 7, *(P) is o-discrete in the GOTP(X *Y).
By Lemma 3.2(2), P is o-discrete in X. Then X is perfectly normal.

For each © € Lx, (x,y;) is an isolated point in GOTP(X % Y)
since («—, (x,y1)] is open and (z,y;) has an immediate predecessor
(x,y0). Similarly, for each x € Rx, (x,yp) is isolated. Thus, A =
{{z,y1)|z € Lx} U{(x,y0)|z € Rx} is a relatively discrete subset
of GOTP(X *Y'). By perfectness of GOTP(X xY'), A is o-discrete.
Again by Lemma 3.2, Ex = m1(A) is o-discrete in X.

Sufficiency. Let FF = (X %xY)/ ~ be the quotient space of
GOTP(X,Y) (See section 1 for the definition of the equivalence
relation ~). Then F' is a GO-space with respect to the ordering
inherited from X %Y. Observe that

Neorp(x+y) = 1z, y0), (x,y1)lr € X — (Lx U Rx)}

and

F={{(z,y0), (x,y1)}|z € X — (Lx URx)}
U{{(z,y)}{z,y) € (X *Y) — Noorp(x+v)}-
Define g : X — F' as follows

{<$,y0>,<l‘,y1>} if:EeX—(LXURX)
g(z) =< {{z,y0)} ifexe Ly
{(x,y1>} ifxe Rx — Ix.
Then g is an embedding map from X to F. We regard x and g(z)
as the same thing. Suppose I = F— X. Then [ is a set consisting of
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isolated points of the GOTP (X xY'). Hence, any family consisting of
disjoint convex (in F') subsets of I is o-discrete in the GOTP (X *Y")
and also in F'. Hence, F may be regarded as the union of X and I,
and [ is an open o-discrete subset of F'. Suppose O is a family of
disjoint open convex subsets of F. Then O|X = {O N X|0 € O}
is a family of disjoint open convex subsets of X. It follows that
O|X is o-discrete in X since X is perfectly normal. So we may
put O = U{O,|n € N} such that O,|X is discrete in X. Moreover,
{0 € 0,]0N X # 0} is discrete in F as well since each member of
O,, is convex. Therefore, {O € O|O N X # (0} is o-discrete in F.
Next, if O € O does not meet X, then O C I. So {O € O|ONX =
0} is o-discrete in F. Hence, (X *Y')/ ~ is perfectly normal. Thus,
the GOTP(X *Y') is perfectly normal by [4, Lemma 3 (p. 26)]. O

Let X be a GO-space and suppose £ = (A, B) is a (pseudo-)gap,
possibly an endgap. Then £ is said to be countable from the left
if some strictly increasing countably infinite sequence is cofinal
in A, and £ is said to be countable from the right if there is a
strictly decreasing countably infinite sequence coinitial in B. The
(pseudo-)gap £ is said to be countable if it is countable from the
left or from the right.

Lemma 4.1 ([6]). (1) Let X be a GO-space. Then X is a p-
space if and only if there exists a sequence (V(n))pen of convex
open covers of X with the property that for each x € X and each
(pseudo-)gap £ = (A, B) in X there exists an n = n(z,£) € N such
that St(x,V(n)) does not cover the (pseudo-)gap &.

(2) Let X be a GO-space. Therefore, X is an M-space if and
only if there exists a sequence (V(n))nen of convex open covers
of X with the property that for each r € X and each countable
(pseudo-)gap & = (A, B) in X, there exists an n = n(x,&) € N such
that St(x,V(n)) does not cover the (pseudo-)gap &.

The following theorem can be proved in a way analogous to the
proof of Theorem 3.1.2 in [6]. But we give here a different (direct)
proof.

Theorem 4.2. Let X and Y be GO-spaces. If Y has both a left
and a right endpoint and no (interior) gaps, then the following are
equivalent.

(1) X is a p-space;
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(2) the GOTP(X %Y is a p-space.

Proof: Let yg denote a left endpoint of Y and y; denote a right
endpoint of Y.

(1) = (2) Suppose (A, B) is a (pseudo-)gap of the GOTP(X x
Y). Then (m1(A),m1(B)) is a (pseudo-)gap of X since Y is a com-
pact LOTS. Let (V(n))nen be open covers of X with the proper-
ties of Lemma 4.1. Thus, (77 '(V(n)))nen are open covers of the
GOTP(X xY') with the properties of Lemma 4.1. In fact, for every
(x,y) € X+Y and (pseudo-)gap (A, B), there exists n € N such that
St(xz,V(n)) does not cover the (pseudo-)gap (m1(A), 71 (B)). Hence,
St((x,y), 71 (V(n))) does not cover the (pseudo-)gap (A4, B).

