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MIKHAIL PATRAKEEV

ABsTrACT. We give descriptions of metrizable topological spaces
that are images of the Sorgenfrey line under continuous maps of
different types (open, closed, quotient and others). To obtain these
descriptions, we introduce the notion of a Lusin m-base; the Sorgen-
frey line and the Baire space have Lusin m-bases, and if a space X
has a Lusin m-base, then for each nonempty Polish space Y, there

. . onto
exists a continuous open map f: X —— Y.

1. INTRODUCTION

The Sorgenfrey line, S, is the real line with topology whose base
consists of all half-open intervals of the form [a,b), where a < b. The
Sorgenfrey line is a hereditarily separable, hereditarily Lindel6f space with
an uncountable weight, and metrizable or compact subsets of S are count-
able [3, 4]. We study questions of the following form:

Let IC be a class of continuous maps and suppose f € K is a map from the
Sorgenfrey line onto a metrizable space X. What can we say about X ?

The answers to these questions for some classes K are presented in
Table 1; all proofs are given in this paper (see the third column in Table 1).
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K, a class of

continuous maps

Description of metrizable images
of the Sorgenfrey line
under maps from class K

Reference
to the proof

All maps

Quotient maps

Nonempty analytic

Pseudo-open maps spaces
Biquotient maps Corol. 3.12
Nonempty absolute Borel spaces
One-to-one maps in which every nonempty
open subset is uncountable
Open maps Nonempty Polish spaces Corol. 4.2
Closed maps Nonempty countable Corol. 5.6
Closed-open maps Polish spaces
Countable-to-one There are no such spaces Corol. 4.5

open maps

Table 1

Some of these results were obtained earlier: the description of metriz-
able images of the Sorgenfrey line under all continuous maps was received
by D.Motorov [9]; S. Svetlichnyi proved that every metrizable image of
S under a continuous open map is Polish [12]; the author of this paper
and N. Velichko independently constructed a continuous open map from S
onto the real line [10, 14], and N. Velichko proved in [14] that for each such
map, there is a point with preimage of cardinality 2%°¢. The description of
metrizable images of S under continuous one-to-one maps can be easily
derived from results of D.Motorov [9]. Also it is well known that the
Sorgenfrey line cannot be mapped onto a metrizable space by a perfect
map, since the perfect pre-images of metric spaces are the paracompact
p-spaces [1] and a paracompact p-space with a Gs-diagonal is metrizable.

It is interesting to note that if a class K is among first six classes
listed in Table 1 (i.e., in case of all, quotient, pseudo-open, biquotient,
one-to-one or open continuous maps), then the metrizable images of the
Sorgenfrey line under maps from class IC coincides with the metrizable
images of the Baire space under maps from class K. One of the reasons
for this similarity is that both the Sorgenfrey line and the Baire space
have Lusin 7-bases (see Definition 3.4, Example 3.5 and Lemma 3.6), and
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that if a space X has a Lusin w-base, then for each nonempty Polish space
Y, there exists a continuous open map f: X N (see Theorem 3.7).

2. NOTATIONS AND TERMINOLOGY

By N we denote the set of natural numbers, where 0 € N. Let A be any
set and n € N; then by A" (A<N| AY) we denote the set of sequences of
length n from A (the set of finite sequences from A, the set of countably
infinite sequences from A, respectively). The length of a sequence s is
denoted by length(s). We assume that there exists a (unique) sequence
of length zero and this sequence coincides with the empty set &; in par-
ticular, AY = {@} and length(&) = 0. Suppose s = (sg,...,s,_1) € A"
and a € A; then by s'a we denote the sequence (sg,...,s,_1,a) € A"
and by s|m we denote the sequence (sq,...,Sm-1) € A™, where m < n.
Likewise, if # = (x¢,21,...) € AY, then the sequence (g, ..., T, 1) is
denoted by z|n; in particular, 2|0 = @.

The Baire space is the space (N, 7), where the topology 75 is gener-
ated by the base (N;),en<v and

N, = {z € NV : z|n = s for some n € N};

this base is called the standard base for the Baire space. Thus the Baire
space is a countable infinite topological power of a countably infinite dis-
crete space; note also that the Baire space is homeomorphic to the space
of irrational numbers [5, Ex. 3.4]. The set of reals is denoted by R, a real
segment and half-intervals are denoted by [a, b], [a,b), and (a, b]. The Sor-
genfrey line, S, is the space (R, 75) whose topology 75 is generated by the
base {[a,b) ta,b e Ra< b}. A Polish space is a separable completely
metrizable space. A space X is called analytic (absolute Borel) iff X is
homeomorphic to some analytic subset (some Borel subset) of some Polish
space.

