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ALMOST COMPLETENESS AND THE EFFROS OPEN
MAPPING PRINCIPLE IN NORMED GROUPS

A. J. OSTASZEWSKI

ABsTrRACT. We extend van Mill’s version of the Effros Open
Mapping Principle from analytic groups to almost complete
normed groups.

1. INTRODUCTION

We extend to the class of almost complete normed groups (definitions
below), a class which includes Polish (i.e. separable, completely metriz-
able) topological groups, a result that was originally proved by Effros
[8] for Polish topological groups acting transitively and continuously on
a non-meagre metric space. This has recently been improved by van
Mill [27] to analytic metric groups with separately continuous, transitive
action on a non-meagre metric space. Thus van Mill’s variant includes
meagre analytic groups acting transitively on a non-meagre metric space
(for an example see [27, Remark 2|). In fact van Mill’s argument ap-
plies more generally to analytic normed groups. Below we admit (sep-
arately) continuous actions by non-analytic normed groups, but at the
price of the normed groups being non-meagre (and so Baire by virtue of
almost completness). In this connection we note the result due to [16] and
[11, Th. 2.3.6 p. 355] that a Baire analytic topological group is Polish.

A metric space is almost complete if it contains a dense absolute Gs
(for a relaxation see Th. 2.3 below). The notion of ‘almost complete-
ness’ is due to Frolik in [10] (but its name to Michael [17] — see also
[1] and [4]). To state our version of the Effros Open Mapping Theo-
rem we first recall the definition of normed groups and group actions.
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In the next section we recall the notion of analyticity and its connection
with Cantor’s Theorem; this will allow us to formulate a convergence cri-
terion (Lemma 2.2) applicable under almost completeness (in lieu of the
Cauchy criterion under completeness), a key tool alongside the notion of
a (continuous) map that is ‘irreducible in category’ recalled at the end of
that section.

Definition 1.1 (Normed groups). 1. For T" an algebraic group with neu-
tral element e = er, say that || - || : T — Ry is a group-norm ([4]) if the
following properties hold:

(i) Subadditivity (Triangle inequality): ||st|| < ||s|| + ||t]];

(ii) Positivity: ||t|| > 0 for t # e and |le|| = 0;

(iii) Inversion (Symmetry): |[t71]] = ||¢]|-

Then (T,]|.||) is called a normed group.

2. The group-norm generates a right and a left norm-topology via the
right-invariant and left-invariant metrics d% (s, t):= ||st~!|| and d% (s, t) :=
|[s71t|| = d%(s71,¢71). In the right norm-topology the right shift p;(s) :=
st is a uniformly continuous homeomorphism, since dg(sy, ty) = dr(s,t),
so in particular the group is a right topological group; likewise in the left
norm-topology the left shift A\s(¢) = st is a uniformly continuous home-
omorphism. Since dZ(t,e) = df(e,t71) = dk(e,t), convergence at e is
identical under either topology, and generated by sets of the form B! B,
for B open or closed balls centered at e. In the absence of a qualifier, the
‘right’ norm-topology is to be understood.

3. See Section 2 for a characterization of almost-complete normed groups.

Recall that a normed group G acts continuously on X if there is
a continuous mapping ¢ : G x X — X such that p(e,z) = = and
o(gh,z) = (g, p(h,z)). In view of applications, it is convenient to re-
gard G as having the topology generated by the left-invariant metric
d%(g,h) := ||g7'h||. Thus g : * — ¢(g,z) is a continuous self-map of
X with a continuous inverse, and so is an autohomeomorphism, denoted
g(.). The action is separately continuous if g : © — (g, ) is continuous
(so again an autohomeomorphism) and &, : g — ¢(g,x) is continuous.
By a theorem of Bouziad ([5]), if the normed group G is Baire, as will
be the case below, a separately continuous action is necessarily jointly
continuous. The action is transitive if for any x,y in X there is g € G
such that g(z) = y. The action of G on X is weakly micro-transitive if for
each z € X and each neighbourhood (abbreviated henceforth to nhd) A
of eq the set

cl(Az) = cl{ax : a € A}

has z as an interior point (in X). We noted that the nhds of e under
either norm topology are the same, so the weak microaction property is
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a norm property, rather than a topological property of G. The action is
micro-transitive if for x € X and each nhd A of e the set

Ar ={ax:a € A}

is a nhd of z. This is again a norm property. We refer to Az as an = orbit
(the A-orbit of z).

