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ALGEBRAIC STRUCTURE CLOSE TO THE
SMALLEST IDEAL OF (N

CHASE ADAMS, III*

ABSTRACT. If (z,)52; is a sequence in N with the property
that for each n, Tn+1 > Xi=ix:, then we have shown that
several notions of largeness for the set of finite sums, including
syndetic, piecewise syndetic, and central, are equivalent to the
set {Zn+1 — Ui=12: : n € N} being bounded. We show here
that there exist such sequences with {zn41 — X7 2: : n € N}
unbounded but with density of the set of finite sums as close
to 1 as we please. As a consequence we see that there are
copies of the semigroup H close to, but missing, the smallest
ideal of ON. This semigroup is known to contain much of the
algebraic structure of ON, including all of its idempotents.

1. INTRODUCTION

Given a sequence (zp)o2; in N, we let FS({z,)02;) =
D ter ¢ F € Py(N)}, where Py(N) is the set of finite nonempty
subsets of N. Sets of this form have been of interest ever since the

Finite Sums Theorem was proved in 1974.

Theorem 1.1 (Finite Sums Theorem). Let r € N and let N =
Ui_; Ai. There existi € {1,2,...,7} and a sequence (x,)2; in N
such that FS((z,)52 1) C A;.
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Proof. [4, Theorem 3.1]. O

The proof of Theorem 1.1, while elementary, was very com-
plicated. Subsequently a much simpler proof was obtained by
Fred Galvin and Steven Glazer who used the fact that the Stone-
Cech compactification AN of N has an operation extending ordi-
nary addition on N making (AN, +) a compact right topological
semigroup. Any compact right topological semigroup must have
idempotents and a subset A of N contains F'S({x,)5> ) for some
sequence (x,)5> ; if and only if there is an idempotent p of OGN in
the closure of A.

As a compact right topological semigroup, SN has a smallest
two sided ideal, K (8N) which is the union of all of the minimal left
ideals of ON and is also the union of all of the minimal right ideals
of BN. This ideal is known to have very rich algebraic structure.
(For example, there are 2° pairwise isomorphic groups in K (0ON),
each of which contains a free group on 2¢ generators.)

We take the points of ON to be the ultrafilters on N, identifying
a point of N with the principal ultrafilter consisting of all subsets
of N with that element as a member. Given A C N, the closure of
A A={pe pBN:Acp}. Theset {A: A C N} is a basis for the
open sets of ON, as well as a basis for the closed sets of SN. See [6]
for an introduction to the algebraic structure of K (/N).

Of special interest to us is the subsemigroup H of SN.

Definition 1.2. H =2, 2"N.

Since H is a compact right topological semigroup, it has a small-
est ideal K (H).

Theorem 1.3. All of the idempotents of BN are in H and each
maximal group in the K(H) contains a free group on 2° generators.
Also, K(H) contains a copy of the 2 x 2 rectangular semigroup.

Proof. [6, Lemma 6.8 and Theorem 7.35] and [7, Corollary 3.15].0

Several notions of size have originated in topological dynam-
ics, and they all have characterizations in terms of the algebraic
structure of SN. One of them does not have a simple elementary
description, so we define it first.

Definition 1.4. A subset A of N is central if and only if there is
some idempotent in A N K(AN).
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The other notions with which we will be concerned have sim-
ple elementary definitions. Given A C Nand x € N, —z 4+ A =
{yeN:z+ye A}

Definition 1.5. Let A C N.

(a) The set A is thick if and only if for all ' € Py(N) there exists
z € N such that F+ z C A.

(b) The set A is syndetic if and only if there exists G € P(N)
such that N = (J,c; —t + A.

(c) The set A is piecewise syndetic if and only if there exists
G € Py(N) such that (J,c —t + A is thick.

Notice that a set A is thick precisely when it contains arbitrarily
long blocks, syndetic precisely when there is a bound on the gaps
of A, and piecewise syndetic precisely when there is a bound b and
arbitrarily long blocks of N in which A has no gaps longer than b.

All of these notions have simple algebraic characterizations in
terms of ON.

Lemma 1.6. Let A C N.

(a) The set A is syndetic if and only if for every left ideal L of
BN, LNA#.

(b) The set A is thick if and only if there is some left ideal L
of BN with L C A.

(c) The set A is piecewise syndetic if and only if K(BN)NA # 0.