A map f: X =Y is called open (closed, closed-open) iff for any open
(closed, closed-open, respectively) set U C X, its image f(U) is open
(closed, closed-open, respectively) in Y. A surjective map f: X — Y is
called quotient iff for any set A C Y, the preimage f~!(A) is open in X if
and only if A is open in Y. The definitions of pseudo-open and biquotient
maps can be found in the book [3]; we only note that in the class of
continuous maps every closed map is pseudo-open, every open map is
biquotient, every biquotient map is pseudo-open, and every pseudo-open
map is quotient. The symbol “:=" means “equals by definition”. We say
X is countable iff | X| < ¥g. Other terminology can be found in the books
of R. Engelking [4] and A. Kechris [5].
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3. SORGENFREY LINE AND SPACES WITH LUSIN 7-BASE

The construction of a continuous open map from the Sorgenfrey line
onto the real line [10] uses some special family of subsets of the Sorgen-
frey line. A generalization of this construction allows to build a continu-
ous open map from any space with analogous family of subsets onto any
nonempty Polish space (Theorem 3.7). We shall call such family a Lusin
m-base because this family is a Lusin scheme and a w-base simultaneously.

Recall that [5] a Lusin scheme on a set X is a family (V) en<n of
subsets of X such that:

(LO) Vi D Vi, for all s € NN and n € N.

(L1) VesNVyj =@ for all s € NN and i # j in N.

Consider a special case of Lusin scheme:

Definition 3.1. A strict Lusin scheme on a set X is a Lusin scheme
(Vs)sen<n on X such that:

(LQ) Vg =X.

(L3) Vs =, Vin for all s € N<N.

(L4) ), Vijn is a singleton for all z € NN,

Example 3.2. The standard base (N;) en<n for the Baire space (NV, 1)
is a strict Lusin scheme on the set NY.

This example is not random and the next lemma shows that every
strict Lusin scheme is closely related to the Baire space:

Lemma 3.3. Let (Vs),en<n be a strict Lusin scheme on a set X and let
T be the topology on X generated by the subbase {V, : s € N<N}. Then
the space (X, T) is homeomorphic to the Baire space and each set Vs is
closed-open in (X, 7).

Proof. 1t follows from Definition 3.1 that for each x € X there is a unique
sequence o(z) € NY such that

{l’} - ﬂn Vo’(w)|n'
Consider the map ¢ : X — NN defined in this way. This map is a
bijection, and for all s € N<N, we have o(V,) = N, where N is an
element of the standard base for the Baire space (N, 733). It follows that
the map o : (X,7) — (NV 73) is a homeomorphism. Since each set N

is closed-open in the Baire space, we see that every set V; is closed-open
in (X, 7). |
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Definition 3.4. A Lusin w-base for a space X is a strict Lusin scheme
(Vi) sen<r on X such that:

(L5) Each set V; is open in X.
(L6) For any point z € X and any of its neighbourhoods O(z), there
are s € NN and ng € N such that x € V, and |J Vin C O(2).

n>ng

It is clear that every Lusin m-base (Vi) cn<n for a space X is a 7-
base for X (i.e., every V; is nonempty open, and for any nonempty open
U C X, there is V; such that V; C U).

Example 3.5. The standard base (N;),cn<n for the Baire space is a
Lusin 7-base for the Baire space.

Lemma 3.6. The Sorgenfrey line has a Lusin w-base.

Proof. We build a Lusin 7-base (V;),en<n for the Sorgenfrey line (R, 75)
by recursion on length(s). Let Vp := R, and let the set {V; : length(s) =
1} be the set of all half-intervals of the form [z,z + 1), where z is an
integer. For length(s) > 1, consider an interval [as,bs) = Vi and let
(,,) be a sequence from [as, bs) such that zg 1= as, Tymy1 > Tmy Tyl —
T < 1/length(s), and (x,,) converges to b, in the real line with Euclidean
topology; then define Vi, := [@y,, Tpy1). O

It follows from Example 3.2 and Lemma 3.3 that the existence of a
strict Lusin scheme that is a base for topology is a characterization of
the Baire space. The existence of a Lusin 7-base is a weaker property;
however, this property is sufficient to prove the next theorem:

Theorem 3.7. Suppose that X is a space with a Lusin mw-base and Y
is a nonempty Polish space. Then there exists a continuous open map

foXx 22y

Corollary 3.8. FEvery nonempty Polish space is an image of the Sorgen-
frey line under some continuous open map.

