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ON TOPOLOGICAL HOMOTOPY GROUPS

OF 𝑛-HAWAIIAN LIKE SPACES

F. H. GHANE, Z. HAMED, B. MASHAYEKHY, AND H. MIREBRAHIMI

Abstract. By an 𝑛-Hawaiian like space 𝑋, we mean the

natural inverse limit, lim←−(𝑌
(𝑛)
𝑖 , 𝑦∗

𝑖 ), where

(𝑌
(𝑛)
𝑖 , 𝑦∗

𝑖 ) =
⋁
𝑗≤𝑖

(𝑋
(𝑛)
𝑗 , 𝑥∗

𝑗 )

is the wedge of 𝑋
(𝑛)
𝑗 ’s in which 𝑋

(𝑛)
𝑗 ’s are (𝑛− 1)-connected,

locally (𝑛−1)-connected, 𝑛-semilocally simply connected, and
compact CW spaces. First, we show that the natural

homomorphism 𝛽𝑛 : 𝜋𝑛(𝑋, ∗)→ lim←−𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗

𝑖 ) is a bijection.
Second, using this fact, we prove that the topological 𝑛-homo-
topy group of an 𝑛-Hawaiian like space 𝜋𝑡𝑜𝑝

𝑛 (𝑋,𝑥∗) is a topo-
logical group for all 𝑛 ≥ 2 which is a partial answer to the
open question whether 𝜋𝑡𝑜𝑝

𝑛 (𝑋,𝑥∗) is a topological group for
any space 𝑋 and 𝑛 ≥ 1. Moreover, we show that 𝜋𝑡𝑜𝑝

𝑛 (𝑋,𝑥∗)
is metrizable.

1. Introduction

In 2002, a work of Daniel K. Biss [1] initiated the development
of a theory in which the familiar fundamental group 𝜋1(𝑋,𝑥∗) of
a topological space 𝑋 becomes a topological space denoted by
𝜋𝑡𝑜𝑝
1 (𝑋,𝑥∗) by endowing it with the quotient topology inherited

from the path components of based loops in 𝑋 with the compact-
open topology. An important feature of the theory is that if 𝑋 and
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𝑌 have the same homotopy type, then 𝜋𝑡𝑜𝑝
1 (𝑋,𝑥∗) and 𝜋𝑡𝑜𝑝

1 (𝑌, 𝑦∗)
are homeomorphic. Among other things, Biss claimed that
𝜋𝑡𝑜𝑝
1 (𝑋,𝑥∗) is a topological group and 𝜋𝑡𝑜𝑝

1 is a functor from the cat-
egory of based spaces to the category of topological groups. How-
ever, there is a gap in the proof of Proposition 3.1 in [1]. For more
details, see [5] and [2].

In [7], the authors extended the above theory to higher homotopy
groups by introducing a topology on the 𝑛-th homotopy group of a
pointed space (𝑋,𝑥∗) as a quotient of the 𝑛-loop space Ω𝑛(𝑋,𝑥∗)
equipped with the compact-open topology. Call this space the topo-
logical homotopy group and denote it by 𝜋𝑡𝑜𝑝

𝑛 (𝑋,𝑥∗). The misstep
in the proof is repeated by the authors to prove that 𝜋𝑛(𝑋,𝑥∗) is
a topological group [7, Theorem 2.1]; see also [2]. Hence, there is a

question whether or not 𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗), 𝑛 ≥ 1, is a topological group.

Note that if 𝑋 is locally contractible, then 𝜋𝑡𝑜𝑝
1 (𝑋,𝑥∗) inherits

the discrete topology [5], and thus there is no information other
than algebraic data. The same thing happens in the case of higher
homotopy groups when 𝑋 is a locally 𝑛-connected metric space;
see [7, Theorem 3.6]. So spaces that are not locally 𝑛-connected,
𝑛 ≥ 1, are interesting. One of the simplest nonlocally 𝑛-connected
spaces is the 𝑛-dimensional Hawaiian earring ℋ𝑛, 𝑛 ≥ 1.

John W. Morgan and Ian Morrison [9], presenting a van Kam-
pen theorem for 1-Hawaiian like spaces, proved that the natural
homomorphism

𝛽 : 𝜋1(ℋ1, ∗)→ lim←−𝜋1(𝑌
(1)
𝑖 , 𝑦∗𝑖 )

is injective, where 𝑌
(1)
𝑖 =

⋁
𝑗≤𝑖 𝑆

1
𝑗 is the wedge of 1-spheres 𝑆1

𝑗 of

radius 1
𝑗 and center (1𝑗 , 0) and hence ℋ1 = lim←−𝑌

(1)
𝑖 with respect to

the natural inverse system for the 𝑌
(1)
𝑖 .

Now consider the 𝑛-dimensional Hawaiian earring ℋ𝑛, 𝑛 ≥ 2,
which is the union of a sequence of 𝑛-spheres 𝑆𝑛

𝑗 of radius 1
𝑗 identi-

fied at a common point ∗ as a subspace of ℝ𝑛+1. This paper aims to

explore ℋ𝑛 in the context of inverse limit space, i.e., ℋ𝑛 = lim←−𝑌
(𝑛)
𝑖 ,

where ℋ𝑛 can be approximated by factors 𝑌
(𝑛)
𝑖 =

⋁
𝑗≤𝑖 𝑆

𝑛
𝑗 .