Theorem 1.2 (Main Theorem). Let the normed group G have separately
continuous and transitive action on X. If under either norm topology G
is separable and almost complete (so Baire), and X is non-meagre, then
the action of G is micro-transitive.

A tribute to the importance of the Effros’s result is the existence of
several proofs with varying contexts, including [2], [12], [7], one attributed
to Becker in [14] (based on the Kuratowski-Ulam, category analogue of
the Fubini, theorem), as well as the already cited [27]. The last of these
papers describes the historical development and applications to functional
analysis and continuum theory; our interest arises with its application to
topological regular variation (which draws on the ‘crimping property’ — for
the definition and its derivation from the Effros Theorem see [4] Th.3.15,
and for its applications see [3]). Our proof of the current version of the
Effros Theorem blends the argument in [2] with that in [27], and relies on
the convergence criterion of Lemma 2.2 below, valid in analytic spaces.
It has recently emerged in [24] that the Effros Theorem is intimately
connected with the notion of shift-compactness (for which see the survey
[20], in this same volume), a fact that yields an altogether different, short
proof of Th. 1.2, applicable beyond the separable context unlike the other
proofs (by contradiction rather than directly, referring to one sequence
rather than the two below); see also [18] for further background.

Remarks. 1. Working still under d¥ and with G acting transitively, if for
each fixed k the shift pg : ¢ — gk is a homeomorphism of G (having a
continuous inverse pj-1), in particular if G is a topological group, then
open-ness of any one map §, implies open-ness of all the other maps
&:. Indeed, by transitivity write ky = x for some k € G; then g(z) =
g(k(y)) = gh(y). so that &(g) = &, © pi(g), and then &, is open (as a
composition of two open maps).

If all the maps &, are open, then for any fixed z and H an open nhd of
ec the set Hx is open, and so € Hx is an open nhd of z, i.e. the action
is microtransitive.

2. The theorem may be generalized in such a way that, in the case of a
topological group, for T almost open (i.e. Baire non-meagre) in G the set
Tt 1z is almost open for quasi all ¢ € T. For details see [18].



102 A. J. OSTASZEWSKI

2. ANALYTIC CANTOR THEOREM AND CONVERGENT
SEQUENCES

Recall that Cantor’s Theorem on the intersection of a nested sequence
of closed (or compact, as appropriate) sets has two formulations: (i) re-
ferring to vanishing diameters (in a complete-space setting), and (ii) to
(countable) compactness. Our first aim in this section is to give a topo-
logical version that is in this same spirit but appropriate to an analytic,
rather than complete or compact, context. For this we need first to recall
that, in a metric space, a set is analytic if it is the continuous image of a
Polish space P (as before, a separable topologically complete metrizable
space), i.e. of the form f(P) for f continuous and P Polish — see [13] for
details.

Although our concern here is with metric spaces, there are several ad-
vantages in discussing analytic sets in the broader context of Hausdorff
topological spaces, arising from explicitly exposing their underlying topo-
logical nature. The brief account below will suffice here — see [19] for a
wider discussion.

For X a Hausdorff space write £ = IC(X) for the family of compact
subsets of a space X, and p(X) for the power set. Following the the nota-
tion of [13], write I for NN endowed with the product topology (treating
N as discrete), and with iln := (i1,...,4n), for ¢ € I and n € N, put
I(iln) = {j € I : jln = i|n}, a basic open nhd in I. For X a Hausdorff
space a map K : I — p(X) is called compact-valued if K (i) is compact
for each i € I, and singleton-valued if each K (i) is a singleton. K is upper
semicontinuous if, for each i € I and each open U in X with K (i) C U,
there is a nhd N = I(i|n) of i such that K(j) C U for each j in N, i.e.
K(iln) C U for some n, where we write K (iln) := K(I(i|n)). A subset
of X is K-analytic if it is the image K (I) under an upper-semicontinuous
compact-valued map.

The following result is implicit in a number of situations, and goes back
to Frolik’s characterization of completely regular éech—complete spaces as
Gs in some compactification ([10]; see [9] §3.9).