Proof. [2, Lemma 1.9]. O

It turns out that for well behaved sequences, these notions of size

are all equivalent for F'S((z,)22,).

Theorem 1.7. Let (x,)°, be a sequence in N such that for each
N, Tpt1 > pq &t. The following statements are equivalent.

(a) FS({(xn)02,) is piecewise syndetic.
(b) For allm € N, FS({(z,)5,,) is piecewise syndetic.

(c) FS({xn)2% ) is syndetic.

n=1

(d) For allm € N, FS({(x,)22,,) is syndetic.

n=m

(e) FS({xn)22,) is central.

(f) For allm € N, FS({x,)>2,,) is central.
(9) The set {xp+1 — > 4121 :n € N} is bounded.

Proof. [1, Corollary 4.2]. O
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There are other notions of size which do not join the above
list of equivalences. These involve various notions of density. Of
course the ordinary density of a set A C N is simply d(A) =
lim |[ANn{1,2,...,n}|
n—0o0 n
upper and lower density are defined respectively by

, provided that limit exists. The ordinary

- 1,2,...
4(A) = tim sup A2t gy gy g ADAL2, )]

n—oo n n—oo n

Then d(A) exists if and only if d(A) and d(A) exist and are equal.

Closely related to the notion of piecewise syndeticity is that of
upper Banach density. (The terminology is due to Furstenberg.
The notion was actually introduced by Polya in [8].)

Definition 1.8. Let A C N. Then

d*(A)=sup {a : for all n € N there exist m,z € N such that m>n

and |[AnN{z+1,2+2,...,2+ m}|
m

Zoz}.

The notion of Banach density determines an ideal of SN.

Definition 1.9. A* ={p e N : for all A € p, d*(A) > 0}.

It is easy to see that A* is a closed two sided ideal of (8N, +),
and consequently contains c/K (fN). The content of the following
theorem is that, in one sense A* is not much bigger than ¢/K (ON),
since p € ¢/K(PN) if and only if each member of p is piecewise
syndetic.

Theorem 1.10. Let A C GN.

(a) If A is piecewise syndetic, then there is some b € N such
that d* (Ub_, (—t + A)) = 1.

(b) If d*(A) > 0, then for each € > 0, there is some b € N such
that d* (U0, (—t+ A)) > 1 —e.

Proof. (a) Pick b such that Ui’zl(—t + A) is thick.
(b) [5, Theorem 3.8]. O
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In this paper we show that for each € > 0, there is a sequence
(xn)o 1 in N such that

(1) for each n € N, Tpp1 > >y 24,

(2) {zn+1 — >y 1 : n € N} is unbounded, and

(3) 1> d*(U,_ 1(—t+FS(<:nn>n 1)) >1—e
Then we show that as a consequence, there exist copies of K (H)
contained in A* \ ¢/K(ON). As we have seen in Theorem 1.3,
this says that there is substantial algebraic structure contained in

A*\ /K (PN).
2. SUBSEMIGROUPS CONTAINED IN A*\ ¢/K(0N)

It follows immediately from [6, Lemma 6.27], that if (z,)22, is a

sequence in N such that for all n € N, zp,41 > >} @, then T =

Noo_y FS((2n)22,,) is algebraically and topologically isomorphic to
H.

Theorem 2.1. Let (x,)02, be a sequence in N such that for all
neN, xpp1 >, and let T = (oo ; FS((24)32,,). The
following statements are equivalent.

(a) T N K(BN) # 0.

(b) T NclK(BN) £ (.

(¢) {xnt1 — Y 1y x¢ : n € N} is bounded.

Proof. Trivially (a) implies (b). To see that (b) implies (c), assume
that TNK(BN) # 0. Then, in particular F'S((z,)72 ) NclK(ON) #
. So, since FS((2,)52 ) is open, F'S((x,)%2 ;) N K(BN) # (. So
FS((zn)22,) is piecewise syndetic so that Theorem 1.7 applies.
(c) implies (a). By Theorem 1.7, F'S({(z,,)>2 ) is piecewise synde-
tic, so pick a minimal left ideal L of SN such that F'S({x,)5%)NL #
(). We shall show by induction that for all m € N, FS({x,)$2,,) N
L # (). This holds for m = 1 by the choice of L. So let m € N,
assume that F'S((z,)52,,)NL # 0, and pick p € FS((x,)32,,) N L.
Now FS(<$n>$LO:m):{$m}UFS(<$n>$LO:m+1)U($m+FS(<$n>$LO:m+1))'
Since p € N* = BN\ N, {z,,} ¢ p. So either F.S({xn)p,,. 1) € p of
T+ FS((Tn)pe,ny1) € . In the first case we are done, so assume
that z,, + FS((zn)p,ny1) € p- Then FS((xn)02,, 1) € —Tm + .
Since N* is a left ideal of 3Z by [6, Exercise 4.3.5] we have by
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[6, Lemma 1.43(c)] that L is a left ideal of 5Z, and consequently,
—Tm +p € FS((@n)5lyy) N L.

