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CLOSED SUBSETS OF EUCLIDEAN SPACES
CONTAINED IN PSEUDO-ARCS

ALEJANDRO ILLANES

Abstract. In this paper we prove that if K is a compact subset
of the Euclidean space Rk (k ≥ 3) with the property that every
nondegenerate component of K is a pseudo-arc, then there exists
a pseudo-arc P with K ⊂ P ⊂ Rk.

1. Introduction

J. R. Kline and R. L. Moore proved [7] that, in the plane, a compact
set M is a subset of an arc if and only if every component of M is either a
one-point set or an arc α such that no point of α, except its end points, is a
limit point of M−α. In his dissertation, published in [3], H. Cook studied
the corresponding problem for the pseudo-arc and proved that if K is a
compact plane set, then there exists a pseudo-arc P with K ⊂ P ⊂ R2 if
and only if each of the nondegenerate components of K is a pseudo-arc.
H. Cook has conjectured that this result is also true for Rk if k ≥ 3. This
conjecture was stated in the paper by David P. Bellamy in [1].

In this paper we prove Cook’s conjecture by showing that, if k ≥ 3
and K is a compact subset of the Euclidean space Rk, then there exists
a pseudo-arc P such that K ⊂ P ⊂ Rk if and only if each nondegenerate
component of K is a pseudo-arc.
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2. Chains

The proof of the main theorem of this paper depends on making a
careful and technical surgery with chains. In this section we develop the
tools to cut and paste the appropiate chains.

A continuum is a compact connected nondegenerate metric space. A
continuum is indecomposable if it is not the union of two of its proper
subcontinua. Given a metric space X, a chain in X is a collection of open
sets C = {C1, . . . , Cn} such that Ci ∩ Cj ̸= ∅ if and only if |i− j| ≤ 1,
C1 * clX(C2) and Cn * clX(Cn−1). Each of the elements Ci is a link
of C. If p ∈ C1 and q ∈ Cn, then C is said to be a chain from p to q.
The chain C is taut if it satisfies the additional condition that clX(Ci)∩
clX(Cj) ̸= ∅ if and only if |i− j| ≤ 1. The mesh of C is the maximuum
of the diameters of the sets Ci. Given a subset A of X, we say that the
chain C covers A provided that A ⊂ C1 ∪ . . . ∪Cn, and C properly covers
A if (A ∩ C1)− clX(C2) ̸= ∅ ̸= (A ∩ Cn)− clX(Cn−1). Given ε > 0, an
ε-chain is a chain C such that mesh(C) < ε.

The continuum X is chainable provided that for each ε > 0 there exists
a taut ε-chain whose links cover X. Given a family A of subsets of X,
∪A denotes the union of the elements of A.

Recall that a pseudo-arc is a hereditarily indecomposable chainable
continuum (up to homeomorphisms, there is only one pseudo-arc, see [2,
Theorem 1].

The strategy for proving the main result in this paper is as follows.
1. We take a compact subset K of Rk (k ≥ 3) such that every nonde-

generate component of K is a pseudo-arc.
2. We construct a sequence {Ur}∞r=1 of chains in Rk such that for each

r ∈ N, K ⊂ ∪Ur, Ur+1 is “crooked enough” in Ur and lim mesh(Ur) = 0.
In this way, P = ∩{clRk(∪Ur) : r ∈ N} is the desired pseudo-arc. Of
course, the difficult part is the construction of the chains Ur.

3. The expression “crooked enough” means that Ur+1 is crooked in the
chain 72(Ur), this is the chain constructed by taking the union of the first
72 links of Ur, then the union of the next 72 links of Ur and so on. This
helps to make the construction of Ur+1 easier, but some technical details
are needed to handle chains of the form s(Ur); the first section (Lemmas
2.1 to 2.8) are essentially devoted to this end.

4. The difference between the case proved in this paper (k ≥ 3)
and the theorem proved by H. Cook (k = 2) is that we have “more space”
in which we can work. We work with rectangular boxes in Rk so
we can dig channels in these boxes without disconnecting them.
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This is the reason for which we need to construct our chains with links
that are finite connected unions of boxes. The basic facts about boxes
and street arcs are developed in 4.1 to 4.4.

5. The chains Ur are constructed inductively. Supposing that Ur has
been constructed we proceed as follows. Given a component Q of K, since
Q is either a one-point set or a pseudo-arc, we know that it is possible to
construct an appropriate chain covering Q that is crooked in Ur. Lemmas
3.1, 5.1 and 5.3, and Theorems 3.2 and 5.2 are useful to extend the chains
covering the components of K to a finite union of pairwise disjoint chains
covering K.

6. Finally, once we can cover K by a finite number of appropriate
pairwise disjoint chains crooked in Ur, we need to extend these chains to
an appropiate single chain, this is made in Theorem 5.5.

The following lemma is easy to prove.