The next lemma gives a description of spaces with a Lusin m-base; we
need this description to prove Theorem 3.7.

Lemma 3.9. For every space X, conditions (A) and (B) are equivalent:

(A) X has a Lusin 7-base.
(B) There is a topology T on the set NN such that:
(BO) the space (NN, 1) is homeomorphic to X;
(B1) 7 is finer than the topology Ts of the Baire space (NV, 13);
(B2) the standard base (N)gen<n for the Baire space is a Lusin
w-base for (NN 7).
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Corollary 3.10. There exists a continuous one-to-one map from the
Sorgenfrey line onto the Baire space.

Proof of Lemma 8.9. The implication (B) — (A) is trivial, we prove
(A) — (B). Suppose (V;) en<r is a Lusin 7-base for X. Consider the map
o: X — NN from the proof of Lemma 3.3. Since ¢ is a bijection and
o(Vs) = N for all s € N<N it follows that the topology 7 := {o(U) :
U is open in X } satisfies (B0)—(B2). O

Proof of Theorem 3.7. Every nonempty Polish space is a continuous
open image of the Baire space (this was proved by Arhangel’skii in [2],
see also [5, Ex. 7.14]). So, using Lemma 3.9, we only need to construct a
continuous open map from (NY, 7) onto the Baire space (NV,73), where
T is a topology that satisfies conditions (B1)—(B2) of Lemma 3.9.
Consider a map ¢: N — N such that for each n € N, the preimage
¢~ Y(n) is infinite. For any function h with the range ran(h) C N, define

®(h) := ¢ o h. In particular, for s = (sq,...,5,_1) € NN we have
CI)(s) = <90(80)7 RV (‘D(Snfl)> € N<N
and for = (x¢,...,Zn,...) € NN, we have

®(z) = (¢(20), ..., p(xn),...) € N,
It is not hard to prove the following:
(3.1) D[N,] = Ng(s) forall s € N<N,
(3.2) DN = U{N; - @(s) =t} for all t € N<N,
(3.3) D[ Upsm Nek] = ®N;] for all s € NN and m € N.

We claim that the map ® : (N, 7) — (NN, 73) satisfies the required

conditions. It is surjective by (3.1) with s = @, it is continuous by
(3.2) and (B1), and it is open by (B2), (L6) of Definition 3.4, (3.3), and
(3.1). O

The next lemma is a strengthening of Corollary 3.10; in its proof we
use some ideas from paper [9] of D. Motorov.

Lemma 3.11. Let f: (R,75) = Y be a continuous map from the Sorgen-
frey line to a space of countable weight. Then there exists a topology T on
the set R such that:

o The topology T is weaker than the topology s of the Sorgenfrey
line.

e The space (R, T) is homeomorphic to the Baire space.

o Themap f: (R,7) =Y is continuous.
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Proof. Let (Bx)aca be a countable base for the space Y. The Sorgenfrey
line is hereditarily Lindeldf, therefore for any set f~1(By), which is open
in (R, 75), there exists a sequence ([cx,q, dA’”))nEN from the base {[c,d) :

c,deR, c< d} such that
(34> f_l(B)\) = U [C)\,n; d)\,n)-

neN
Let us build a Lusin 7-base (V;) cn<n for the Sorgenfrey line in the same
way as we built it in the proof of Lemma 3.6, where for each s # &, we
had Vi = [as, bs); but in addition we demand the following;:
(3.5)
{oan A€ANENU{drn: AEAnENLC {b,:5e NN\ {a}}.

Let 7 be the topology on R generated by the subbase {Vs 185 € N<N};
this topology is weaker than 75. By Lemma 3.3, (R, 7) is homeomorphic
to the Baire space and each set Vi = [as,bs) is closed-open in (R, 7).
This implies that each set {x € R : z < bs} is also closed-open in (R, 7),
whence using (3.5) we see that every set [cy n,dx ) is open in (R, 7). It
now follows from (3.4) that the set f~!(B,) is open in (R, 7) for all A € A,
hence the map f: (R,7) — Y is continuous. a

Corollary 3.12. Let Y be a metrizable space. Then:

(i) Y is an image of the Sorgenfrey line under some continuous map
iff Y is a nonempty analytic space.

(ii) Y is an image of the Sorgenfrey line under some continuous one-
to-one map iff Y is a nonempty absolute Borel space in which
every nonempty open subset is uncountable.