We thus have that {FS({(x,)S,,) N L : m € N} is a collection
of closed subsets of OGN with the finite intersection property, which
therefore has nonempty intersection. O

As a consequence of Theorem 2.1 we have that if {z,11—> 1 ¢ :
n € N} is unbounded, then T'N ¢/K(BN) = () and so T is a copy of
H which misses ¢/K (SN). We shall show in this section that much
of this structure is contained in A*, and is thus close to K (ON).

While we will continue to discuss sequences in N where each
term is greater than the sum of it’s predecessors, we seek to control
the largeness of a particular F'S((z,)5° ;) when the set {zp41 —
Sop_ix¢ : n € N} is not bounded. We let d € N and consider
sequences (z,)2% ; in N such that for each n € N, zp 41 = >0 &1+
L%J. For d € N, the function f(n) = L%J, though
unbounded, grows slowly.

We shall need the following simple lemmas, whose proofs we
omit.

Lemma 2.2. Let (z,)5° | be a sequence in N such that for alln € N,
Tpp1 > Dy q o and let F,G € Pp(N). Then Y, p 1 < Y cc Tt
if and only if max(F A G) € G.
Lemma 2.3. Let (x,)02, be a sequence in N such that for all
n €N, oy > Y2 and let F,G € Pp(N). If Y ,cqw =
min{) .y v : H € Pr(N) and Y 1cp 2 < D jcpy T}, and v =
minN\ F', then G={r}U{t e F:t>r}.

In Lemma 2.4 we provide, without proof, formulas for computing
the n'" term and n'" partial sum of the given sequence.

Lemma 2.4. Let d € N and let (z,)5°, be a sequence in N such
that for all n € N, xpy1 = Z?:l Ty + L%J. Forn >d+2, if
n=dk+ j, where k € N and j € {2,3,...,d+ 1}, then

j—2 dk d 2dk_1
T, = 27 (:c12 +2 <2d_1>+1>

- j—1 dk d 208 —1
> =2 <$12 +2 <2d_1>+1>—k—1.

i=1

and
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Given F' € Pf(N) such that min F' > r, we wish to know the
number of times F'S({x,)nZ,) hits {1,2,...,> ,cp 2;}. The next
lemma provides the answer.

Lemma 2.5. Let (x,)02, be a sequence in N such that for all
neN, o1 >y 2. Letr € N and let F € Py(N) such that
min F' > r. Then

FS((2,)%,) N {1, 2., ) :ct}

teF

=> 2

teF

Proof. We proceed by induction on |F|. Assume first that F' = {i},
then
FS(<:E7L>$LO:7") N {17 27 R ZteF ‘,L't} =
{(Yiecz:G=For0#GC{r,r+1,...,1—1}}

0 [FS((a)o2,) N{L,2,..., 3 cp i} =27

Let m € N and assume that the result is true for all F' with
|F| = m. Let F' € P¢(N) such that min " > r and |F| = m+1. Let
I =minF and let H = F'\ {l}. Let A ={G € P¢(N) :minG > r

and D ey Tt < Y jeq Tt <D yep i) and let B =
{(FYU{HUK :0# K C{r,r+1,...,1—1}}.

We claim that A = B.

To see that B C A, note that directly > . 2 < D cp 2 <
Yoierp Ty solet 0 # K C{r,r+1,...,1 -1} and let G = HUK.
Then max(G A F) =1 € F and max(GA H) € K C G so by
Lemma 2.2, >, oy ¢ < Y e Tt < D yep L

To see that A C B, let G € A. If ) ;.o &t = > 4cp %1, then
G = F, so assume that Y ..y oy < > cq @ < D 4cp . Let
k = max(H A G) and let m = max(F A G). Then k € G and
m € F. We claim that m < [. Suppose instead that m > [. Then
meH\Gsom<k. Thusk>landk¢ Hsok ¢ FsokeG\F.
This is a contradiction because k > m = max(F A G).