Lemma 2.1. Let X be a continuum, A a subcontinuum of X, U =
{U1, . . . , Un} a taut chain that properly covers A and V = {V1, . . . , Vn}
a sequence of open sets such that A ⊂ ∪V and Vi ⊂ Ui for each i ∈
{1, . . . , n}. Then V is a taut chain that properly covers A.

Let D = {D1, . . . , Dm} and C = {C1, . . . , Cn} be chains in a continuum.
The chain D refines C if the closure of every link of D is contained in one
link of C. The chain D is crooked in the chain C if D refines C and, for
any indices k, l, i and j with Dk ⊂ Ci, Dl ⊂ Cj and i + 2 < j, there
exist indices r and s, with either k < r < s < l or k > r > s > l,
such that Dr ⊂ Cj−1 and Ds ⊂ Ci+1. Given s ∈ N, if n = sk + r and
r ∈ {0, . . . , s−1}, the s-chain of C is the chain s(C) = {C1∪. . .∪Cs;Cs+1∪
. . .∪C2s; . . . ;C(k−2)s+1∪ . . .∪C(k−1)s;C(k−1)s+1∪ . . .∪Cks∪ . . .∪Cks+r}.
Notice that each link of s(C) is the union of at least s links of C. We
denote by D ∗ C the sequence {D1, . . . , Dm, C1, . . . , Cn}, the operation ∗
is extended to a finite family of chains in the natural way. Given 1 ≤ i ≤
j ≤ n, let C(i, j) denote the subchain {Ci, . . . , Cj} of C.

The following lemma can be easily proved.

Lemma 2.2. For every s, t ∈ N and each chain C in a continuum X,
t(s(C)) = ts(C).

Lemma 2.3. Suppose that X is a continuum and there exist s ∈ N, points
p ̸= q in X and a sequence {Uk}∞k=1 of taut chains in X such that for each
k ∈ N,

(a) Uk is a chain from p to q,
(b) Uk+1 is crooked in s(Uk) and
(c) mesh(Uk) <

1
k .

Let P = ∩{clX(∪Uk) : k ∈ N}. Then P is a pseudo-arc.
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Proof. Clearly, P is a chainable continuum. Using a standard argument
(see for example [6, p. 39]) it is possible to show that P is hereditarily
indecomposable. Thus, P is a pseudo-arc (see [2, Theorem 1]). �

Lemma 2.4. Let U = {U1, . . . , Un} and V = {V1, . . . , Vm} be chains in
a continuum X such that V refines U . Let 1 ≤ i < j ≤ n . Then

(a) if there exist 1 ≤ a < b ≤ m such that Va ⊂ Ui and Vb ⊂ Uj

(or Vb ⊂ Ui and Va ⊂ Uj), then for each k ∈ {i, . . . , j}, there exists
c ∈ {a, . . . , b} such that Vc ⊂ Uk,

(b) if there exist 1 ≤ a < b ≤ m such that Va ∩Ui ̸= ∅ and Vb ∩Uj ̸= ∅
(or Vb ∩ Ui ̸= ∅ and Va ∩ Uj ̸= ∅), then for each i < k < j, there exists
c ∈ {a, . . . , b} such that Vc ⊂ Uk,

(c) if a ∈ {1, . . . ,m} and Va ⊂ Ui ∪ . . . ∪ Uj, then there exists k ∈
{i, . . . , j} such that Va ⊂ Uk and

(d) if r, s ∈ {1, . . . ,m} are such that r ≤ s, Vr ⊂ U1 and Vs ⊂ Un, then
for every 1 ≤ c ≤ e ≤ n, there exist r ≤ a ≤ b ≤ s such that Va ⊂ Uc,
Vb ⊂ Ue and ∪V(a, b) ⊂ ∪U(c, e).

Proof. We prove (a). The proof of (b) is similar. Suppose that Va ⊂ Ui

and Vb ⊂ Uj , the other case is similar. Suppose also that no Vc (c ∈
{a, . . . , b}) is contained in Uk. Then i < k < j. Since V refines U , Va ∪
. . .∪Vb ⊂ (U1∪. . .∪Uk−1)∪(Uk+1∪. . .∪Un). Let e = max{g ∈ {a, . . . , b} :
Vg ⊂ U1 ∪ . . .∪Uk−1}. Notice that e < b and Ve+1 ⊂ Uk+1 ∪ . . .∪Un. So,
Ve ∩ Ve+1 = ∅, a contradiction.

(c) and (d) are easy to prove. �

Lemmas 2.5 and 2.6 can be proved by applying Lemma 2.4.

Lemma 2.5. Let U and V be chains in a continuum X such that V is
crooked in U . Then V is crooked in s(U) for each s ∈ N.

Lemma 2.6. Let X be a continuum and let U = {U1, . . . , Un}, V =
{V1, . . . , Vm} and W = {W1, . . . ,Wm} be chains in X such that V is
crooked in U and Wi ⊂ Vi for each i ∈ {1, . . . ,m}. Then W is crooked in
s(U) for each s ≥ 2.