As in [9], we consider a natural homomorphism

𝛽𝑛 : 𝜋𝑛(ℋ𝑛, ∗)→ lim←−𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 )
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as follows: Let 𝑅𝑗 : ℋ𝑛 → 𝑌
(𝑛)
𝑗 denote the projection fixing 𝑌

(𝑛)
𝑗

pointwise and collapsing
∪∞

𝑖=𝑗+1 𝑌
(𝑛)
𝑖 to the based point ∗. The

formula 𝛽𝑛([𝑓 ]) = ([𝑅1(𝑓)], [𝑅2(𝑓)], ...) determines the induced ho-
momorphism 𝛽𝑛 into the inverse limit. We intend to show that 𝛽𝑛
is a bijection, for all 𝑛 ≥ 2. Then we present two natural ways of
imparting a topology on 𝜋𝑛(ℋ𝑛, ∗), for 𝑛 ≥ 2:

(1) Since 𝛽𝑛 is an isomorphism, one can pull back via 𝛽𝑛 to
create the prodiscrete metric space 𝜋𝑙𝑖𝑚

𝑛 (ℋ𝑛, ∗). Indeed, as
mentioned before, 𝑌

(𝑛)
𝑖 is locally 𝑛-connected and thus by

[7, Theorem 3.6], 𝜋𝑡𝑜𝑝
𝑛 (𝑌

(𝑛)
𝑖 , 𝑦∗𝑖 ) is discrete, which implies

that lim←−𝜋𝑡𝑜𝑝
𝑛 (𝑌

(𝑛)
𝑖 , 𝑦∗𝑖 ) is a prodiscrete metric space.

(2) We can endow the quotient topology on 𝜋𝑛(ℋ𝑛, ∗) inherited
by the compact-open topology of 𝑛-loop space Ω𝑛(𝑋,𝑥∗),
denoted by 𝜋𝑡𝑜𝑝

𝑛 (ℋ𝑛, ∗); see [7].

Additionally, we will show that these two topologies agree. There-
fore, 𝜋𝑡𝑜𝑝

𝑛 (ℋ𝑛, ∗) is metrizable, for 𝑛 ≥ 2. However, a result of Paul

Fabel [4] shows that the topological fundamental group 𝜋𝑡𝑜𝑝
1 (ℋ𝑛, ∗)

fails to be metrizable. Moreover, we assert that 𝜋𝑡𝑜𝑝
𝑛 (ℋ𝑛, ∗) is a

topological group, for 𝑛 ≥ 2. This statement answers the ques-
tion whether 𝜋𝑡𝑜𝑝

𝑛 (𝑋,𝑥∗) is a topological group for 𝑛-Hawaiian like
spaces. In fact, the main results of the paper are formulated as
follows.

Theorem 1.1. Suppose that for each 𝑗, 𝑋
(𝑛)
𝑗 is an (𝑛−1)-connected,

locally (𝑛 − 1)-connected, 𝑛-semilocally simply connected, compact

CW space and 𝑋 is approximated by the factors 𝑌
(𝑛)
𝑖 , that is,

(𝑋, ∗) = lim←−(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ), where (𝑌

(𝑛)
𝑖 , 𝑦∗𝑖 ) =

⋁
𝑗≤𝑖(𝑋

(𝑛)
𝑗 , 𝑥∗𝑗 ) is the

wedge of 𝑋
(𝑛)
𝑗 ’s. Then the homomorphism

𝛽𝑛 : 𝜋𝑛(𝑋, ∗)→ lim←−𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 )

is a bijection.

We call a space 𝑋 that satisfies the assumptions of Theorem 1.1
an 𝑛-Hawaiian like space.

Theorem 1.2. If 𝑋 is an 𝑛-Hawaiian like space, then 𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗)

is a topological group, for 𝑛 ≥ 2. Moreover, it is a prodiscrete
metric space.
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2. Proof of Theorem 1.1

First, we extend the van Kampen theorem [9] to higher homotopy
groups of 𝑛-Hawaiian like spaces. As a suitable model, one can
consider the 𝑛-dimensional Hawaiian earring ℋ𝑛. Katsuya Eda and
Kazuhiro Kawamura [3] determined the 𝑛th homotopy group of ℋ𝑛

by showing that 𝜋𝑛(ℋ𝑛, ∗) is isomorphic to ℤ𝜔. But this section
aims to determine 𝜋𝑛(ℋ𝑛, ∗) by a form of van Kampen theorem
applicable to Hawaiian like spaces which is needed to prove the
further results.