Since m < [ and m € F, we have m = [. Thus H C G, for if
t€ Hythent € Fandt >lsot¢ F\Gsote G. Also, given
te G, ift >, thent ¢ G\ Fsote H Thus ) # G\ H C
{r,r+1,...;01—1}. Let K =G\ H.
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Having established that A = B, we have that

FS((:cnﬁf_T)ﬂ{l,Z, Y xt}| = FS((:cnﬁf_T)ﬂ{l,Z, s xt}|

teF teH

+|B|

_ Z 2t7r + 2l7r

teH

=) 2t O

teF

We are now able to easily establish the following theorem.

Theorem 2.6. Let d € N and let (x,)52; be a sequence in N such
that for allm € N, xp11 = Z?:l Ty + L%J. Then
|FS((@n)pey) V{12, yap}] 2" 2027 - 1)

lim = lim = .
n—00 Ty n—oo I, (2d — 1):171 + 2d

In particular

d_
A(FS((z,)22,)) > (2d2_(21)$11_|)_ 5 and
2(24 — 1)

d(FS({xn)o2 ) < .
Proof. The first equality holds by Lemma 2.5, where r = 1.

If n = dk+ j where n € N and j € {2,3,...,d+ 1}, then by
Lemma 2.4,

|FS((zn)52) N {1, 2,..,an}| 2dk+j—1
T C 9(j-2 dk 4 od [29=1
n 20-2) <$12 +2 (m> + 1)
_ 2(2¢ - 1)
oz (29— 1) 24— 2-dk
Therefore
F o0 d
i ESWanniy) 4L 2,z 2(2°-1)
n—00 Tn k—o0 :E1(2d — 1) + 2d — 2—dk
2(2¢ — 1)

(24 — 1)z +27°
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The “in particular” follows immediately from the fact that for
any A € N and subsequence (z,,)5°; of N, if lim,, oo w

exists, then

n—00 T,

We now begin a sequence of lemmas designed to establish that
FS((z,)52) has an actual density — that is that
FS({zn)= 1,2,...,
LIS N {12 m)

m— oo m

exists.

Lemma 2.7. Let d € N and let (x,)22, be a sequence in N such

that for allm € N, zpy1 = > @ + L%J. If n € N and
n > 2, then r,11 > 2x,.

Proof. If n € {2,3,...,d}, then z,, = 2" 22y +2"2 and 2,41 =
21y 4271 Also T+l = 20=14 424=1 and Tgto = 200 +2941.
If k eN, j€{23,...,d} and n = kd + j one has directly by
Lemma 2.4 that x,41 = 2x,. Finally, if n = kd + d + 1, then by
Lemma 2.4,
2dk+2d—1 _ 2d—1

Ty = :1312kd+d_1 + 50 1 and

dk+2d _ 9d
2d — 1

Tpy1 = 12704 4 +1

=2z, +1.
O

Lemma 2.8. Let d € N and let (x,)22, be a sequence in N such
that for allm € N, Tpy1 = > 4y @ + L%J. If k,v € N and
k>r, then%<&.

= z,

Proof. For this it suffices to observe that for any n € N, ;L:fl <

n+2 < n+1 0

2%n Ty

Lemma 2.9. Let d € N and let (x,)22, be a sequence in N such
that for alln € N, xpi1 =Y g Tt + L%J. If meN, m>2,
F € P¢(N), and min F' > m, then T, ), p 2t—1 < gm—1 Y ier Tt
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Proof. We proceed by induction on the cardinality of F'. Let m € N
with m > 2 and let F = {s}. We prove by induction on s that if
s > m, then z,,2°7! < 2~ 1z,. Grounding the proof by induction,
for s = m, £, 2m 1 < 21z, Assume for s > m that z,,2°"! <
2m=lg,. By Lemma 2.7, x5 > 2z,. Therefore,

2ty 1 >2.2m gy,
> 27,257
= 7,,2%.

Returning to the inductive proof on the cardinality of F, as-
sume that » € N and whenever |F| = r and min ' > m, one
has Y yep 2t < 2m7ES pay. Let |F| = 7+ 1 such that
minF' > m, let n = min F, and let G = F'\ {n}. Then |G| = r.