Lemma 2.7. Let U = {U1, . . . , Un} and V = {V1, . . . , Vm} be chains in
a continuum X such that V is crooked in U . Let a ∈ {1, . . . ,m − 1}.
Let W1, . . . ,Wa+1, Ya−1, . . . , Y1 be open subsets of X such that the family
Z = {Y1, . . . , Ya−1,W1, . . . ,Wa+1, Va+2, . . . , Vm} is a chain and satisfies:

(a) for each i ∈ {1, . . . , a+ 1}, Wi ⊂ Vi and
(b) for each i ∈ {1, . . . , a− 1}, Yi ⊂ Va−i+1.
Then Y is crooked in 2(U).
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Proof. Let 2(U) = {R1, . . . , Rk}. Let Z1 = Y1, . . . , Za−1 = Ya−1, Za =
W1, . . . , Z2a = Wa+1, Z2a+1 = Va+2, . . . , Za+m−1 = Vm. Let i, j ∈
{1, . . . , k} and h, l ∈ {1, . . . , a +m − 1} be such that i + 2 < j, Zh ⊂ Ri

and Zl ⊂ Rj . Since Z refines U , Lemma 2.4 (c) implies that there exist
i0, j0 ∈ {1, . . . , n} such that Zh ⊂ Ui0 ⊂ Ri and Zl ⊂ Uj0 ⊂ Rj . Notice
that i0 + 4 < j0.

Let u, v ∈ {1, . . . ,m} be defined as

u =

{
a− h+ 1, if 1 ≤ h ≤ a− 1,
h− a+ 1, if a ≤ h, and

v =

{
a− l + 1, if 1 ≤ l ≤ a− 1,
l − a+ 1, if a ≤ l.

Then Zh ⊂ Vu and Zl ⊂ Vv. Let i1, j1 ∈ {1, . . . , n} be such that
Vu ⊂ Ui1 and Vv ⊂ Uj1 .

Since Ui1 ∩ Ui0 ̸= ∅ and Uj1 ∩ Uj0 ̸= ∅, we have i1 + 2 < j1.
Let i′, j′ ∈ {1, . . . , k} be such that Ui1+1 ⊂ Ri′ and Uj1−1 ⊂ Rj′ . Since

Ui1 ∩ Ui0 ̸= ∅ and Ui0 ⊂ Ri, we have i1 + 1 ∈ {i0, i0 + 1, i0 + 2} and
i′ ∈ {i, i+ 1}. Similarly, j′ ∈ {j − 1, j}.

We analyze the case that h < l. The case l < h is similar.
We claim that there exist h < r0 < s0 < l such that Zr0 ⊂ Uj1−1 and

Zs0 ⊂ Ui1+1. We analyze 6 cases.
Case 1. 1 ≤ h < l ≤ a− 1.
In this case Va−h+1 = Vu ⊂ Ui1 and Va−l+1 = Vv ⊂ Uj1 . Since V is

crooked in U , there exist a−l+1 < r < s < a−h+1 such that Vr ⊂ Ui1+1

and Vs ⊂ Uj1−1. Since h < a−s+1 < a−r+1 < l, Za−s+1 = Ya−s+1 ⊂ Vs

and Za−r+1 = Ya−r+1 ⊂ Vr, we define r0 = a− s+ 1 and s0 = a− r + 1.
The following two cases are similar to Case 1 and the existence of r0

and s0 is a consequence of the crookedness of V in U .
Case 2. a ≤ h < l ≤ 2a.
Case 3. 2a+ 1 ≤ h < l ≤ a+m− 1.
Case 4. 1 ≤ h ≤ a− 1 and a ≤ l ≤ 2a.
In this case u = a−h+1, v = l−a+1, Zh = Yh, 1 ≤ l−a+1 ≤ a+1,

Va−h+1 = Vu ⊂ Ui1 , Wl−a+1 = Zl and Vl−a+1 = Vv ⊂ Uj1 . Since
i1 + 2 < j1, Vu ⊂ Ui1 and Vv ⊂ Uj1 , we have u ̸= v. So, we only have to
consider two subcases.

Subcase 4.1. a− h+ 1 < l − a+ 1.
Since V is crooked in U , there exist a− h+ 1 < r < s < l− a+ 1 such

that Vr ⊂ Uj1−1 and Vs ⊂ Ui1+1. Since h < a < 2a − h < r + a − 1 <
s + a − 1 < l ≤ 2a, Zr+a−1 = Wr ⊂ Vr and Zs+a−1 = Ws ⊂ Vs, we can
define r0 = r + a− 1 and s0 = s+ a− 1.
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Subcase 4.2. l − a+ 1 < a− h+ 1.
Since V is crooked in U , there exist a−h+1 > r > s > l−a+1 such that

Vr ⊂ Uj1−1 and Vs ⊂ Ui1+1. Since 1 ≤ h = a−(a−h+1)+1 < a−r+1 <
a−s+1 < a− (l−a+1)+1 = 2a− l ≤ a ≤ l, Za−r+1 = Ya−r+1 ⊂ Vr and
Za−s+1 = Ya−s+1 ⊂ Vs, we can define r0 = a− r + 1 and s0 = a− s+ 1.