(iii) Y is an image of the Sorgenfrey line under some continuous quo-
tient (biquotient, pseudo-open) map iff Y is a nonempty analytic
space.

Proof. Suppose Y is a metrizable space. Since the Sorgenfrey line is sep-
arable, its metrizable images have countable weight. Therefore it follows
from Corollary 3.10 and Lemma 3.11 that Y is an image of the Sorgenfrey
line under some continuous (continuous one-to-one) map iff Y is an image
of the Baire space under some continuous (continuous one-to-one) map.

Part (i) of the corollary now follows from the fact that Y is a continu-
ous image of the Baire space iff Y is a nonempty analytic space [5, Df. 14.1
and Th.7.9]. Part (ii) follows from the analogous description of metriz-
able continuous one-to-one images of the Baire space. One direction of
this description follows from the fact that in the class of Polish spaces a
continuous one-to-one image of a Borel set is Borel [5, Th. 15.1] and from
the fact that one-to-one maps preserve cardinality. Another direction was
proved by W. Sierpinski [6, Footnote 1 on p. 447].
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It remains to prove the implication from right to left in part (iii).
Suppose Y is a nonempty analytic space; then, as we mentioned above, Y
is a continuous image of the Baire space. E. Michael and A. Stone proved
in [8] (this result was not included in the formulation of a theorem, but was
actually proved on p.631) that in this case Y is a continuous biquotient
image (and hence is a pseudo-open image and is a quotient image [3,
Ch. 6, Pr. 13 and 14]) of the Baire space. On the other hand Corollary 3.8
says that the Baire space is a continuous open image of the Sorgenfrey
line. It can easily be verified that a composition of a continuous open
map and a continuous biquotient (pseudo-open, quotient) map is again
a continuous biquotient (pseudo-open, quotient, respectively) map. This
implies that Y is a continuous biquotient (pseudo-open, quotient) image
of the Sorgenfrey line. |

4. OPEN MAPS AND CHOQUET GAMES

Now in order to study open maps from the Sorgenfrey line to metrizable
spaces we consider the notions of Choquet game and strong Choquet
game. The Choquet game on a nonempty space X is defined as follows:
two players, I and II, alternately choose nonempty open sets

I Uy Uy
II Vo Wi
such that Uy 2 Vo 2 Uy 2 V;... . Player II wins the run (Up, Vp,...)

of Choquet game on X iff ), V,, # @; otherwise player I wins this run.
A nonempty space X is called a Choquet space iff player II has a win-
ning strategy in the Choquet game on X. The strong Choguet game on a
nonempty space X is defined in the same way, except that the n-th move
of player I is a pair (U,,z,), where U, C V,_; is open and z,, € U,,
and the n-th move of player II is an open V,, C U, such that x,, € V.
A nonempty space X is called a strong Choquet space iff player II has a
winning strategy in the strong Choquet game on X. More precise defini-
tions of this notions can be found in [5].

It is easy to verify that every space with a Lusin 7-base is a Choquet
space. On the other hand, there is a separable metrizable space with a
Lusin 7-base that is not strong Choquet [11]. Nevertheless, the following
holds:

Lemma 4.1. The Sorgenfrey line is a strong Choquet space.

Proof. We must build a winning strategy for II in the strong Choquet
game on the Sorgenfrey line. Suppose the n-th move of Lis (U,, ,,), where
Zy, € Uy. There are y,, and z, such that [z,,y,) C U, and z, € (zn, yn)-
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Let us tell player II to play V,, := [z, 2,,) in his n-th move. We have
Uo 2 [w0,20] 2 Vo 2 U1 2 [w1,24] 2 V1.0,

therefore
ﬂn Vn :—) nn[x’"«"rl? ZTL+1] 7£ ®7
hence this strategy is winning for player II. |

Corollary 4.2. Let Y be a metrizable space. Then Y is an image of
the Sorgenfrey line under some continuous open map iff Y is a nonempty
Polish space.

Proof. The implication from right to left is proved in Corollary 3.8. The
implication from left to right follows from the facts that a continuous
open image of a strong Choquet space is strong Choquet [5, Ex.8.16],
that a continuous image of a separable space is separable, and that every
separable metrizable strong Choquet space is Polish [5, Th.8.17]. O

If a Choquet space is metrizable, then player II has a strategy such
that the set (1, V), is always a singleton. We shall use such strategy to
show that there is no continuous open countable-to-one map from the
Sorgenfrey line onto a metrizable space.