Theorem 2.1 (Theorem AC — Analytic Cantor Theorem, [19]). Let X
be a Hausdorff space, and let A = K(I) be K-analytic in X, where K is
compact-valued and upper semicontinuous.
Suppose that F, C X is a decreasing sequence of closed sets in X such
that

FyNK (i1, .y in) # 0,
for some i = (i1,...) € I and each n. Then

K (i) N[ Fn #0.
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Equivalently, if there are open sets V,, in I with clV,,;1 C V,, and diam;V,, |
0 such that F,, N K(V,,) # 0, for each n, then

(1) N,, clV, is a singleton, {i} say,

(ii) K (i) N, Fa # 0.

Proof. If not, then (), K (i) N F,, = 0 and so, by compactness, K (i) N
F, = 0 for some p, i.e. K(i) C X\F,. So by upper semicontinuity
F, N K(I(i1,...,ip)) = 0 for some n > p, yielding the contradiction
Fo N K(I(i1, ...,in)) = 0. O

We will make use of the following immediate corollary.

Lemma 2.2 (Convergence criterion). In a normed group for r, \, 0 and
Qp = Gy - ... - a1 with clB, , (an41) € By, (e)an, if X = K(I) is an
analytic subset and K (i1, ...,in) N By, () # 0 for some i € I, then the
sequence {ay, } is convergent.

Proof. Indeed, oy, = o, if {a} = K(i)N(,, Fy for F, = cl(B,, (ay,)). O

The convergence criterion may be used to derive the following charac-
terization of almost complete normed groups — for the proof see [21, Th.
2].

Theorem 2.3 (Characterization Theorem (Almost completeness)). In a
separable normed group X under dﬁ, the following are equivalent:

(i) X is a non-meagre absolute-Gs modulo a meagre set (i.e. is almost
complete);

(ii) X contains a non-meagre analytic subset;

(iii) X is non-meagre and almost analytic, i.e. non-meagre and analytic
modulo a meagre set.

Definition 2.4. (cf. [9] Ex. 3.1.C). Call amap f : X — Y irreducible
on X in the sense of category if there is no proper closed F C X such
that modulo a meagre set f(F) equals f(X).

Equivalently: for non-empty open V in X the set f(V) is non-meagre in
Y. In particular, for f continuous, if W is open in Y and meets f(X) then,
as V = f~1(W) is non-empty and open in X, the set WN f(V) = f(V) is
non-meagre. For brevity, we shall say that a set S is heavy (resp. heavy
on W) if SNV (resp. SNW NV) is non-meagre for each open V meeting
S (resp. meeting SNW). We follow [6] in using this term; [27, Prop. 2.2]
calls sets that are dense and heavy ‘fat’. Note that if S is heavy, then it
is dense and heavy on the interior of clS.

The following result is the first step in [27, Prop. 2.2| and is inspired
by a theorem of Levi [15]; more in fact is true — see [19]. We repeat the
proof as it is short.
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Lemma 2.5. For a continuous surjective map f : X — Y with X separa-
ble, there is a closed set X' C X such that the restriction map [’ := f|X’
is irreducible on X' in the sense of category.

Proof. Let U be the family of open sets U such that f(U) is meagre; put
U := U, X' := X\U (which is closed) and f’ := f|X’'. By separa-
bility there is a countable open family V with U = (JV; then f(U) =
Uvey f(V), being a countable union of meagre sets, is meagre. Suppose
that for some V open in X the set f/(V N X’) is meagre; as V\X' C U,
one has f(V) C f/(VNX")Uf(U), which is meagre. SoV € Y and V C U,
so that V' N X’ is empty; so f’ is irreducible. O

3. PROOF OF THE EFFROS THEOREM

We first give the normed-group version of a key result; that will require
a definition. In what follows we use letters from the beginning of the
alphabet for (open) subsets in G and letters from the end for (open)
subsets of X.

For the next result note that, since d¥(g,h) = d%(g=*, h™1), the map
g — g~ ! from (G,d¥) to (G,d$) is an isometry. So if G is separable
in either norm topology, then it is separable in the other; likewise with
almost completeness.

Theorem 3.1 (Effros” Theorem — weak micro-transitive form). Let the
normed group G act on X transitively. If G is separable under either
norm topology and X is non-meagre, then the action of G is weakly micro-
transitive.