Since min F' > m, minG > m. From the inductive hypothesis,
Tm Zt€G2t_1 < gm—1 > iec Tt Then

T (Z 2t_1> =22V o, Z 2t—1
teF teG
<2242y Ty
teG

= om-1 (Z T+ xn>

teG

= 2m—1 ZZEt .

teF
U

Lemma 2.10. Let d € N and let (x,)02, be a sequence in N such
that for allmn € N, Zpy1 = Y pq T + L%J. IfkeN, k>2,
F € Py(N), and max F =k, then 3 3, cp 2071 > 287157, pay.

Proof. We proceed by induction on |F|. To ground the induction
we establish by induction on k the stronger statement that if s < k,
then 25~ > 2k=1x,. This is trivially true if s = k. If 2,251 >
2k=1g . then 23112571 > 22,2571 > 2Fz,, where the first inequality
holds by Lemma 2.7.
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Now let r € N and assume the conclusion holds for all F' with
|F| =r. Let F' € Py(N) with |F| = r+1 be given, let | = min F, and
let G = F\ {l}. Then by assumption x>, 271 > 213,z
Thus

Tp Z 2=l — Tk <2l_1 + Z 2t_1>

teF teG

O

Given m € Nand ), oz, € FS((2n)p2,,), the next two lem-
mas provide constructions for the immediate successor and prede-
cessor, respectively, of > -~ xy,.

Lemma 2.11. Let (x,)2%, be a sequence in N such that for all
n €N, o1 > >4 2. Let m € N and let H € Py(N) with
min H > m. If G € Py(N), minG > m,

an—min{an:FG'Pf(N),minFZm, and an> an} ,

neG ner ner neH
and s =min{t e N\ H : t > m}, then G ={s} U{t € H : t > s}.

Proof. For each n € N, let v, = Zypin_1. Let H = H —m + 1,
where HH = H-m+1={t—-m+1:t€ H}. Let G =G—m+1.
Then > ey = D yey @ and 3ycc ye = minfa € FS((yn)ply)
a> >, cp vy Let r = min(N\H’). Then by Lemma 2.3, G' =
{riu{te H :t >r}. Then G =G +m—1={s}U{t € H : t > s}.

O

Lemma 2.12. Let (z,)02, be a sequence in N such that for all
n €N, x> Yz Let m € N and let L € Py(N) with
minL > m and L # {m}. If K € P§(N), min K > m,

an—max{Z:cn:FEPf(N),minFZm, and Z:cn<z:cn},

nekK ner ner ner
and l =min L, then K = (L\{{})U{t e N: m <t < [}.
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Proof. Note that

an—min{an:FG'Pf(N),minFZm, and an> an},
nerL neFr neFr nekK

Let s = min{t € N\ K : ¢t > m}. Then by Lemma 2.11, L =
{s}U{t € K :t > s}. Therefore,

l=minL =s=min{t e N\ K :t >m})
and so it can easily be verified that

K=@\{IHu{teN:m<t<l}. 0

The notations F(m,y) and G(m,y) defined below do not reflect
the fact that they also depend on the sequence (z,,)5°

n=1"
Definition 2.13. Let (x,)22, be a sequence in N such that for all
ne€N, xpi1 > Y g 2. Let m € Nand let y € N such that x,, < y.
Then F(m,y) and G(m,y) are finite nonempty subsets of N such
that min F(m,y) > m, min G(m,y) > m, and

Z xn—min{z Ty F € Pp(N), min F > m, andySan}

neF(m,y) neFr neFr
and
Z :cn_max{z zy : F € Py(N), min F > m, and an<y}
neG(m,y) nelr neF

We omit the routine proof of the following lemma.

Lemma 2.14. Let d € N and let (x,)02, be a sequence in N such
that for alln € N, 11 = Z?:l Ty + L%J. Let m € N with
m > 2. Then

Yy—00 Y Yy—00 Y

=1.

We are now able to establish that the asymptotic densities of the
finite sums from our sequences exist.