We begin by fixing some notation. Let 𝑋
(𝑛)
𝑗 , 𝑗 ∈ ℕ, be a based

compact CW-complex which is also (𝑛− 1)-connected, locally (𝑛−
1)-connected, and 𝑛-semilocally simply connected. Take the wedge

𝑌
(𝑛)
𝑖 =

⋁
𝑗≤𝑖𝑋

(𝑛)
𝑗 with collapsing maps 𝑟𝑖𝑘 : 𝑌

(𝑛)
𝑖 → 𝑌

(𝑛)
𝑘 , where

𝑘 ≤ 𝑖, which are the identity on 𝑌
(𝑛)
𝑘 and collapse 𝑋

(𝑛)
𝑗 to the base

point 𝑥∗𝑘 if 𝑘 < 𝑗 ≤ 𝑖. Let 𝐺𝑖 =
⊕𝑖

𝑗=1 𝜋𝑛(𝑋
(𝑛)
𝑗 , 𝑥∗𝑗 ) with projections

𝜋𝑖
𝑘 : 𝐺𝑖 → 𝐺𝑘 defined by 𝜋𝑖

𝑘(𝜂1, ⋅ ⋅ ⋅ , 𝜂𝑖) = (𝜂1, ⋅ ⋅ ⋅ , 𝜂𝑘), 𝑘 ≤ 𝑖. Then

{𝑌 (𝑛)
𝑖 , 𝑟𝑖𝑘} and {𝐺𝑖, 𝜋

𝑖
𝑘} are inverse systems of topological spaces

and groups whose limits we denote by ℋ𝑛 and 𝒢, respectively.

Example 2.1. Consider ℋ𝑛 to be a finite family {ℋ𝑘
𝑛}𝑚𝑘=1 of 𝑛-

Hawaiian earring spaces, which are joint to 𝑚 points of an 𝑛-
sphere 𝑆𝑛 at their based points. One can see that ℋ𝑛 is an 𝑛-

Hawaiian like space. Indeed, if ℋ𝑘
𝑛 is approximated by 𝑌

(𝑛)
𝑖,𝑘 ’s, then

ℋ𝑛 = lim←−𝑌
(𝑛)
𝑖 , where 𝑌

(𝑛)
𝑖 = (∪𝑚𝑘=1𝑌

(𝑛)
𝑖,𝑘 ) ∪ 𝑆𝑛.

We start with a lemma from [6].

Lemma 2.2. Suppose that 𝑋 is an (𝑛−1)-connected, locally (𝑛−1)-
connected, compact metric space and 𝜋𝑛(𝑋) is not finitely gener-
ated. Then there exists 𝑥 ∈ 𝑋 such that for each positive integer m,
there exists an 𝑛-loop 𝑓𝑚 at 𝑥 with diameter less than 2−𝑚 which
is not nullhomotopic. In particular, 𝑋 is not 𝑛-semilocally simply
connected at 𝑥.

The next assertion follows immediately.

Corollary 2.3. Let 𝑋
(𝑛)
𝑗 , 𝑗 ∈ ℕ, be as above. Then 𝜋𝑛(𝑋

(𝑛)
𝑗 , 𝑥∗𝑗 )

is finitely generated.



HOMOTOPY GROUPS OF 𝑛-HAWAIIAN LIKE SPACES 259

For each 𝑗 ∈ ℕ, we denote the generators of 𝜋𝑛(𝑋
(𝑛)
𝑗 , 𝑥∗𝑗 ) by

𝛼𝑗,1, ⋅ ⋅ ⋅ , 𝛼𝑗,𝑘𝑗 .

Now we recall a result of [12, Proposition 6.36].

Proposition 2.4. If 𝑋 is an 𝑛-connected CW-complex and 𝑌 is an
𝑚-connected CW-complex, then the maps 𝑖𝑋 : (𝑋,𝑥∗)→ (𝑋 ∨𝑌, ∗)
and 𝑖𝑌 : (𝑌, 𝑦∗)→ (𝑋 ∨ 𝑌, ∗) given by 𝑖𝑋(𝑥) = (𝑥, 𝑦∗) and 𝑖𝑌 (𝑦) =
(𝑥∗, 𝑦) induce an isomorphism (𝑖𝑋∗ , 𝑖𝑌∗) : 𝜋𝑘(𝑋,𝑥∗)

⊕
𝜋𝑘(𝑌, 𝑦

∗)→
𝜋𝑘(𝑋 ∨ 𝑌, ∗) for 2 ≤ 𝑘 ≤ 𝑛+𝑚, provided 𝑋 or 𝑌 is locally finite.

So, one can determine 𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ) as follows (see [12]).

Corollary 2.5. With the previous notation, let 𝑌
(𝑛)
𝑖 be the wedge⋁

𝑗≤𝑖𝑋
(𝑛)
𝑗 . Then

𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ) ∼=

𝑖⊕
𝑗=1

𝜋𝑛(𝑋
(𝑛)
𝑗 , 𝑥∗𝑗 ) (𝑓𝑜𝑟 𝑎𝑙𝑙 𝑛 ≥ 2).

Remark 2.6. By corollaries 2.3 and 2.5, 𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ) is finitely

generated. Since 𝑟𝑖𝑘(𝑌
(𝑛)
𝑖 ) = 𝑌

(𝑛)
𝑘 , then clearly, 𝛼1,1, ⋅ ⋅ ⋅ , 𝛼1,𝑘1 ,

𝛼2,1, ⋅ ⋅ ⋅ , 𝛼2,𝑘2 , ⋅ ⋅ ⋅ , 𝛼𝑖,1, ⋅ ⋅ ⋅ , 𝛼𝑖,𝑘𝑖 are the generators of 𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ).