Case 5. a ≤ h ≤ 2a and 2a+ 1 ≤ l ≤ a+m− 1.
In this case u = h− a+ 1, v = l − a+ 1, Zh = Wh−a+1, Zl = Vl−a+1,

Vh−a+1 ⊂ Ui1 and Vl−a+1 ⊂ Uj1 . Since V is crooked in U , there exist
h − a + 1 < r < s < l − a + 1 such that Vr ⊂ Uj1−1 and Vs ⊂ Ui1+1.
Notice that h < r + a − 1 < s + a − 1 < l, Zr+a−1 ⊂ Vr (in both cases,
when Zr+a−1 = Wr and when Zr+a−1 = Vr) and Zs+a−1 ⊂ Vs. Thus, we
can define r0 = r + a− 1 and s0 = s+ a− 1.

Case 6. 1 ≤ h ≤ a− 1 and 2a+ 1 ≤ l ≤ a+m− 1.
In this case Zh = Yh, u = a − h + 1, Zl = Vl−a+1 and Va−h+1 ⊂ Ui1 .

Since h ≤ a− 1 < 2a− h < 2a+1 ≤ l and Z2a−h = Wa−h+1 ⊂ Va−h+1 =
Vu, we can apply Case 5 to Z2a−h and Zl to obtain r0, s0 such that
h < 2a− h < r0 < s0 < l, Zr0 ⊂ Uj1−1 and Zs0 ⊂ Ui1+1.

This completes the proof of the existence of r0 and s0.
Since Zr0 ⊂ Uj1−1 ⊂ Rj′ , Zs0 ⊂ Ui1+1 ⊂ Ri′ , i′ ∈ {i, i + 1} and

j′ ∈ {j − 1, j}, applying Lemma 2.4 (a), we obtain that there exist r0 ≤
r1 < s1 ≤ s0 such that Zr1 ⊂ Rj−1 and Zs1 ⊂ Ri+1. Therefore, Z is
crooked in 2(U). �

Lemma 2.8. Let U = {U1, . . . , Un} and V = {V1, . . . , Vm} be chains in a
continuum X such that V is crooked in U . Suppose that there exists a finite
sequence k0, . . . , k2r+1 such that 1 = k0, k2r+1 = m, k1 ≤ k2, k3 ≤ k4,
. . . ,k2r−1 ≤ k2r, k0 + 2 < k1, k2 + 2 < k3, . . . , k2r + 2 < k2r+1, there
exist two subsets {i1, . . . , ir} and {j1, . . . , jr} of {1, . . . , n}, and a family
{W1, . . . ,Wr} of chains crooked in U , where for each a ∈ {1, . . . , r}, Wa =

{W (a)
1 , . . . ,W

(a)
sa }, moreover the following holds for each a ∈ {1, . . . , r}:

(a) ia ≤ ja,
(b) W

(a)
1 ∩ Vc ̸= ∅ if and only if c = k2a−1 − 1 and W

(a)
sa ∩ Vc ̸= ∅ if

and only if c = k2a + 1,
(c) W

(a)
1 ∪ Vk2a−1 ⊂ Uia and W

(a)
sa ∪ Vk2a ⊂ Uja ,

(d) (∪Wa) ∪ (Vk2a−1 ∪ . . . ∪ Vk2a) ⊂ Uia ∪ . . . ∪ Uja ,
(e) (W

(a)
2 ∪ . . . ∪W

(a)
sa−1) ∩ (V1 ∪ . . . ∪ Vm) = ∅ and

(f) ∪W1, . . . ,∪Wr are pairwise disjoint.
Let
Y = V(1, k1 − 1) ∗W1 ∗ V(k2 + 1, k3 − 1) ∗W2 ∗ . . . ∗ V(k2(r−1) +

1, k2r−1 − 1) ∗Wr ∗ V(k2r + 1, k2r+1).
Then Y is a chain that is crooked in 3(U).
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Proof. It is easy to show that Y is a chain that refines U (and then it
refines 3(U)). Let 3(U) = {Z1, . . . , Zf}, Y = {Y1, . . . , Ye} and Y0 =
V(1, k1 − 1) ∪ V(k2 + 1, k3 − 1) ∪ . . . ∪ V(k2r + 1, k2r+1).

In order to see that Y is crooked in 3(U), suppose that i, j ∈ {1, . . . , f}
and h, l ∈ {1, . . . , e} are such that i + 2 < j, Yh ⊂ Zi and Yl ⊂ Zj . We
may assume that h < l. The other case is similar.

