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MAXIMAL CONNECTED

HAUSDORFF SPACES

V. TZANNES

Abstract. We prove that there exists a connected Hausdorff
space containing a maximal connected subspace for which ev-
ery open superset is dense and which, under the restriction
that its maximal connected subspace remains connected, does
not have a maximal connected expansion. We also prove that
there exists an uncountable connected separable Hausdorff
submaximal space with a dispersion point.

1. Introduction

In [6], G. J. Kennedy and S. D. McCartan pose the question of
whether every space containing a maximal connected subspace for
which every open superset is dense has a maximal connected expan-
sion. We prove that there exists a connected Hausdorff space hav-
ing these properties which, under the restriction that its maximal
connected subspace remains connected, does not have a maximal
connected expansion. The required space is obtained by attaching
two specific spaces. The first is a countable connected Hausdorff
submaximal space, having a dispersion point. The use of a space
with a dispersion point is that such a space does not have a max-
imal connected expansion [4]. The second space is the Katětov
extension of any maximal connected Hausdorff space.
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A space is called submaximal [2], if every dense subset of it is
open. A point p of a connected space Y is called (1) a dispersion
point [7] if the subspace Y \ {p} is totally disconnected, (2) a cut
point if the subspace Y \ {p} is disconnected. The Katětov exten-
sion and its properties are described in detail by Jack R. Porter
and R. Grant Woods in [10]. The existence of maximal connected
Hausdorff spaces of every cardinality is proved by A. G. El’kin in
[3]. The concept of a maximal connected topology was introduced
by J. Pelham Thomas in [12].

In [1], A. V. Arhangel’skĭı and P. J. Collins pose the problems of
whether there exists a dense-in-itself uncountable separable Haus-
dorff (Tychonoff) submaximal space. Both these problems have
been answered by Ronnie Levy and Porter in [8]. Based on [8] and
[2], we observe that if we start with any countable Hausdorff space
without isolated points and consider any regularly open-maximal
topology [9], we get a countable Hausdorff submaximal space with-
out isolated points whose Katětov extension answers the first of the
above problems. It is obvious that if the initial space is a countable
connected Hausdorff space, then any regularly open-maximal topol-
ogy is a countable connected Hausdorff submaximal space whose
Katětov extension is an uncountable connected separable Hausdorff
submaximal space. We prove that this result can be extended to
the Hausdorff submaximal spaces with a dispersion point.

2. Main Results

The following space (Y, τ) is due to Prabir Roy [11]. It is a count-
able connected Hausdorff space having the point p as a dispersion
point.

Let Ci, i = 1, 2, ... be a countable collection of disjoint dense
subsets of the rationals Q. On the set Y = {p} ∪ {(r, i) ∈ Q×Z+ :
r ∈ Ci}, we define a topology τ as follows.

For every point of the form (r, 2n), a basis of open neighborhoods
includes the sets Uε(r, 2n) = {(t, 2n) : |t− r| < ε} for every ε > 0.

For every point of the form (r, 2n− 1), a basis of open neighbor-
hoods includes the sets Uε(r, 2n − 1) = {(t,m) : |t − r| < ε, m =
2n− 2, 2n− 1, 2n} for every ε > 0.

For the point p, a basis of open neighborhoods includes the sets
Un(p) = {(s, i) ∈ Y : i ≥ 2n}, n = 1, 2, ....
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On each Ci, i = 1, 2, ..., we consider two disjoint dense subsets

Li,Mi such that Ci = Li ∪Mi. We set L =
∞⋃
i=1

Li and M =
∞⋃
i=1

Mi.

Obviously, the sets L,M are disjoint and dense. We consider the
simple expansion τ ∨ τM (where τM is the topology generated by
{M}) and any regularly open-maximal topology equivalent to τ ∨
τM . We denote this topology by σ.