(2) = (1) Let (U(n))nen be open covers of the GOTP(X x
Y') with the properties of Lemma 4.1. Without loss of generality,
suppose that U(n + 1) refines U(n). For each n € N, let I(U(n)) =
{I(m (1) | U € U(n))} and B@U(n)) = X — UT@U(n)). For 7 €
EU(n)) NIx, let V(z,n) = {z}. For x € E(U(n)) N (Rx — Ix),
there exists v, > x such that (vg,y1) € St((z,y1),U(n)). Then
let V(z,n) = [z,v;). Similarly, for z € EU(n)) N (Lx — Ix),
there exists u, < z such that (ug,yo) € St({z,yo),U(n)). Then
let V(z,n) = (ug,z]. For x € E(U(n)) — (Rx U Lx U Ix), there
exist uy, v, such that u, < z < vy, (uzyo) € St({x,yo),U(n))
and (vy,y1) € St({(x,y1),U(n)). Then let V(x,n) = (uy,v,) and
V(n) = IUMn)) U{V(x,n) | = € E(U(n))}. Thus, the sequence
(V(n))nen of open covers of X satisfies the properties of Lemma 4.1.
In fact, let (A, B) be a (pseudo-)gap of X. Then (7' (A), 7 (B))
is a (pseudo-)gap of the GOTP(X *Y). For x € X, there are
m, n € N such that St({(x, y0> U(m)) and St((:n,yﬁ,bl(n)) do not
cover the (pseudo-)gap (77 (A), 771 (B)) of the GOTP(X *Y). Let
[ = max{m,n}. Then St((:p yo),U(1)) and St((z,y1),U(l)) do not
cover the (pseudo-)gap (77 '(A), 7 (B)). Therefore St(z, V(1))
does not cover the (pseudo-)gap (A, B) because 7, * (St(z, V(1)) C
St((x,y0>,2/{(l))USt((x,y1>,U(l)). O

By an argument similar to the proof of Theorem 4.2, we have

the following theorem.

Theorem 4.3. Let X and Y be GO-spaces. If Y has both a left
and a right endpoint and no countable gaps, then the following are
equivalent.



(1)
(2)
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X is an M -space;
the GOTP(X *Y') is an M -space.

The following theorems are improvements of theorems 3.1.3, 3.2.3,
3.1.5, 3.1.6, 3.2.5, 3.2.6 in [6]; Lemma 3 (page 81) and theorems
4.4.3, 4.4.7 in [4] can be proved by some modifications, respectively.

Theorem 4.4. Let X, Y be GO-spaces. If Y has both a left and a
right endpoint and

(1)
(2)

if Y has at least one interior gap, then the GOTP(X xY')
s a p-space <= X 1is o-discrete and Y 1is a p-space.

if Y has at least one countable gap, then the GOTP(X xY')
is an M -space <= X 1is o-discrete and Y is an M-space.

Theorem 4.5. Let X, Y be GO-spaces. If Y has a left (right)
endpoint, but no right (left) one, and

(1)

(2)

()

if Y has no interior gaps, then the GOTP(X xY) is a p-
space <= X 1is a left-(right) p-space, and D = {x € X |
x has no right (left) neighbor point} is o-l-(o-r-)discrete;
if Y has at least one interior gap, then the GOTP(X xY)
is a p-space <= X is a o-l-(o-r-)discrete, Y is a p-space
and if X contains neighbor points and the interior gaps are
cofinal (coinitial) in'Y, then'Y has cofinality wy (coinitiality
)
if Y has a countable right (left) endgap and no countable
interior gaps, then the GOTP(X*Y") is an M -space <— X
is a left-(right) M-space, and D = {x € X | x has no right
(left) neighbor point} is o-I-(o-r-)discrete;
if Y has at least one countable interior gap, then the GOTP
(X %Y) is an M-space <= X is a o-l-(o-r-)discrete, Y
is an M-space and if X contains neighbor points and the
countable interior gaps are cofinal (coinitial) in'Y, then' Y
has cofinality wy (coinitiality wg);
if X has neighbor points, then
(a) X is o-lI-(o-r-)discrete, Y is o-discrete, and wy (wy)
is cofinal (coinitial) in Y <= the GOTP(X *Y) is
o-discrete;
(b) X is o-l-(o-r-)discrete, Y is metrizable, and wy (wg)
is cofinal (coinitial) in Y <= the GOTP(X *Y) is
metrizable;
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(¢) X is o-l-(o-r-)discrete, Y is perfectly normal, and wy
(wg) s cofinal (coinitial) in' Y <= the GOTP(X xY)
is perfectly normal;

(6) if X does not have neighbor points, then

(a) X is o-l-(o-r-)discrete and Y is o-discrete <= the
GOTP(X xY) is o-discrete;

(b) X is o-l-(o-r-)discrete and Y is metrizable <= the
GOTP(X xY') is metrizable;

(¢) X is o-lI-(o-r-)discrete and Y is perfectly normal <=
the GOTP(X *Y') is perfectly normal.
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