Proof. Here it is convenient to work under d$¥ so that each left shift
Ay (h)=gh is a (uniformly) continuous bijection, as d¥ (gh’, gh) =d$ (W', h),
likewise its inverse A\;—1 and so Ay is a homeomorphism. So if H is an open
nhd of eg, then gH is open in the left norm-topology. As G is second-
countable there are elements g, in G such that {g,H : n € w} covers G.
Fix © € X. Now G acts transitively on X, so {g,Hx : n € w} covers X.
As X is non-meagre, for some n the set cl(g, Hx) has non-empty interior.
That is, for some non-empty open set W in X the set g, Hz is dense in
W. Then Hz is dense in the open set U := g, 1(W); indeed for any open
V C g, (W), the set g,(V) is open (since g, : X — X is a homeomor-
phism) and, being contained in W, meets g, Hz. So V meets Hz. Thus
() #£ U Cint(cl(Hx)).

As Hzx is dense in U, for some h € H, the point hx is in U, i.e. in
int(cl(Hz)). So z € h~lint(cl(Hz))=int(cl(h~'Hz))Cint(cl(H ' Hz)),
since h is a homeomorphism. But sets of the form H~'H with H nhds of
eq form a basis for the open nhds of eg, so z is in the interior of cl(Ax)
for any nhd A of eg. (]
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Theorem 3.2 (Effros’ Theorem from weak micro-transitivity). If the
normed group G is almost complete under the right norm-topology and
the separately continuous action of G on X is weakly micro-transitive,
then the action of G is micro-transitive.

Proof. Let d = d¥ be any metric on X and for a fixed z € X denote by
& :=¢&, : G — X the evaluation map £,(g) = g(x), which is continuous.
Fix z in X, and let Hy = Ky = B(e) be any open ball about e = eg.
By the Characterization Theorem (Th. 2.3), the group G, being almost
complete, is almost analytic, i.e., modulo a meagre set, is the continuous
image of a Polish space, P say under continuous f say. As G is separable
metrizable, Lemma 2.5 applies and, for some closed Py C P (so again a
Polish space), we may as context permits dual use of the letter G write
Hy = Ky = G(Py)UN with N meagre and G(.) an irreducible continuous
map on Py, i.e. with the property that G(A) is heavy for each non-empty
open subset A of Py. Without loss of generality, Go = G(F) is dense.
(Otherwise expand N to a meagre F,. Then Go\N is a Gs and comeagre;
then, G being a Baire space, Go\N is dense.) We put Qy = Py and
without loss of generality assume that diam(P,) = 1.

Pick Uy open with ¢ € Uy Ccl(Hpz). Let y € Up; we will show that
y = gz for some g € Ho_lHo.

We work inductively. We begin with the (rather long) first step in the
induction. We then set out the general inductive step (which follows the
same pattern). What follows is a ‘back and forth’ argument, performed
within successively smaller sub-orbits of the orbit Hygz of x and sub-
orbits of the orbit Kyy with the intention of showing that the limiting
sub-orbits meet (i.e. hax = ky for some h € Hy and k € Ky, so that for
g=Fk~'h € Hy'Hy one has y = gz).

Put 29 = x and yy = y. We thus have

xg € Uy C Cl(Ho.’l?Q) with Yo € Uy,

where the diameter of Uy is less than 1 without loss of generality.
We first work within the y orbit: by weak microaction pick open V with
diameter less than 1 = 2° such that yo € Vo Ccl(Koyo). Thus

xg € Uy C Cl(Hol'O) with yg € Up and yg € Vo C Cl(Koyo). (md—O)

Combining the information about yg, we have yg € UyNVj, so that UyNVj
is non-empty open; furthermore Uy N'Vy C Uy Ccl(Hpzx). So the x orbit
Hyz in particular meets Uy N Vj, i.e. there is b} € Hy such that

x) == hize € UgNVy C V. (1)

As 2} = Wiz € Uy NV, we have b € Al := &1 (Uy N Vo) N Ho, so this
open set is non-empty. (Recall that £ is continuous.) As Gy = G(P) is
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dense and heavy, A{NGy is non-empty, and so by continuity G~1(Aj) is a
non-empty open subset of Py. By Lemma 2.5 there is thus a closed subset
Py C Py, with diam(P;) <diam(Fy)/2 = 271, such that G(P;) C A}, and
G(Py) is heavy. So for some non-empty open Ay C Aj the set G(Py)
is dense and heavy on Ag. For hy € Ag C A} C £~Y(Uy N V) we have
§(h1) = ha(x) € Up NV, so

r1:=hixzg € Uy NV C V. (1)

Now there exists a ball H; about eg of diameter at most /2 such that
Hyihy C Ag C Hy, and Gy := G(P) is dense and heavy on Hihg.