Definition 4.3. The strict Chogquet game on a nonempty space X is
defined in the same way as Choquet game, except that player II wins the
run (Up, Vp,...) iff the set [, V,, is a singleton. A nonempty space X is
called a strict Choquet space iff player II has a winning strategy in the
strict Choquet game on X.

Theorem 4.4. Let X be a nonempty Hausdorff Choquet space, Y a strict
Choquet space, and f: X — 'Y a continuous open map. Then at least one
of the following conditions holds:

(i) There exists a nonempty open set U C X such that the restriction
f1U:U—= f(U) is a homeomorphism.
(ii) The preimage f~'(y) of some point y € Y has cardinality > 2%0.

Proof. Suppose that condition (i) does not hold; we must prove that

condition (ii) holds. To do this we shall build families (W;)scq0,13<,
(Us)sego,13<ms and (Vs)seqo,13<n of subsets of X and sequences (Wy), (Un),

and (V) of subsets of Y such that the following conditions hold:

(
(a) W,,Uy,,V, are nonempty open subsets of Y for all n € N.
(b) Wy 2 U, DV, D Wy, forall s € {0,1}<N and k € {0, 1}.
(b) DU, 2V, 2 Wy forallneN.

Bl
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(c) For each o € {0,1}Y, the sequence (Us10, V105 Ugl1s Vo1, - - -) is a
run of Choquet game on X in which player II plays according to
some (fixed) winning strategy.

(¢) The sequence ([70, Vo, U, VA, ... .) is a run of strict Choquet game
on Y in which player IT plays according to some (fixed) winning
strategy. N

(d) The family (Ws)sego,13 covers the set W, for all n € N,

where we say “a family (Py)xea covers a set Q” iff the following
holds:

o P, is a nonempty open subset of X for all A € A;

o @ is a nonempty open subset of Y

o the family (Py)aea is disjoint;

o f(Py) =@ for all A € A.

Let us show that condition (ii) of the theorem follows from (a)—(d) and
(a)—(¢). Using (¢), we can define the desired point y € Y by the formula
{y} = N, V- Tt follows from (b) that M, W, = ), Ve (= {y}). We can
use (d) to show that f((, Wyn) €, W, (= {y}) for all o € {0, 1},

therefore,
w2 U (N Won)-

cef{0,1}N neN

Condition (b) implies that (), Wy, =, Vs|n, condition (c) implies that
every set (1, Vo, is not empty, thus every set (1, Wy, is not empty.
Using (d), it is easy to prove that the family ([, Won)oe{o,13v is disjoint.
This means that |f~1(y)| > |{0,1}}Y| = 2%, that is condition (ii) of the
theorem holds. I

To complete the proof, it remains to build the sets W, Uy, Vi, W,,, Uy, V.
Before doing this, let us prove that for any set Q@ C Y and any finite family
(Po, ..., Py) that covers @, the following four statements hold:

(p) There exist a set @ C @ and a family (P}, P}, P{,Pj,...,P.)
that covers @’ such that P},P C Py, Pl C P, P, C Py, ...,

P! C P,.
(q) Thereexist aset Q" C Q and a family (P}, P}/, P{,P{,..., P, PV)
that covers @' such that P§, Py C Py, ..., P, P! C P,,.

(r) Forany k € {0,...,m} and any nonempty open (in X) set R C Py,
there exist a set Q' C @ and a family (F(, ..., P),) that covers @’
such that P C Py, ..., P;, C P, and P, C R.

(s) For any nonempty open (in Y) set S C @, there exist a set Q' C S
and a family (P},..., P/,)) that covers Q' such that P C P, ...,
P C P,.



METRIZABLE IMAGES OF THE SORGENFREY LINE 263

Let us check that statement (p) holds. Since every continuous open
one-to-one map is a homeomorphism and since condition (i) of Theo-
rem 4.4 does not hold, it follows that the nonempty open set P, contains
two different points p’, p”" € Py such that f(p') = f(p”). Let Oy, Opr C Py
be disjoint open neighbourhoods of p’ and p”. Let

Q= f(Op) 0 f(Opr), Py = fﬁl(Q/) N Oy,
P} :=f1Q)YNOy, and P/ :=fYQ)NP
for ¢ € {1,...,m}. It is easy to verify that the sets P}, P}, Py,...,P.,
and @’ satisfies (p). The statements (r) and (s) can be proved by similar
arguments. To prove statement (q) it is enough to apply statement (p)
m + 1 times. L