This means that if 𝛾 ∈ 𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ), then 𝛾 = (𝛼

𝑙1,1
1,1 ⋅ ⋅ ⋅ 𝛼

𝑙1,𝑘1
1,𝑘1

,

𝛼
𝑙2,1
2,1 ⋅ ⋅ ⋅ 𝛼

𝑙2,𝑘2
2,𝑘2

, ⋅ ⋅ ⋅ , 𝛼𝑙𝑖,1
𝑖,1 ⋅ ⋅ ⋅ 𝛼

𝑙𝑖,𝑘𝑖
𝑖,𝑘𝑖

) for some integers 𝑙1,1, ⋅ ⋅ ⋅ , 𝑙1,𝑘1 ,
⋅ ⋅ ⋅ , 𝑙𝑖,1, ⋅ ⋅ ⋅ , 𝑙𝑖,𝑘𝑖 , where 𝛼𝑙 = 𝛼 ⋅ ⋅ ⋅𝛼 is the concatenation 𝑙-times
of the homotopy class of 𝛼 with itself. We embed the generators

𝛼𝑗1, ⋅ ⋅ ⋅ , 𝛼𝑗𝑘𝑗 , (𝑗 ≤ 𝑖), in 𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ) by a map induced by inclu-

sion 𝑋
(𝑛)
𝑗 → 𝑌

(𝑛)
𝑖 =

⋁𝑖
𝑘=1𝑋

(𝑛)
𝑘 . For simplicity, one can denote the

embedded classes by the same notations 𝛼𝑗,1 ⋅ ⋅ ⋅𝛼𝑗,𝑘𝑗 . It is easy to
see that the map

𝛼
𝑙1,1
1,1 ⋅ ⋅ ⋅𝛼

𝑙1,𝑘1
1,𝑘1
⋅ ⋅ ⋅𝛼𝑙𝑖,1

𝑖,1 ⋅ ⋅ ⋅𝛼
𝑙𝑖,𝑘𝑖
𝑖,𝑘𝑖
7→ (𝛼

𝑙1,1
1,1 ⋅ ⋅ ⋅𝛼

𝑙1,𝑘1
1,𝑘1

, ⋅ ⋅ ⋅ , 𝛼𝑙𝑖,1
𝑖,1 ⋅ ⋅ ⋅𝛼

𝑙𝑖,𝑘𝑖
𝑖,𝑘𝑖

)

induces an isomorphism between 𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ) and

⊕𝑖
𝑗=1 𝜋𝑛(𝑋

(𝑛)
𝑗 , 𝑥∗𝑗 ).

Let 𝑓 : 𝐼𝑛 → ℋ𝑛 be an 𝑛-loop with 𝑓(∂𝐼𝑛) = {∗}; 𝑓 is said

to be standard if 𝑓(𝐽𝑛
𝑖 ) ⊆ 𝑋

(𝑛)
𝑖 , where 𝐽𝑛

𝑖 = [𝑎𝑖, 𝑏𝑖] × 𝐼(𝑛−1) with

𝑎𝑖 = 1− 1
2𝑖−1 and 𝑏𝑖 = 1− 1

2𝑖
, for 𝑖 ∈ ℕ.
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Now we recall a definition from [11]. Suppose that (𝑋,𝑥) is a
pointed space. Given an 𝑛-loop 𝑓 based at 𝑥 in𝑋, then any other 𝑛-
loop 𝑔 based at 𝑥 in𝑋, with𝐻 : 𝑔 ≃ 𝑓(𝑟𝑒𝑙∂𝐼𝑛) and 𝑔(𝐼𝑛∖𝐼𝑛1 ) = {𝑥},
is called a concentration of 𝑓 on subcube 𝐼𝑛1 .

We will need the following lemma which is a key step in the proof
of Theorem 1.1.

Lemma 2.7. Each 𝑛-homotopy class in 𝜋𝑛(ℋ𝑛, ∗) is represented
by a standard 𝑛-loop.

Proof: Let 𝑓 be any 𝑛-loop in ℋ𝑛 based at ∗. Then 𝑓 deter-

mines a sequence of 𝑛-loops 𝑓𝑖 in 𝑌
(𝑛)
𝑖 defined by 𝑓𝑖 = 𝑅𝑖 ∘ 𝑓 ,

where 𝑅𝑖 : ℋ𝑛 → 𝑌
(𝑛)
𝑖 denotes the retraction fixing 𝑌

(𝑛)
𝑖 point-

wise and collapsing
∪∞

𝑗=𝑛+1 𝑌
(𝑛)
𝑗 to the point ∗. By Corollary 2.5,

the 𝑛-homotopy class of 𝑓𝑖 is contained in
⊕𝑖

𝑗=1 𝜋𝑛(𝑋
(𝑛)
𝑗 , 𝑥∗𝑗 ). There-

fore, [𝑓𝑖] = (𝛼
𝑙1,1
1,1 ⋅ ⋅ ⋅𝛼

𝑙1,𝑘1
1,𝑘1

, ⋅ ⋅ ⋅ , 𝛼𝑙𝑖,1
𝑖,1 ⋅ ⋅ ⋅𝛼

𝑙𝑖,𝑘𝑖
𝑖,𝑘𝑖

) for some integers

𝑙1,1, ⋅ ⋅ ⋅ , 𝑙1,𝑘1 , ⋅ ⋅ ⋅ , 𝑙𝑖,1, ⋅ ⋅ ⋅ , 𝑙𝑖,𝑘𝑖 . Let 𝑔1, ⋅ ⋅ ⋅ , 𝑔𝑖 be 𝑛-loops in 𝑋
(𝑛)
1 ,