By Lemma 2.4 (c), there exist links Ub and Uc of U such that Yh ⊂ Ub ⊂
Zi and Yl ⊂ Uc ⊂ Zj . In the case that Yh ∈ Wa for some a ∈ {1, . . . , r},
Yh ⊂ ∪Wa ⊂ Uia ∪ . . .∪Uja . By Lemma 2.4 (c), b can be chosen in the set
{ia, . . . , ja}. Similarly, in the case that Yl ∈ Wa for some a ∈ {1, . . . , r},
c can be chosen in the set {ia, . . . , ja}.

Since each Za contains at least three links of U and 2 < j − i, we have
that 7 ≤ c− b.

We choose s, t ∈ {1, . . . ,m} in the following way.
In the case that Yh ∈ Y0, there exists s ∈ {1, . . . ,m} such that Yh =

Vs. In the case that Yh /∈ Y0, there exists a(h) ∈ {1, . . . , r} such that
Yh ∈ Wa(h), so Yh ⊂ Ub and b ∈ {ia(h), . . . , ja(h)}. By Lemma 2.4 (a),
there exists s ∈ {k2a(h)−1, . . . , k2a(h)} such that Vs ⊂ Ub. In any case,
Vs ⊂ Ub. Similarly, when Yl ∈ Y0, there exists t ∈ {1, . . . ,m} such that
Yl = Vt. In the case that Yl /∈ Y0, there exists a(l) ∈ {1, . . . , r} such that
Yl ∈ Wa(l), so there exists t ∈ {k2a(l)−1, . . . , k2a(l)} such that Vt ⊂ Uc

(and c ∈ {ia(l), . . . , ja(l)}). In any case, Vt ⊂ Uc.
Since V is crooked in U , there exist u, v ∈ {1, . . . ,m} such that Vu ⊂

Uc−1, Vv ⊂ Ub+1 and either s < u < v < t or t < v < u < s. We suppose
that s < u < v < t. The case that t < v < u < s is similar. We analyze 2
cases.

Case 1. There is no a ∈ {1, . . . , r} such that V(k2a−1, k2a) contains
two elements of the set {Vs, Vu, Vv, Vt}.

Notice that the chain V can be divided in the following sequence of
subchains:

V(1, k1 − 1), V(k1, k2), V(k2 + 1, k3 − 1), V(k3, k4),. . . ,
V(k2(r−1) + 1, k2r−1 − 1), V(k2r−1, k2r), V(k2r + 1, k2r+1).

Our assumption in this case says that no two elements of {Vs, Vu, Vv, Vt}
belong to the same of the following subchains of V:

V(k1, k2), V(k3, k4), . . . , V(k2r−1, k2r).
For each w ∈ {u, v}, we will choose x(w) ∈ {1, . . . , e} according to the

following. If Vw /∈ V(k1, k2)∪V(k3, k4)∪. . .∪V(k2r−1, k2r), by construction
of Y, there exists x(w) ∈ {1, . . . , e} such that Vw = Yx(w). If Vw ∈
V(k2a(w)−1, k2a(w)), for some a(w) ∈ {1, . . . , r}, by Lemma 2.4 (c), there
exists b(w) ∈ {ia(w), . . . , ja(w)} such that Vw ⊂ Ub(w). By Lemma 2.4
(a), there exists z(w) ∈ {1, . . . , sa(w)} such that W

(a(w))
z(w) ⊂ Ub(w). Let

x(w) ∈ {1, . . . , e} be such that Yx(w) = W
(a(w))
z(w) .
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We claim that x(u) < x(v). We consider the possible cases.
If Vu, Vv /∈ V(k1, k2) ∪ V(k3, k4) ∪ . . . ∪ V(k2r−1, k2r), then Vu = Yx(u)

and Vv = Yx(v). By definition of the operator ∗, the elements of Y that
belong to V(1, k1− 1)∪V(k2+1, k3− 1)∪ . . .∪V(k2(r−1)+1, k2r−1− 1)∪
V(k2r + 1, k2r+1), preserve their original order as in the chain V. Since
u < v, we conclude that x(u) < x(v).

In the case that Vu, Vv ∈ V(k1, k2) ∪ . . . ∪ V(k2r−1, k2r), we have Vu ∈
V(k2a(u)−1, k2a(u)) and Vv ∈ V(k2a(v)−1, k2a(v)). Notice that our assump-
tion for this case implies that Vv /∈ V(k2a(u)−1, k2a(u)) and, since u < v,
the chain V(k2a(u)−1, k2a(u)) precedes the chain V(k2a(v)−1, k2a(v)) (in Y),
so a(u) < a(v). Thus, in Y, the subchain Wa(u) precedes the subchain
Wa(v). Hence, the link Yx(u) = W

(a(u))
z(u) precedes the link Yx(v) = W

(a(v))
z(v) .