Now we work in the orbit of hixg : by weak microaction, for some U;
open and of diameter less than 27! in X,

T = hll‘o eU; C Cl(thll‘o). (2/)

By (1) and (2') and (ind-0), 1 € U3 NVy C Vi Cel(Kopyo). So here too
the orbit Koyo meets Uy NV, and so there is k] € Ky such that

yi = k‘/ly() e U NV.

Write € := &,. Since k € A) := £ (U, N Vy) N Ky, this open set is
non-empty. As Gy is dense and heavy in G, ;16 N Gy is non-empty and
SO G”l(fl{)) is a non-empty subset of @Qg. There is thus a closed subset
Q, with diam(Q;) <diam(Qo)/2 = 27!, such that G(Q;) C A} and
G(Q1) is heavy. So for some non-empty open A, C 1216 the set G(Q1)
is dense and heavy on Ay. For ky € Ay C fl{) - g’l(Ul N Vp) we have

(k1) =ki(y) e U1 NV, so
Y1 = k)lyo ceUiNVy C V. (2)

Now there exists a ball K7 about e of diameter less than €27 ! such that
Kiky C Ay C Ky, and Gy := G(Q1) is dense and heavy on Kik;.
Working again in the y; orbit: by weak microaction, for some V3 open
with diameter less than 27!

y1 € Vi C cl(Kqy).

This completes the first step in the induction, as we now have closed sets
Pi,Q in P, open nhds H;, K; of e¢ of diameter less than €271, points
h1,k1 in G, points z1,y; in X, and open sets Uy, V1 in X with diameter
less than 27! such that

1 €U C Cl(Hl.ZEl) with y1 € U and

Y1 € Vl Q Cl(Klyl), (md—l)
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and

Gy1 = G(P) is dense and heavy on Hyhq,

G, = G(Q1) is dense and heavy on Kiki.
In general suppose that we now have closed sets P,_1,Q,_1 in P, open
nhds H, _1,K,_1 of the identity in G of diameter less than £2- ("1,
points hq, ..., h,_1 and kq, ..., k,_1 in G, points x1, .., _1 and y1, ..., Yn_1
in X with z; = h;x;_1 and y; = k;y;_1 for i < n — 1, and open sets
U,_1,Vnp_1 in X with diameter less than 2= (n=1) guch that

Tp—1 € Un—l c Cl(Hn—l-rn—l) with Yn—1 € Un—l and

Yn—1 € Vo1 C cl(Kp—1Yn—1). (ind-(n — 1))
and
Gn-1 = G(P,—1) is dense and heavy on H,,_17,_1,
where n,_1 = hp_1-...- hq,
Gpo1 = G(Qn-1) is dense and heavy on K, _1kp—_1,
where k,,_1 = kp_1-... k1,

with diam(P,_;) < 271 and likewise diam(Q,,_1) < 2~"~1).
Then yp—1 € Up—1 N Vi1 C Upq Cel(Hp—125-1), S0 as above there is
h!, € H,_1 such that

2 i=hr, 1 €U, 1NVy1 CV, 1. (1" :m)

Write &1 1= &uno1). As 2, = hpxn1 € Up1 NV,1 and 2, =
h’nnn_lxo with h/n € H,_1, we have h%nn—l € Afn—l = f;_ll(Un_l N
Vie1) N Hyp—1Mpn—1, and this open set is non-empty (as &,—1 is contin-
uous). As Gn_1 = G(P,_1) is dense and heavy on A} _; we have that
Al NG,_1 is non-empty and so G1(A/,_,) is a non-empty subset of
P,,_1. There is thus a closed subset P,,, with diam(P,) <diam(P,_1)/2 <
27", such that G(P,) C A],_; and G(P,) is heavy. So for some non-
empty open A,,_1 C A/ _; the set G(P,) is dense and heavy on A,,_;. For
hn € An—l C A;L_l - 5;_11((]7;—1 man—l) we have gn—l(hn) = hn(-rn—l) =
-1 € Up—1 N Vy_1, so