Proposition 2.1. The space (Y, σ) has the following properties.
(1) It is countable connected Hausdorff having the point p as a

dispersion point.
(2) It is submaximal.
(3) The subset L is a closed discrete subspace for which every

open superset is dense.

Proof: (1) That (Y, σ) is countable Hausdorff is obvious. Since
the topologies τ, τ ∨ τM , σ have the same regularly open subsets,
then (Y, σ) is connected. That p remains the dispersion point is
obvious.

(2) By [9, 2.2], every regularly open-maximal topology is sub-
maximal.

(3) The subset M is open dense in τ ∨ τM , hence open in σ. By
[9, 1.1(3)], it follows that Clτ∨τM M = ClσM ; that is, M is dense in
σ. Since Y is submaximal, L is a closed discrete subspace of (Y, σ).
Let U ∈ σ and L ⊆ U . By [9, 1.1(2)], ClτU = ClσU . Since L is
dense in τ , U is dense in σ. ¤

The following proposition is mentioned by El’kin in [3] with-
out proof. That every maximal connected space is submaximal is
proved by Thomas in [13].

Proposition 2.2. Let (X, τ) be a Hausdorff maximal connected
space. Then the Katětov extension κX of X is maximal connected.

Proof: We first prove that κX is submaximal. Let D be a dense
subset of κX. Since X is open, D ∩X is dense in X and hence is
also dense in κX. As D∩X ⊆ D ⊆ κX = ClκX(D∩X), D is open
in κX.

Suppose there exists a connected topology τ ′′ strictly finer than
the Katětov extension of X. We denote by τ ′ the induced topology
by τ ′′ on (X, τ). Since X is maximal connected, there exists U ∈ τ ′′
such that the subset A = U ∩X is open and closed in τ ′. Since κX
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is submaximal, it follows that IntκXU 6= ∅. For if IntκXU = ∅,
then U is a closed discrete subspace of κX; hence, U is open and
closed in τ ′′, which is impossible, because τ ′′ is connected.

Let s ∈ Clτ ′′U\U . By the definition of the Katětov extension and
since U ∩X is open and closed in τ ′, it follows that s ∈ κX \X and
s ∈ Clτ ′′A. Hence, s ∈ ClκXA and therefore, s is an accumulation
point of IntτA in κX. Thus, s belongs to the open subset IntτA∪
{q ∈ κX \X : IntτA ∈ q} in κX. Since A is open in τ ′′, the subset
Clτ ′′U = A ∪ {q ∈ κX \X : IntτA ∈ q} is open and closed in τ ′′,
contradicting the fact that τ ′′ is connected. ¤

We attach the spaces (Y, σ) and κX by attaching only the closed
discrete subspace L of Y to the closed discrete subspace κX \X of
κX and the spaces Y \ L and X remaining disjoint. That is, we
consider a one-to-one function f of L into κX \X, and we identify
each l ∈ L to f(l) ∈ κX\X. The remaining points of (κX\X)\f(L)
may be removed.

On the set Z = X ∪ Y , we define a topology ρ as follows. X
and Y \ L keep their own topology. For every point l ∈ L, a basic
open neighborhood is the set BZ(l) = BκX(f(l)) ∪ BY (l), where
BκX(f(l)) is a basic open neighborhood of f(l) in κX and BY (l) is
a basic open neighborhood of l in (Y, σ).

Proposition 2.3. The space (Z, ρ) has the following properties.

(1) It is Hausdorff connected submaximal.
(2) The subspaces Z \X ∪ L and Z \ Y are open.
(3) L is a closed discrete subspace of Z.
(4) The subspace X ∪ L is maximal connected.
(5) Every open superset of X ∪ L is dense.

Proof: (1), (2), and (3) follow from the definition of the space Z.
(4) By [5, Theorem 7], every connected subspace of a maximal

connected space is maximal connected. Hence, X ∪ L is maximal
connected.