Therefore, x(u) < x(v).
The last two cases,
Vu ∈ V(k1, k2)∪ . . .∪V(k2r−1, k2r), Vv /∈ V(k1, k2)∪ . . .∪V(k2r−1, k2r)

and
Vu /∈ V(k1, k2)∪ . . .∪V(k2r−1, k2r), Vv ∈ V(k1, k2)∪ . . .∪V(k2r−1, k2r),

can be treated in a similar way.
This ends the proof that x(u) < x(v).
Using similar arguments we can prove that h < x(u) and x(v) < l.
In the case that Yx(u) = W

(a(u))
z(u) , we have Yx(u) ∪ Vu ⊂ Ub(u). Since

Vu ⊂ Uc−1, we conclude that b(u) ∈ {c− 2, c− 1, c}, so Yx(u) is contained
in one of the links Uc−2, Uc−1 or Uc. The other possibility is that Yx(u) =
Vu ⊂ Uc−1. Thus, in any case Yx(u) is contained in one of the links Uc−2,
Uc−1 or Uc. Since Yh ⊂ Ub, b+7 ≤ c and Y refines U , by Lemma 2.4 (a),
there exists h < h1 ≤ x(u) such that Yh1

⊂ Uc−3 ⊂ Zj−1.
Similarly, there exists x(v) ≤ l1 < l such that Yl1 ⊂ Ub+3 ⊂ Zi+1.
Therefore, Yh, Yh1 , Yl1 and Yl satisfy the condition that defines crooked-

ness.
Case 2. There exist a ∈ {1, . . . , r} and two elements of the set

{Vs, Vu, Vv, Vt} that belong to V(k2a−1, k2a).
Let w1, w2 ∈ {1, . . . , e} be such that Yw1 = W

(a)
1 and Yw2 = W

(a)
sa .

Then w2 − w1 = sa − 1 and w2 = w1 + sa − 1.
Subcase 2.1. Yh, Yl ∈ Wa ⊂ Y.
By Lemma 2.5, Wa is crooked in 3(U). Thus, it is possible to find

elements in Wa ⊂ Y that satisfy the condition that defines crookedness
of Y in 3(U).

Subcase 2.2. Yh /∈ Wa.
In this subcase, we claim that h < w1.
In this case (2), there exists x ∈ {u, v, t} such that Vx ∈ V(k2a−1, k2a).

Thus, k2a−1 ≤ x ≤ k2a.
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If Yh ∈ Y0, by definition Vs = Yh. In the order of the chain Y, Yh is
before or after the subchain Wa. Since the chain Y does not have any
of the elements of V(k2a−1, k2a), we have s < k2a−1 or k2a < s. We are
assuming that s < u < v < t. Hence, s < k2a−1. Therefore, in the order
of the chain Y, Yh is before the subchain Wa. Since Yw1 = W

(a)
1 ∈ Wa,

we conclude that h < w1.
Now, we analyze the case Yh /∈ Y0. By definition Yh ∈ Wa(h) and s ∈

{k2a(h)−1, . . . , k2a(h)}. Notice that a(h) ̸= a. Since k2a(h)−1 ≤ s ≤ k2a(h),
k2a−1 ≤ x ≤ k2a and s < x, we obtain that a(h) < a. Hence, in the chain
Y, the subchain Wa(h) is before the subchain Wa. Thus, h < w1.

This completes the proof of the inequality h < w1.
By the hypothesis for Case 2, we conclude that either {Vu, Vv} ⊂

V(k2a−1, k2a), {Vv, Vt} ⊂ V(k2a−1, k2a) or {Vu, Vt} ⊂ V(k2a−1, k2a). Since
u < v < t, we have that either {Vu, Vv} ⊂ V(k2a−1, k2a) or {Vv, Vt} ⊂
V(k2a−1, k2a). Thus, Vv ∈ V(k2a−1, k2a) and there exists y ∈ {u, t} such
that Vy ∈ V(k2a−1, k2a).

By Lemma 2.4 (c), Vv ⊂ Uz for some z ∈ {i(a), . . . , j(a)}. Since
Vv ⊂ Ub+1, we have z ∈ {b, b+ 1, b+ 2}. Thus, i(a) ≤ b+ 2.

By Lemma 2.4 (c), Vy ⊂ Uz1 for some z1 ∈ {i(a), . . . , j(a)}. Since
either Vy ⊂ Uc−1 or Vy ⊂ Uc, we have z1 ∈ {c − 2, c − 1, c, c + 1}. Thus,
c− 2 ≤ j(a).

We divide Subcase 2.2. in two subsubcases.
Subsubcase 2.2.1. Vt ∈ V(k2a−1, k2a).
In this subsubcase t ∈ {k2a−1, . . . , k2a}. By the way we choose Vt,

since Vt /∈ Y0, we have Yl ̸= Vt and Yl /∈ Y0. Then Yl ∈ Wa(l),
t ∈ {k2a(l)−1, . . . , k2a(l)}, Vt ⊂ Uc and c ∈ {ia(l), . . . , ja(l)}. Since t ∈
{k2a(l)−1, . . . , k2a(l)} ∩ {k2a−1, . . . , k2a}, we have a = a(l).