Ty = hpnXy_1 EUp_ 1NV, 1 CV,_q. (]. : n)
Now there exists a ball H,, about e of diameter at most €2~" such that
Hyhynn—1 € Ap—1 € Hp_1mn—1, and one has that G(P,) dense and
heavy on Hy,n, for n, = hy - n—_1-
Next we work in the orbit of h,x,_1 : by weak microaction, for some U,
open and of diameter less than 27" in X,

Xy = hptn_1 € Uy, C cl(Hphpzn_1). (2" :n)
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By (1:n), (2":n) and (ind-(n—1)), z, € U,NV,—1 C V5i—1 Ccl(Kp—1Yn—1)-
So here too the orbit K, _1y,_1 meets U,NV,,_; and so thereis k!, € K,,_1
such that

Y =k yn—1 € Uy N V,_1.

Write &,_1 := Ey(n—1)- Since kj, € fl’n_l = 5;_11(Un NVp1) N Kp_16n—1,
this open set is non-empty. As G,,_1 is dense and heavy in K,,_1k,_1 by
the inductive hypothesis, A/, , N G,,_; is non-empty and so G~*(A!,_,)
is a non-empty subset of (),—1. There is thus a closed subset Q,, with
diam(Q,,) <diam(Q,,_1)/2 < 27", such that G(Q,) € A/, _; and G(Q,,)
is heavy. So for some non-empty open A,_; C A/, the set G(Q,) is
dense and heavy on /I’n_l. For k,, € A,,_; C fl;_l C g;il(Un NV,_1) we

have gn—l(kn) = k‘n(yn—l) eU,NV,_1,so
Yn = knynfl ceU, NV TVt (2 : n)

Now there exists a ball K,, about eqg of diameter less than £2~" such that
Knkp CA,_1 C K, _1Kn_1, and G, = G(Q) dense and heavy on Kk,
for K, = kp - Kn_1.

Working again in the g, orbit: by weak microaction, for some V,, open
with diameter less than 27"

Yn € Voo C cl(Kpnyn)-

This completes the general induction step, as we now have subsets P,, @,
in P, sets H,, K,, nhds of the identity in G, points z,,,y, and sets U,, Vi,
in X such that z,, € U, with y,, € U,, and y,, € V,, Ccl(K,yn).

By Lemma 2.2, the products 7, = hphp—1...h1 and k, = k,k,—1...k1
are convergent sequences, with limit say h and k resp. Thus h €cl(Hj)
and k ecl(Ky) =cl(Hp), which are closed balls centered at eg. Thus
k=th ecl(Ho)~cl(Hy). But sets of the form B~'B with B a closed ball
around eg are a base for the topology at eg, so k~'h is as small as we
wish.

For fixed x the map ¢ — gx is continuous and h,h,_1...h; — h, so
Ty = hphp_1..hix — hz, and likewise y, = kpkn_1...k1y — ky. (For
instance, if G C Auth(X) has the supremum metric derived from d*¥,
then dX (hphp—_1...hiz, ha) < d(hphp_1...h1,h) = 0.)

But x,, and ¥,, have a common limit (since x,,,y,, € U,, and dX-diam(U,,)—
0), so hx = ky. Thus y = k~'hx, as promised. O

Theorems 3.1 and 3.2 now yield the Main Theorem (Th. 1.2).

Acknowledgement. I am grateful to the Referee for a careful read-
ing of the paper and useful comments regarding exposition, and much
indebted to Henryk Torurnczyk for bringing to my notice Ancel’s work
and his own. A study of [2] has led to a broadening of perspectives on the
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Effros Theorem both here and in the companion papers cited after Th.

1.2,

also beyond — in topological regular variation, the original motiva-

tion, an area developed jointly with Nick Bingham, whose mathematical
taste has thus left a mark here also.