⋅ ⋅ ⋅ , 𝑋(𝑛)
𝑖 representing the 𝑛-homotopy classes 𝛾1, ⋅ ⋅ ⋅ , 𝛾𝑖, where

𝛾𝑗 = 𝛼
𝑙𝑗,1
𝑗,1 ⋅ ⋅ ⋅𝛼

𝑙𝑗,𝑘𝑗
𝑗,𝑘𝑗

. By Remark 2.6, 𝑓𝑖 ≃ 𝑔1 ∗ ⋅ ⋅ ⋅ ∗ 𝑔𝑖, where ∗
denotes the product of 𝑛-loops in Ω𝑛(𝑌

(𝑛)
𝑖 , 𝑦∗𝑖 ). Note that each

𝑛-loop in 𝑋
(𝑛)
𝑗 (𝑗 < 𝑖) can be embedded in 𝑌

(𝑛)
𝑖 or in ℋ𝑛, if it

is necessary, by maps induced by the inclusions 𝑋
(𝑛)
𝑗 → 𝑌

(𝑛)
𝑖 and

𝑌
(𝑛)
𝑖 → ℋ𝑛, respectively.
Let ℎ𝑗 be a concentration of 𝑔𝑗 on subcube 𝐽𝑛

𝑗 , for 𝑗 ∈ ℕ. By [11,

Lemma 2.5.2 ], such concentration exists. Then 𝑓𝑖 ≃ ℎ1 ∗ ⋅ ⋅ ⋅ ∗ ℎ𝑖
(𝑟𝑒𝑙∂𝐼𝑛) by a homotopy 𝐻𝑖.

We proceed by induction, constructing homotopies 𝐻𝑖 : 𝐼𝑛 ×
[0, 1]→ 𝑌

(𝑛)
𝑖 satisfying

(1) 𝐻𝑖(𝑥, 0) = 𝑓𝑖(𝑥);
(2) 𝐻𝑖(𝑥, 1) = ℎ1 ∗ ⋅ ⋅ ⋅ ∗ ℎ𝑖(𝑥);
(3) 𝑟𝑖𝑘 ∘𝐻𝑖 = 𝐻𝑘, (𝑘 ≤ 𝑖).

Such homotopies give, in the limit, a homotopy 𝐻 of 𝑛-loop 𝑓
to a standard 𝑛-loop ℎ (the homotopies 𝐻𝑖’s are endowed with the
uniform metric, so the limit 𝐻 exists and it is continuous; see [10,
Theorem 46.8 and Corollary 46.6]). □
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Now we prove the main result of this section.

Proof of Theorem 1.1: Suppose 𝑓 is a standard 𝑛-loop based at
∗ in ℋ𝑛, 𝑛 ≥ 2, with corresponding sequence of 𝑛-loops 𝑓𝑖 = 𝑅𝑖 ∘ 𝑓
in 𝑌

(𝑛)
𝑖 . The homomorphism 𝛽𝑛 is well defined, since 𝑟𝑖𝑘(𝑓𝑖) = 𝑓𝑘,

and by construction of standard map in Lemma 2.7 and Remark
2.6, we have 𝜋𝑖

𝑘[𝑓𝑖] = [𝑓𝑘].

To show the injectivity of 𝛽𝑛, we must prove that given a stan-
dard 𝑛-loop 𝑓 in ℋ𝑛 with 𝛽𝑛([𝑓 ]) = 𝑒𝒢, there is a based homotopy
between 𝑓 and the constant 𝑛-loop at ∗, where 𝑒𝒢 is the identity of

𝒢 = lim←−𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ). Let 𝑓𝑖 = 𝑅𝑖 ∘ 𝑓 . Clearly, [𝑓𝑖] = (𝑒1, ⋅ ⋅ ⋅ , 𝑒𝑖),

where 𝑒𝑗 is the identity of 𝜋𝑛(𝑋
(𝑛)
𝑗 , 𝑥∗𝑗 ), for 𝑗 = 1, ⋅ ⋅ ⋅ , 𝑖. Then there

are based homotopies 𝐾𝑖 between 𝑓𝑖 and the constant 𝑛-loop at 𝑦∗𝑖 .
Now the limit of 𝐾𝑖’s is a homotopy between 𝑓 and constant 𝑛-loop
at ∗, denoted by 𝐾.

Now, it is sufficient to show that 𝛽𝑛 is surjective. Let 𝔤 = (𝑔𝑖) ∈
𝒢. Then 𝑔𝑖 = (𝜂1, ⋅ ⋅ ⋅ , 𝜂𝑖) ∈

⊕𝑖
𝑗=1 𝜋𝑛(𝑋

(𝑛)
𝑗 , 𝑥∗𝑗 ) ∼= 𝜋𝑛(𝑌

(𝑛)
𝑖 , 𝑦∗𝑖 ).