Let c1 ∈ {1, . . . , sa} be such that Yl = W
(a)
c1 . Since Yw1 = W

(a)
1 , the

definition of the operator ∗ implies that w1 ≤ l. So, h < w1 ≤ l. Since
i(a) ≤ b+2 and 7 ≤ c−b, we have i(a)+5 ≤ c. Since Yw1 = W

(a)
1 ⊂ Ui(a)

and W
(a)
c1 = Yl ⊂ Uc, the crookedness of Wa in U , implies that there

exist c2, c3 ∈ {1, . . . , c1} such that 1 < c2 < c3 < c1, W
(a)
c2 ⊂ Uc−1 and

W
(a)
c3 ⊂ Ui(a)+1. By Lemma 2.4 (a), there exist c4 ∈ {1, . . . , c2} and

c5 ∈ {c3, . . . , c1} such that W
(a)
c4 ⊂ Uc−3 and W

(a)
c5 ⊂ Ub+3. Notice that

W
(a)
c4 = Yw1+c4−1, W

(a)
c3 = Yw1+c3−1, h < w1 ≤ w1+c4−1 ≤ w1+c2−1 <

w1 + c5 − 1 < w1 + c1 − 1 = l, Yh ⊂ Ub ⊂ Zi, Yw1+c4−1 ⊂ Uc−3 ⊂ Zj−1,
Yw1+c5−1 ⊂ Ub+3 ⊂ Zi+1 and Yl ⊂ Zj . Thus, Yh, Yw1+c4−1, Yw1+c5−1

and Yl satisfy the condition that defines crookedness (of Y in 3(U)).
Subsubcase 2.2.2. Vt /∈ V(k2a−1, k2a).



24 ALEJANDRO ILLANES

Proceeding as in the proof that h < w1, it can be shown that w2 < l.
Since i(a) ≤ b+ 2 < c− 2 ≤ j(a), by Lemma 2.4 (a), there exist c2, c3 ∈
{1, . . . , sa} such that c2 < c3, W

(a)
c2 ⊂ Ub+2 and W

(a)
c3 ⊂ Uc−2. Since b+

5 ≤ c− 2, crookedness of Wa implies that there exist c4, c5 ∈ {c2, . . . , c3}
such that c2 < c4 < c5 < c3, W

(a)
c4 ⊂ Uc−3 and W

(a)
c5 ⊂ Ub+3. Notice that

h < w1 < w1+c4−1 < w1+c5−1 < w1+sa−1 = w2 < l, Yh ⊂ Ub ⊂ Zi,
Yw1+c4−1 = W

(a)
c4 ⊂ Uc−3 ⊂ Zj−1, Yw1+c5−1 = W

(a)
c5 ⊂ Ub+3 ⊂ Zi+1 and

Yl ⊂ Zj . Thus, Yh, Yw1+c4−1, Yw1+c5−1 and Yl satisfy the condition that
defines crookedness (of Y in 3(U)).

Subcase 2.3. Yl /∈ Wa.
This subcase is similar to Subcase 2.2. �

3. Covering Compact Sets

Given a continuum X, let 2X and C(X) be the respective hyperspaces
of nonempty closed subsets and of subcontinua of X, endowed with the
Hausdorff metric [5, Theorem 2.2]. We will use that 2X and C(X) are
compact [5, Theorem 3.5 and Corollary 3.7]. Given a subset B of X, let
⟨B⟩ = {A ∈ C(X) : A ⊂ B}. It is well known that if B is open in X,
then ⟨B⟩ is open in C(X).

Lemma 3.1. Let X be a continuum. Let K be a closed subset of X,
U1, . . . , Un open subsets of X and C1, . . . , Cn pairwise distinct components
of K such that C1 ⊂ U1, . . . ,Cn ⊂ Un and each component of K is
contained in some Ui. Then there exist pairwise disjoint closed subsets
K1, . . . ,Kn of X such that for each i ∈ {1, . . . , n}, Ci ⊂ Ki ⊂ Ui and
K = K1 ∪ . . . ∪Kn.

Proof. We proceed by induction. If n = 1, define K1 = K.
Suppose that the claim in the lemma is valid for some n ≥ 1 and let

K, U1, . . . , Un+1 and C1, . . . , Cn+1 be as in the hypothesis.
Let U = U1∪ . . .∪Un. Consider the sets P = (K−Un+1)∪C1∪ . . .∪Cn

and Q = (K − U) ∪ Cn+1 ∪ (∪{D : D is a component of K and D is not
contained in any Ui with i ∈ {1, . . . , n}}). Notice that P ∪Q ⊂ K.