Now we can construct the sets Wy, Us, Vs, W,,, Up, V;, such that (a)—(d)
and (&)—(¢) hold; we build them by recursion on n = length(s). If n =0
(that is, s = @), let Wy := X and Wy := f(X). Note that (d) holds for
n = 0, since {0,1}° = {@}. Fix a winning strategy for player II in the
Choquet game on X and a winning strategy for player II in the strict
Choquet game on Y. Suppose we have constructed Wy for length(s) < n,
Us and V; for length(s) < n, Wk for k < n, and Uy and Vj, for k < n.
Let {0,1}" = {so,...,8m}, where all s; are different. First we build
Usos Vsose - -3Us,,, Vs, , next U, and V,,, and finally W, for s € {0, 1} +!
and Wn-{-l-

Let Uy, := Wy, and define V;, to be the set that II plays according to
his fixed winning strategy in answer to

(UstaVGo\Oa ceey Uso\(n—l)stoKn—l)aUso)~

Apply (r) to the family (Wi, ..., W, ), which covers W, : for k = 0 and
the nonempty open V;, C Wy, there exist a set Ag? ) C W, and a family

(Agg), e ,Ag%) that covers A such that
A cw,, ..., ADcw,, and AYCV,,.

Let Us, = Ag?) and define V;, to be the set that II plays according to
his fixed winning strategy in answer to

(Usyjos Vyos 5 Usijtn—1)s Vsi|(n—1)> Us, )-

Apply (r) to the family (Agg)7 cey A(O))7 which covers ESP) :for k=1 and

the nonempty open Vg, C Ag?), there exist a set ﬁﬁ}’ - g%o) and a family
(AE,}J), ey A(l)) that covers A%l) such that

Sm,

AW CAD, AN CAD and  AD C V.

m
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Repeat this process until we get a set g%m) C Eﬁf”‘” and a family
(Ag:)"), . ,Agrﬁ)) that covers AY™ such that

Al Am=D AM c AmTY and AU C Y

Let U, := Angm) and define V,, to be the set that II plays according to
his fixed winning strategy (in the strict Choquet game on Y') in answer to
(Uo, Vo, ..., Uy). Apply (s) to the family (AgT), . Agt:)), which covers
AT for the nonempty open V,, C zzﬁtm), there exist a set B, C V,, and
a family (Bs,, ..., Bs,,) that covers B,, such that

By, cA™ . B, CAM™,
= sg ) s Sm

m =

Apply (q) to the family (Bs,, ..., Bs,, ), which covers B,, : there exist a set

W7L+1 g Bn and a famlly (WQ({O’ Ws({la ceey WQWTO; WsmAl) = (Ws)sG{O,l}”Jrl
that covers W, 41 such that

WG(,AOa Ws(fl g Bsoa ) Wsm,AOa Wsmfl g Bsm .
It is not hard to check that the constructed sets satisfy conditions (a)—
(d) and (2)—(¢). This concludes the proof. O

Corollary 4.5. Let f: S — Y be a continuous open map from the Sor-
genfrey line onto a metrizable space Y. Then the preimage f~(y) of some
point y € Y has cardinality 2%°.

Proof. By Lemma 4.1, the Sorgenfrey line is a strong Choquet space. The
space Y is a continuous open image of S, thus Y is also a strong Choquet
space [5, Ex.8.16]; therefore both Sorgenfrey line and Y are Choquet
spaces.

The space Y, being metrizable Choquet space, is a strict Choquet space;
a winning strategy for player II can be built as follows. Fix a winning
strategy for II in the Choquet game on Y. Suppose I plays U, in his n-th
move. Let U/ C U, be any nonempty open set of diameter less than
1/n. To win (in the strict Choquet game) II must play the set that the
winning strategy in the Choquet game tells him to choose in case I played
U], instead of Uy,.

Now we can use Theorem 4.4. Every nonempty open subset of the
Sorgenfrey line contains a copy of S, which is not metrizable. This implies
that condition (i) of Theorem 4.4 does not hold. O

5. CLOSED MAPS AND SCATTERED SPACES

We now turn to study closed maps from the Sorgenfrey line to metric
spaces, and we shall deal with scattered spaces. Let us recall some ter-
minology. The space X is called scattered iff every nonempty subspace
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of X contains an isolated point. By I(A) we denote the set of isolated
points of a subspace A. Let X be a space and « an ordinal. The a-th
Cantor—Bendizson level of X, I1,(X), is defined by recursion on « :

L.(X) := I(X \U{T5(X): B < a}).