Theorem 2.15. Let d,r € N and let (x,,)72, be a sequence in N

such that for alln € N, xp11 =Y 0 x4+ L%] Then
(2d _ 1)22—7“

d(FS(<$n>$LO:T)) - (2d — 1);pl +2d°
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(2d _ 1)22—7“ )
Proof. Let a = 2l 1), 120 Let € > 0 be given such that
— 1)z
m-—-r

= « by Theorem 2.6, pick m € N such

€ < «. Since lim
m—o0 Ty,
k—r

that m > r and for all £ > m, -

< E By Lemma 2.14,
Tk 2

since

> oteG ) Tt D teF ) Tt
m (myy) m (myy)

li — i =1,
Y—00 Y Y—00 Y
pick s € N such that if y > s, then
€ > DY T
1— < teG(m,y) < teF(m,y) <1+ .
200 — € Y Y 200+ €

Let y > max{x,,, s}. Then

P (o)) 0 (12 ccg] _ [FSUGE) NL2 o Sy 20

) )

2t7r
= M by Lemma 2.5

_ ZteF(m,y) 2 ) ZtGF(myy) Tt
ZtEF(m,y) Tt Y

< m=r ) ZtEF(m,y) Tt

by Lemma 2.9

Tm

<( +6) 14 ‘
o+ —
2 200 + €

=a-+e€.
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Let k = maxG(m,y). Then

S (o)) 0 (12 g | S L2 S 21

) )

2t7r
= M by Lemma 2.5

_ 2ty 2 Dieatmy) T

ZtEG(m,y) Tt )
52 2teGlma) ™t by Lemma 2.10
T,
€ €
> (a—§) (1_ 2a—e>
= — €

O

Corollary 2.16. For each € > 0 there exists d € N such that,
if ©1 = 1 and for each n € N, xpi1 = >0 2 + L%L then
A(FS((2,)32,)) > 1 c.

Proof. Pick d € N such that ﬁ < €. Then by Theorem 2.15

d_
d(FS((za)i2y)) = prpgs = 1 — g 0

Notice that, as a consequence of Theorem 2.1, if (x,)5%, is a
sequence such that for all n € N, 11 = Y 1, —|—Ln+(§_1)j and
T =, FS((@n)5%,,), then T N clK(ON) = 0.

As a means to proving that TN A* # (), we introduce the def-
inition of a partition regular family of sets and record a theorem
which characterizes this notion.

Definition 2.17. Let R be a nonempty set of sets. We say that R
is partition reqular if and only if whenever F is a finite set of sets
and |JF € R, there exists A € F and B € R such that B C A.

Theorem 2.18. Let D be a set and let R C P (D) be nonempty and
assume that ) ¢ R. Let R'={B € P(D): A C B for some A € R}.
Then R is partition reqular if and only if whenever A C P(D) has
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the property that every finite nonempty subfamily of A has an in-
tersection which is in R, there is an ultrafilter p on D such that
AcCpC R

Proof. [6, Theorem 3.11]. O

Lemma 2.19. Let R = {A CN:d*(A) > 0}. Then R is partition
regular.

Proof. Let F be a finite set of sets such that [ JF € R. We note
here that R = R!. Since JF € R, d*(UF) > 0. By [6, Lemma
20.2], 0 < d*(UF) < > 4crd*(A). Therefore for some A € F,
d*(A) > 0. O

Lemma 2.20. Let d € N. Let (z,)22, be a sequence in N such
that for all n € N, xpy1 = Z?:l Ty + L%J and let T =
Mooy FS((xn)32,,). Then T N A* # (.

Proof. Let A= {FS((xn)p>,,) : m € N}. Let F' € P¢(N). Pick r =
max F'. Then (,,cp FS((zn)ply) = FS((2n)5>,). By Theorem
2.15,

(2122

Slnce0<d(FS(< n) oo ))<d*(FS<:En> ) Nimer FS{(2n)52,,) €
R. Since R is partition regular by Lemma 2.19, we have by The-
orem 2.18 an ultrafilter p on N such that A C p C R. Therefore
p €T and for all A € p, d*(A) > 0. O

Recall that the semigroup H contains all of the idempotents of
ON and has substantial algebraic structure.
Theorem 2.21. Let d € N. Let (x,)22, be a sequence in N such
that for all n € N, Tpy1 = > gt + L%J and let T =
N°_, FS({(xn)52,n)- Then T N A* is a subsemigroup of BN which
misses K (BN) and contains a topological and algebraic copy of K (H).

> 0.

Proof. By [6, Theorem 6.27] T is a subsemigroup of SN and there
exists 7 : H — T which is an isomorphism and a homeomorphism.
By [6, Theorems 20.5 and 20.6] A* is an ideal of SN. By Lemma
220 TN A* # 0, so TN A* is an ideal of T and thus contains
K(T) = 7[K(H)]. O
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