Suppose 𝑓𝑖 represents 𝑛-homotopy class 𝑔𝑖. So 𝑟𝑖𝑗(𝑓𝑖) = 𝑓𝑗 , since

𝜋𝑖
𝑗(𝜂1, ⋅ ⋅ ⋅ , 𝜂𝑖) = (𝜂1, ⋅ ⋅ ⋅ , 𝜂𝑗) for 𝑗 ≤ 𝑖. Also, there are integers

𝑙1,1, ⋅ ⋅ ⋅ , 𝑙1,𝑘1 , ⋅ ⋅ ⋅ , 𝑙𝑖,1, ⋅ ⋅ ⋅ , 𝑙𝑖,𝑘𝑖 such that [𝑓𝑖] = 𝛼
𝑙1,1
1,1 ⋅ ⋅ ⋅𝛼

𝑙1,𝑘1
1,𝑘1
⋅ ⋅ ⋅ 𝛼𝑙𝑖,1

𝑖,1

⋅ ⋅ ⋅𝛼𝑙𝑖,𝑘𝑖
𝑖,𝑘𝑖

. Let the 𝑛-loop 𝑡𝑗 represent 𝛼
𝑙𝑗,1
𝑗,1 ⋅ ⋅ ⋅𝛼

𝑙𝑗,𝑘𝑗
𝑗,𝑘𝑗

, let 𝑠𝑗 be a con-

centration of 𝑡𝑗 on 𝐽𝑛
𝑗 , and let ℎ𝑖 = 𝑠1 ⋅ ⋅ ⋅ 𝑠𝑖. Clearly, the limit of

ℎ𝑖’s is an 𝑛-loop denoted by ℎ and [ℎ] = 𝑔 (the homotopies 𝐾𝑖’s
and the 𝑛-loops ℎ𝑖’s are endowed with the uniform metric so their
limits 𝐾 and ℎ exist and they are also continuous; see [10, Theorem
46.8 and Corollary 46.6]). This completes the proof. □

Corollary 2.8. Let ℋ𝑛 be the 𝑛-dimensional Hawaiian earring
with based point ∗. Then 𝜋𝑛(ℋ𝑛, ∗) ∼= 𝒢 = lim←−𝐺𝑖, where 𝐺𝑖 is the
direct sum of 𝑖 copies of integers ℤ.

3. Proof of Theorem 1.2

In conclusion, we assert that 𝜋𝑡𝑜𝑝
𝑛 (ℋ𝑛, ∗) is a topological group

homeomorphic to 𝜋𝑙𝑖𝑚
𝑛 (ℋ𝑛, ∗) which implies that 𝜋𝑡𝑜𝑝

𝑛 (ℋ𝑛, ∗) is me-
trizable.

As mentioned in the introduction, it is an open question whether
or not in general 𝜋𝑡𝑜𝑝

𝑛 (𝑋, ∗) is a topological group. If 𝑋 is a locally
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𝑛-connected metric space, then 𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗), and hence, 𝜋𝑡𝑜𝑝

𝑛 (𝑋,𝑥∗)×
𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗) is discrete (see [7]), and therefore multiplication is con-

tinuous. In general, the continuity of multiplication remains an
unsettled question.

The following lemma shows that if (𝑋,𝑥∗) is a pointed topolog-
ical space, then left and right translations by a fixed element in
𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗) are homeomorphisms.

Lemma 3.1. Let (𝑋,𝑥∗) be a pointed topological space. If [𝑓 ] ∈
𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗), then left and right translations by [𝑓 ] are homeomor-

phisms of 𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗).

Proof: First, we show that the multiplication

Ω𝑛(𝑋,𝑥∗)× Ω𝑛(𝑋,𝑥∗) 𝑚̃−→ Ω𝑛(𝑋,𝑥∗)

is continuous, where 𝑚̃ is concatenation of 𝑛-loops and Ω𝑛(𝑋,𝑥∗)
is equipped with compact-open topology.

Let ⟨𝐾,𝑈⟩ be a subbasis element in Ω𝑛(𝑋,𝑥∗). Define

𝐾1 = {(𝑡1, . . . , 𝑡𝑛); (𝑡1, . . . , 𝑡𝑛−1,
𝑡𝑛
2
) ∈ 𝐾}

and

𝐾2 = {(𝑡1, . . . , 𝑡𝑛); (𝑡1, . . . , 𝑡𝑛−1,
𝑡𝑛 + 1

2
) ∈ 𝐾}.

Then

𝑚̃−1(⟨𝐾,𝑈⟩) = {(𝑓1, 𝑓2); (𝑓1 ∗ 𝑓2)(𝐾) ⊆ 𝑈} = ⟨𝐾1, 𝑈⟩ × ⟨𝐾2, 𝑈⟩
is open in Ω𝑛(𝑋,𝑥∗)× Ω𝑛(𝑋,𝑥∗) and so 𝑚̃ is continuous.

Now, fix [𝑓 ] ∈ 𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗) and consider left translation by [𝑓 ] on

𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗)

𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗)→ 𝜋𝑡𝑜𝑝

𝑛 (𝑋,𝑥∗)

[𝑔] 7→ [𝑓 ] ⋅ [𝑔].
Clearly, the following diagram is commutative.