In particular, the 0-th Cantor—Bendixson level of X is the set of isolated
points of X. Since the family of nonempty Cantor-Bendixson levels of
X is disjoint, there is the first ordinal a such that I,(X) is empty; this
ordinal «, denoted by ht(X), is called the Cantor-Bendizson height of
X. If a space X is scattered, then the family of Cantor-Bendixson levels
below ht(X) is a partition of X, and for each x € X, there is a unique «
such that x € I,(X); we call this ordinal « the Cantor-Bendizson height
of z in X and denote by ht(z, X).

Lemma 5.1. Let X be a scattered space.

(i) fACX and x € A, then ht(z,A) < ht(z, X).
(i) If AC X, then ht(A) < ht(X).
(iil) Each point x € X has a neighbourhood O(x) such that
ht(O(z) \ {z}) < ht(z, X).

Theorem 5.2. Suppose X is a nonempty zero-dimensional T1-space of
countable character such that every nonempty closed-open subset A C X
can be decomposed into a countable infinite disjoint union J,, A, with each
A, nonempty and closed-open in A. Suppose also that Y is a nonempty

scattered metrizable space of countable cardinality. Then there exists a
onto

continuous closed-open map f: X —= Y.

Corollary 5.3. LetY be a nonempty Polish space of countable cardinal-
ity. Then there exists a continuous closed-open map from the Sorgenfrey
line onto Y.

Proof of Corollary 5.3. The Sorgenfrey line satisfies the conditions on
X in Theorem 5.2 and every countable Polish space is scattered [6, § 34,
IV, Cor. 4], so we can use the theorem. O

Let 2 be the class of all spaces that satisfy the conditions imposed on
X in the premises of Theorem 5.2; likewise, let 28 be the class of all spaces
that satisfy the conditions imposed on Y.

Lemma 5.4. Let @, Wx be a topological sum of spaces, where 0 <
|A] < No, and suppose that for each space X € 2 and for each \ € A,

there exists a continuous closed-open map from X onto Wy. Then for each
onto

X €, there exists a continuous closed-open map f: X —— @, ., Wa.
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Proof of Lemma 5.4. First consider the case |A| = Ng; let A = {\,, :
n € N} and all A\, are different. Suppose X belongs to the class 2;
then X can be written as a topological sum @, . X, of nonempty sub-
spaces. Note that each X,,, being a nonempty closed-open subspace of

X, also lies in 2. So, for each n € N, there exists a continuous closed-
onto

open map f,: X,, —— W, . It is easy to verify that the sum of maps
D, fn: B, Xn — D, Wh, is a continuous closed-open map from X
onto P, ., Wi.

Now suppose that 0 < [A| < Rg; let A = {Xg,..., A }. If we consider
the set X/, = X \ (XoU...UX,,_1), which is closed-open in X, then
we can write X as Xo @ ... ® X,,—1 @ X/,. The rest of construction is
similar. ]

Proof of Theorem 5.2. The theorem says that for every space X from

the class 2 and every space Y from the class 93, there exists a continuous
onto

closed-open map f: X —— Y. We prove this by induction on o = ht(Y").
The inductive hypothesis says that for each X’ € 2 and each Y’ € 8 such
that ht(Y”) < «, there exists a continuous closed-open map f’: X' — Y.

Suppose X € A, Y € B and ht(Y) = «. Using part (iii) of Lemma 5.1,
to each y € Y assign a neighbourhood O(y) such that ht(O(y) \ {y}) <
ht(y,Y). Since ht(y,Y) < ht(Y) = a, we have

(5.1) ht(O(y) \ {y}) < a.

The Y is a nonempty regular space of countable cardinality, hence Y is
zero-dimensional [4, Cor. 6.2.8|, and for each y € Y, there is a closed-open
neighbourhood O'(y) such that y € O'(y) C O(y). We may assume that
if y is an isolated point of Y, then O’(y) = {y}. The family v := {O’(y) :
Yy € Y} is countable cover of Y and members of v are closed-open in Y.
Clearly, we can construct a disjoint countable cover p of Y such that u
refines v and members of p are nonempty and closed-open in Y. Since
Y is nonempty and can be written as @{W : W € pu}, it follows from
Lemma 5.4 that to conclude the proof, it remains to build a continuous
closed-open map from Z onto W for each Z € 2 and W € p.