(5) Every open superset V of X ∪L is of the form X ∪U , where
U is open in (Y, σ) containing L. Hence, by Proposition 2.1.(3), V
is dense. ¤

Proposition 2.4. If the space (Z, ρ) has a maximal connected ex-
pansion ρm, then the subspace (X, ρm | X) is not connected.
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Proof: Suppose ρ has a maximal connected expansion ρm in
which X remains connected. By [4, Theorem 14], the space (Z, ρm)
has a cut point in the boundary of every nondense open subset. Let
A be an open and closed subset of Y in σ. The subset A\L is open
in σ, hence open in ρ and therefore open in ρm. For the open A\L,
the cut points of (Z, ρm) are either the point p or a point of L.

Suppose p is a cut point. Then there exist two open subsets F,G
in ρm such that F ∩ G = ∅ and F ∪ {p} ∪ G = Z. Obviously,
the subsets F ∪ {p} and G ∪ {p} are closed connected in ρm and
hence connected in ρ. Since p /∈ X, the point p cannot cut the
connected subspace X. Hence, one of the above subsets contains
X. Let X ⊆ G ∪ {p}. Then for the connected subspace F ∪ {p} of
(Z, ρm), it holds that

(a) F ∪ {p} is maximal connected in (Z, ρm) because it is a con-
nected subspace of a maximal connected space, by [5, Theorem 7];

(b) F ∪ {p} is connected in (Z, ρ), having the point p as a dis-
persion point, because F ∪ {p} ⊆ Y .

Hence, F ∪ {p} has a maximal connected expansion which is
impossible by [4, Theorem 15]. Therefore, the point p cannot be a
cut point.

Suppose l ∈ L is a cut point. Therefore, similarly as above,
there exist two open subsets S, T in ρm such that S ∩ T = ∅ and
S∪{l}∪T = Z. Hence, one of the closed connected subsets S∪{l},
T ∪ {l} in ρm contains X. Let X ⊆ T ∪ {l}. But then S ∪ {l} ⊆ Y ;
that is, the subspace S ∪ {l}, which is connected with a dispersion
point in (Z, ρ), is expanded in a maximal connected space, which
is impossible. ¤

Proposition 2.5. Let X be a countable connected Hausdorff sub-
maximal space with a dispersion point p. Then the Katětov ex-
tension κX of X is an uncountable connected separable Hausdorff
submaximal space having the point p as a dispersion point.

Proof: That the space κX is connected separable Hausdorff is
obvious.

By the proof of Proposition 2.2., it is submaximal. Since every
countable H-closed space contains isolated points [2, Excercise 23,
p. 147], κX is uncountable.

It remains to prove that p is a dispersion point of κX. Let M be
a connected subset of κX \{p}. Since κX is submaximal, it follows
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that IntκXM 6= ∅. Let s ∈ κX \ X and s ∈ M \ IntκXM . We
set N = M ∩X. Since M \ IntκXM is a closed discrete subspace
of κX, then s is an accumulation point of IntXN in κX. For if
not, then there exists an open set U in κX containing s such that
U ∩M = {s}; that is, M is not connected. Hence, s ∈ IntκXM and
therefore, M \ IntκXM ⊆ X. Obviously, IntκXM ∩X ⊆ IntXN .
Since N is not connected, there exist two open subsets A,B in X
such that A ∩ N ∩ B = ∅ and (A ∩ N) ∪ (B ∩ N) = N. Hence,
the subsets A ∩ IntXN and B ∩ IntXN are disjoint open in X.
Therefore, the subsets (A∩IntXN)∪{q ∈ κX\X : A∩IntXN ∈ q}
and (B ∩ IntXN) ∪ {q ∈ κX \ X : B ∩ IntXN ∈ q} are disjoint
open in κX such that their union covers IntκXM . Since N has
no isolated points, it follows that the subsets ClκX(A ∩ IntXN)
and ClκX(B ∩ IntXN), whose union covers M , are disjoint on M ,
contradicting the fact that M is connected.
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