Ω𝑛(𝑋,𝑥∗)
𝑚̃𝑓

//

��

Ω𝑛(𝑋,𝑥∗)

��

𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗)

𝑚[𝑓 ]
// 𝜋𝑡𝑜𝑝

𝑛 (𝑋,𝑥∗),
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where 𝑚̃𝑓 is defined by 𝑔 7→ 𝑓 ∗ 𝑔. By the universal property
of quotient maps [10, Theorem 11.1], 𝑚[𝑓 ] is continuous. Since

𝑚−1
[𝑓 ] = 𝑚[𝑓−1] is also continuous, so 𝑚[𝑓 ] is a homeomorphism, as

desired. A similar argument implies that right translation is also a
homeomorphism. □

Note that 𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗) acts on itself by left and right translations

as a group of homeomorphisms. It is easy to see that these actions
are both transitive. So, we have the following result.

Proposition 3.2. If (𝑋,𝑥∗) is a pointed topological space, then

𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗) is a homogeneous space.

Now, let 𝑈 be an open neighborhood of 𝑥∗ in 𝑋 and 𝑈̃ be the set
of all 𝑛-loops based at 𝑥∗ lying inside 𝑈 . Also, let 𝑈̂ be its quotient
under homotopy, that is

𝑈̂ = {[𝑓 ]; 𝑓 ∈ Ω𝑛(𝑋,𝑥∗) and 𝑖𝑚𝑓 ⊆ 𝑈}.
Suppose 𝑊 ⊂ 𝜋𝑡𝑜𝑝

𝑛 (𝑋,𝑥∗) is an open neighborhood containing the
identity element [𝑒𝑥∗ ]. Then

𝑒𝑥∗ ∈ 𝑞−1(𝑊 ) =
∪
𝛼∈𝐽

(

𝑘𝛼∩
𝑖=1

< 𝐾𝛼
𝑖 , 𝑉

𝛼
𝑖 >),

where 𝑒𝑥∗ is the constant n-loop based at 𝑥∗. Therefore, there exists
an index 𝛼 ∈ 𝐽 such that 𝑒𝑥∗ ∈

∩𝑘𝛼
𝑖=1 < 𝐾𝛼

𝑖 , 𝑉
𝛼
𝑖 >, which implies

that

𝑥∗ ∈
𝑘𝛼∪
𝑖=1

𝑉 𝛼
𝑖 = 𝑉 𝛼 , 𝑉 𝛼 ⊂

𝑘𝛼∩
𝑖=1

< 𝐾𝛼
𝑖 , 𝑉

𝛼
𝑖 > ⊂ 𝑞−1(𝑊 )

and then [𝑒𝑥∗ ] ∈ 𝑉 𝛼 ⊂𝑊 .

Since left translation is continuous in 𝜋𝑡𝑜𝑝
𝑛 (𝑋,𝑥∗),

[𝑓 ]𝑊 = {[𝑓 ] ⋅ [𝑔]; [𝑔] ∈𝑊}
runs through a basis at [𝑓 ] for 𝜋𝑡𝑜𝑝

𝑛 (𝑋,𝑥∗), as 𝑊 runs through a
basis at [𝑒𝑥∗ ] in its topology.

Now we use a classical theorem in the theory of topological
groups [8] which asserts that for a given group 𝐺 with a filter base
{𝑈}, satisfying the following conditions

∙ each 𝑈 is symmetric, i.e., 𝑈−1 = 𝑈 ,
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∙ for each 𝑈 in {𝑈}, there exists a 𝑉 in {𝑈} such that 𝑉 2 ⊂ 𝑈 ,
where 𝑉 2 = {𝑥𝑦;𝑥, 𝑦 ∈ 𝑉 },
∙ for each 𝑈 in {𝑈} and 𝑎 ∈ 𝐺, there exists a 𝑉 in {𝑈} such
that 𝑉 ⊂ 𝑎−1𝑈𝑎 or 𝑎𝑉 𝑎−1 ⊂ 𝑈 ,

then {𝑈} forms a fundamental system of neighborhoods of 𝑒. In
particular, 𝐺 with the topology induced by this fundamental system
becomes a topological group.

Since 𝜋𝑛(𝑋,𝑥∗) is an abelian group, for 𝑛 ≥ 2, it is easy to

see that the filter base {𝑈̂} forms a fundamental system of neigh-
borhoods of the identity element 𝑒, and hence 𝜋𝑛(𝑋,𝑥∗) with this
topology becomes a topological group, denoted by 𝜋𝑙𝑖𝑚

𝑛 (𝑋,𝑥∗). By
the above statements, this topology, denoted by 𝜏 𝑙𝑖𝑚, is coarser
than quotient topology 𝜏 𝑡𝑜𝑝 on 𝜋𝑛(𝑋,𝑥∗) inherited from Ω𝑛(𝑋,𝑥∗)
with the compact-open topology.

If 𝑋 = ℋ𝑛 and 𝑊
(𝑛)
𝑖 is an n-connected neighborhood of 𝑥∗𝑖 in

𝑋
(𝑛)
𝑖 , then the following sets provide a basis for ℋ𝑛 at ∗

𝒰𝑘 = (
∪
𝑖≤𝑘

𝑊
(𝑛)
𝑖 ) ∪ (

∪
𝑖>𝑘

𝑋
(𝑛)
𝑖 ).