(1]
2]
(3]
[4]
(5]
[6]
(7]
(8]

(9]
[10]

[11]
[12]

[13]
[14]

[15]
[16]
[17]
(18]
[19]
[20]
21]
[22]

23]
24]

REFERENCES

J. M. Aarts and D. J. Lutzer, Completeness properties designed for recognizing
Buaire spaces. Dissertationes Math., 116 (1974), 48p.

F. D. Ancel, An alternative proof and applications of a theorem of E. G. Effros,
Michigan Math. J. 34 (1987), no. 1, 39-55.

N. H. Bingham and A. J. Ostaszewski, Topological regular variation: I. Slow
variation, Top. App. 157 (2010), 1999-2013.

N. H. Bingham and A. J. Ostaszewski, Normed versus topological groups: di-
chotomy and duality, Dissertationes Math., 472 (2010), 138 pp.

A. Bouziad, Continuity of separately continuous group actions in p-spaces, Topol-
ogy & its App. 71 (1966), 119-124.

J. C. Bradford and C. Goffman, Metric spaces in which Blumberg’s theorem holds,
Proc. Amer. Math. Soc. 11 (1960), 667-670.

J. J. Charatonik and T. Mackowiak, Around Effros’ theorem, Trans. Amer. Math.
Soc. 298 (1986), no. 2, 579-602.

E. G. Effros, Transformation groups and C*-algebras. Ann. of Math. (2) 81
(1965), 38-55.

R. Engelking, General topology, Heldermann Verlag, 1989.

Z. Frolik, Generalizations of the Gs-property of complete metric spaces, Czechoslo-
vak Math. J 10 (85) (1960), 359-379.

J. Hoffmann-Jgrgensen, Automatic continuity, Section 3 of [25].

A. Hohti, Another alternative proof of Effros’ theorem, Top. Proc. 12 (1987),
295-298.

J. Jayne and C. A. Rogers, Analytic sets, Part 1 of [26].

A. S. Kechris, Topology and descriptive set theory, Top. Appl. 58 (1994), no. 3,
195-222.

S. Levi, On Baire cosmic spaces, General topology and its relations to modern
analysis and algebra, V (Prague, 1981), 450-454, Heldermann, Berlin, 1983.

R. J. Loy, Multilinear mappings and Banach algebras. J. London Math. Soc. (2)
14 (1976), no. 3, 423-429.

E. Michael, Almost complete spaces, hypercomplete spaces and related mapping
theorems, Top. Appl. 41 (1991), no. 1-2, 113-130.

H. I. Miller and A. J. Ostaszewski, Group-action and Shift-compactness, Journal
of Mathematical Analysis and Applications 392 (2012), 23-39.

A. J. Ostaszewski, Analytically heavy spaces: analytic Baire and analytic Cantor
theorems, Top. Appl., 158 (2011), 253-275.

A. J. Ostaszewski, Shift-compactness in almost analytic submetrizable Baire
groups and spaces, invited survey article, Topology Proc., this issue.

A.J. Ostaszewski, Beyond Lebesgue and Baire: III. Steinhaus’ Theorem and its
descendants, preprint.

A. J. Ostaszewski, The semi-Polish Theorem: one-sided vs joint continuity in
groups, preprint.

A. J. Ostaszewski, Analytic Baire spaces, Fund. Math. 217 (2012), 189-210.

A. J. Ostaszewski, On the Effros Open Mapping Principle, preprint.



110 A. J. OSTASZEWSKI

[25] F. Topsge, J. Hoffmann-Jgrgensen, Analytic spaces and their applications, Part 3
of [26].

[26] C. A. Rogers, J. Jayne, C. Dellacherie, F. Topsge, J. Hoffmann-Jgrgensen, D. A.
Martin, A. S. Kechris, A. H. Stone, Analytic sets, Academic Press, 1980.

[27] J. van Mill, A note on the Effros Theorem, Amer. Math. Monthly 111 (2004),
no. 9, 801-806.

[28] J. van Mill, Analytic groups and pushing small sets apart, Trans. Amer. Math.
Soc. 361 (2009), no. 10, 5417-5434.

MatHEMATICS DEPARTMENT, LONDON ScHOOL OF EcoNnoMics, HOUGHTON STREET,
LonpoNn WC2A 2AE

E-mail address: a.j.ostaszewski@lse.ac.uk