Suppose Z € A and W € pu. Since p refines «y, there exists yo € Y such
that W C O’ (yp). We consider three cases:

Case 1. yo ¢ W. Then W C O(yo)\{yo}. Combining (5.1) with part (ii)
of Lemma 5.1, we get ht(W) < «. Since W is a nonempty subspace of Y,

onto

we have W € B, therefore a continuous closed-open map f: 7 —— W
exists by the inductive hypothesis.

Case 2. yo € W and yg is an isolated point of W. Then ¥, is an
isolated point of Y, therefore O’(yo) = {yo}, whence W = {yo}. Clearly,

. . t . .
there exists a continuous closed-open map f: Z = W in this case.
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Case 8. yp € W and g is not an isolated point of W. Let zy € Z.
We shall build a sequence (Z,,) of subsets of Z and a sequence (W,,) of
subsets of W such that the following holds:

(a) Z, is a nonempty closed-open subset of Z for each n € N.
(a) W, is a nonempty closed-open subset of W for each n € N.
(b) The family (Z,,)nen is a partition of Z \ {z0}.
(b) The family (W, )nen is a partition of W\ {yo}.
) The family {Z\ (ZoU...UZ,) : n € N} is a base for the space
Z at the point zg.
(¢) The family {W\ (WoU...UW,) :n € N} is a base for the space
W at the point yq.

Next we shall build a map f: Z — W such that:

(d) f(z0) = wo.

(e) f(Z,) =W, for each n € N.

(f) The restriction f|Z,: Z,, — W, is continuous and closed-open for
each n € N.

It follows from (a)—(f) and (a)—(¢) that the map f: Z — W is surjective,
continuous and closed-open. So we must accomplish the construction to
finish the proof.

First we build the sequence (Z,) of subsets of Z. Since Z € 2 and
the set {29} C Z cannot be decomposed into a countable infinite disjoint
union, {zp} is not closed-open in Z; that is, 2z is not an isolated point of
Z. Since Z is a Tj-space of countable character, we can build a strictly
decreasing sequence Uy 2 Uy ; ... of open sets in Z such that the family
{U,, : n € N} is a base for Z at zp and (), U, = {z0}. The space Z is
zero-dimensional, therefore we may assume that all U,, are closed-open in
Z; we may also assume that Uy = Z. Now let Z,, := U, \ U,11. Clearly,
the sequence (Z,,) satisfies (a), (b), and (c).

Since yp is not an isolated point of W, and W is a subspace of Y,
which is metrizable and (as was mentioned above) zero-dimensional, the
sequence (W,,) that satisfies (&), (b), and (¢) can be built in the same
way.

Finally, we build the map f: Z — W. By (b), W,, € W \ {yo} for each
n € N. The choice of yy implies that W\ {yo} € O(yo) \ {v0}. Using (5.1)
and part (ii) of Lemma 5.1, we obtain ht(W,,) < «. Since Z € 2 and
W CY €, it follows from (a) and (a) that Z, € 2 and W,, € B. Now,
by the inductive hypothesis, there exists a continuous closed-open map
Fut Zn 2% W,

Let the map f: Z — W be given by f(2¢) := yo and f(z) := fn(2) for
z € Zy. This completes the proof, since f satisfies (d)—(f). O
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The next lemma gives a reverse inclusion for descriptions of metrizable
images of the Sorgenfrey line under continuous closed and under contin-
uous closed-open maps.

Lemma 5.5. Suppose that a metrizable space Y is an image of the Sor-
genfrey line under a continuous closed map. Then'Y is a Polish space of
countable cardinality.

Proof. Let f be a continuous closed map from S onto a metrizable Y. Since
S is paracompact and Y is first countable [7] there is a closed subspace
H C S such that f|H is a perfect map onto Y. Hence the pre-image H is
a paracompact p-space [1] with a Gs-diagonal and so H is a metrizable
subspace of S and must be countable.

The Sorgenfrey line is hereditarily Lindel6f and has a base which con-
sists of F,-subsets of the Euclidean real line (R, 7%), so H is a Gs-subset
of (R, 7z). Then H, as a subspace of (R, 1), is completely metrizable and
so must be scattered [6, § 34, IV, Cor.4|. It follows that H, as a subspace
of S, must also be scattered. The perfect image Y of H is also scattered
[Te]. This says that Y is a Polish space [6, § 24, III, Cor. 1a). O

The following statement is an immediate consequence of Lemma 5.5
and Corollary 5.3:

Corollary 5.6. Let Y be a metrizable space. Then'Y is an image of the
Sorgenfrey line under some continuous closed (closed-open) map iff Y is
a nonempty countable Polish space.
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