Also, a basis of neighborhoods of the identity 𝑒𝒢 in 𝒢 is given by
the subgroups

𝒢𝑘 = {𝔤 = (𝑔𝑖) ∈ 𝒢; 𝑔𝑘 = (𝑒1, . . . , 𝑒𝑘)}, 𝑓𝑜𝑟 𝑘 ∈ ℕ.
Theorem 3.3. The map 𝛽𝑛 : 𝜋𝑙𝑖𝑚

𝑛 (ℋ𝑛, ∗) → 𝒢 is a homeomor-
phism and therefore an isomorphism of topological groups.

Proof: Since {𝒰̂𝑘} and {𝒢𝑘} form bases at ∗ and 𝑒𝒢 for topologies
on 𝜋𝑙𝑖𝑚

𝑛 (ℋ𝑛, ∗) and 𝒢 (see also the statement before Theorem 3.3),

it is sufficient to show that 𝛽𝑛(𝒰̂𝑘) = 𝒢𝑘. For, let [𝑓 ] ∈ 𝒰̂𝑘 and ℎ

be a standard 𝑛-loop representing [𝑓 ]. Since 𝑊
(𝑛)
𝑖 is 𝑛-connected

for 𝑖 ≤ 𝑘, we have that ℎ𝑘 = 𝑅𝑘 ∘ ℎ is nullhomotopic. Therefore,
𝛽𝑛([𝑓 ]) ∈ 𝒢𝑘.

Conversely, if 𝔤 = (𝑔𝑖) ∈ 𝒢𝑘, then 𝑔𝑘 = (𝑒1, . . . , 𝑒𝑘). The
homomorphism 𝛽𝑛 is a bijection, so there is a standard 𝑛-loop
𝑓 such that [𝑓 ] ∈ 𝜋𝑛(ℋ𝑛, ∗) and 𝛽𝑛([𝑓 ]) = 𝑔. But 𝛽𝑛([𝑓 ]) =
([𝑅1(𝑓)], [𝑅2(𝑓)], . . .). This implies that [𝑅𝑘(𝑓)] = (𝑒1, . . . , 𝑒𝑘) and
therefore, 𝑅𝑘(𝑓) = 𝑓𝑘 is nullhomotopic. Take ℎ a standard 𝑛-loop
such that ℎ ≃ 𝑓 (𝑟𝑒𝑙 ∂𝐼𝑛) and 𝑅𝑘 ∘ℎ = 𝑦∗𝑘. Then 𝛽𝑛 [ℎ] = 𝛽𝑛 [𝑓 ] ∈
𝒰̂𝑘. □
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The homomorphism 𝛽𝑛 gives a compatible sequence of homo-

morphisms 𝛽𝑛,𝑖 : 𝜋𝑛(ℋ𝑛, ∗) → 𝜋𝑛(𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ). By [7], the homo-

morphisms 𝛽𝑛,𝑖 : 𝜋
𝑡𝑜𝑝
𝑛 (ℋ𝑛, ∗)→ 𝜋𝑡𝑜𝑝

𝑛 (𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ) are continuous when

we dealing with topological homotopy groups, which implies that

𝛽𝑛 : 𝜋𝑡𝑜𝑝
𝑛 (ℋ𝑛, ∗)→ 𝒢 = 𝑙𝑖𝑚←− 𝜋𝑡𝑜𝑝

𝑛 (𝑌
(𝑛)
𝑖 , 𝑦∗𝑖 ) is also continuous.

So that there is no ambiguity in notation, we denote

𝛽𝑛 : 𝜋𝑙𝑖𝑚
𝑛 (ℋ𝑛, ∗)→ 𝒢 and 𝛽𝑛 : 𝜋𝑡𝑜𝑝

𝑛 (ℋ𝑛, ∗)→ 𝒢

by 𝛽𝑙𝑖𝑚
𝑛 and 𝛽𝑡𝑜𝑝

𝑛 , respectively.
Now consider the following commutative diagram.

𝜋𝑡𝑜𝑝
𝑛 (ℋ𝑛, ∗)

𝑖𝑑
��

𝛽𝑡𝑜𝑝
𝑛

// 𝒢

𝜋𝑙𝑖𝑚
𝑛 (ℋ𝑛, ∗)

𝛽𝑙𝑖𝑚
𝑛

::vvvvvvvvvvv

Since 𝛽𝑙𝑖𝑚
𝑛 is a homeomorphism, the identity map 𝑖𝑑 is continu-

ous. This fact shows that quotient topology 𝜏 𝑡𝑜𝑝 inherited from
compact-open topology of 𝑛-loop space is coarser than 𝜏 𝑙𝑖𝑚. But
we have already seen that 𝜏 𝑡𝑜𝑝 ⊂ 𝜏 𝑙𝑖𝑚. Therefore, these two topolo-
gies on 𝜋𝑛(ℋ𝑛, ∗) are equivalent. This means that 𝜋𝑡𝑜𝑝

𝑛 (ℋ𝑛, ∗) is a
topological group and also a prodiscrete metric space.

Acknowledgment. The authors are grateful to the referee for valu-
able suggestions and useful remarks.
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