We see that Q is closed in X. Let p ∈ K be such that p = lim pm,
where for each m ∈ N, pm ∈ Dm, Dm is a component of K and Dm is not
contained in any Ui with i ∈ {1, . . . , n}. By the compactness of C(X),
we may assume that limDm = D0 for some D0 ∈ C(X). Notice that
D0 ⊂ K. Let D be the component of K such that p ∈ D. Since p ∈ D0,
we have D0 ⊂ D. If there exists i ∈ {1, . . . , n} such that D ⊂ Ui, then
D0 ⊂ Ui and there exists m ∈ N such that Dm ⊂ Ui, a contradiction.
This shows that D ⊂ Q and p ∈ Q. Therefore, Q is closed in X.
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Suppose that there exists a component D of K such that D ∩ P ̸= ∅
and D ∩Q ̸= ∅. By hypothesis, there exists i ∈ {1, . . . , n + 1} such that
D ⊂ Ui. If i = n + 1, since D ∩ P ̸= ∅, we have that D = Cj for some
j ∈ {1, . . . , n}. Thus, D ⊂ U . Since D ∩Q ̸= ∅ and D ⊂ Uj , we conclude
that D = Cn+1, a contradiction. In the case that i ∈ {1, . . . , n}, we have
D ⊂ Ui ⊂ U . Since D ∩ Q ̸= ∅, we obtain that D = Cn+1 ⊂ Un+1.
Since D ∩ P ̸= ∅, we conclude that D = Cj for some j ∈ {1, . . . , n},
which is also a contradiction. We have shown that no component D of
K intersects both sets P and Q. By [5, Theorem 12.9], there exist closed
disjoint subsets K0 and Kn+1 of K such that K = K0 ∪Kn+1, P ⊂ K0

and Q ⊂ Kn+1.
Notice that K0 is compact and C1, . . . , Cn are pairwise different com-

ponents of K0 such that C1 ⊂ U1, . . . ,Cn ⊂ Un. Given a component D of
K0, D is a component of K. Since D ∩Q = ∅, there exists i ∈ {1, . . . , n}
such that D ⊂ Ui.

We have shown that K0, U1, . . . , Un and C1, . . . , Cn satisfy the in-
ductive hypothesis. Hence, there exist pairwise disjoint closed subsets
K1, . . . ,Kn of X such that for each i ∈ {1, . . . , n}, Ci ⊂ Ki ⊂ Ui and
K0 = K1 ∪ . . .∪Kn. It is easy to show that the sets K1, . . . ,Kn+1 satisfy
the required properties. �

Theorem 3.2. Let X be a continuum and B1 a basis of open subsets
of X such that B1 is closed under finite unions and under finite inter-
sections. Suppose that K is a compact subspace of X such that each of
its components is chainable. Then for each ε > 0, there exist n ∈ N,
components C1, . . . , Cn of K and taut ε-chains U1, . . . ,Un of X such that
clX(∪U1), . . . ,clX(∪Un) are pairwise disjoint, K ⊂ (∪U1) ∪ . . . ∪ (∪Un),
U1 ∪ . . . ∪ Un ⊂ B1 and for each i ∈ {1, . . . , n}, Ui properly covers Ci.

Proof. Given a component C of K, by the chainability of C it follows
that there exists a family DC = {DC

1 , . . . , D
C
n(C)} of closed subsets of X

such that for each i ∈ {1, . . . , n(C)}, diameter(DC
i ) < ε, DC

i ∩ DC
j ̸= ∅

if and only if |i− j| ≤ 1, C = DC
1 ∪ . . . ∪ DC

n(C), DC
1 − DC

2 ̸= ∅ and
DC

n(C) −DC
n(C)−1 ̸= ∅. By the normality of X, there exists a taut ε-chain

UC = {UC
1 , . . . , UC

n(C)} of elements of B1 such that DC
i ⊂ UC

i for each
i ∈ {1, . . . , n(C)}, and in the case that n(C) > 1, we assume that DC

1 −
clX(UC

2 ) ̸= ∅ and DC
n(C)− clX(UC

n(C)−1) ̸= ∅.
Let C = clC(X)({C : C is a component of K}).
Since C0 = {D ∈ C(X) : D ⊂ K} is a closed subset of C(X), C0

contains C. Since each D ∈ C0 is contained in some component C of K, we
obtain that D ⊂ C ⊂ ∪UC . Then W ={⟨∪UC⟩ : C is a component of K}
is an open cover of C0 and then it is an open cover of the compact set C.
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Thus, there exist n ∈ N and C1, . . . , Cn (pairwise distinct) components of
K such that C ⊂ ⟨∪UC1⟩ ∪ . . . ∪ ⟨∪UCn⟩.

Given a component C of K, C belongs to C, so there exists i ∈
{1, . . . , n} such that C ⊂ ∪UCi .

Thus, we can apply Lemma 3.1 to K, ∪UC1 , . . . ,∪UCn and C1, . . . , Cn

and obtain that there exist pairwise disjoint closed subsets K1, . . . ,Kn

of X such that, for each i ∈ {1, . . . , n}, Ci ⊂ Ki ⊂ ∪UCi and K =
K1 ∪ . . . ∪Kn.

For each i ∈ {1, . . . , n}, choose an element Vi ∈ B1 such that Ki ⊂ Vi ⊂
∪UCi . We also assume that clX(V1), . . . ,clX(Vn) are pairwise disjoint.

For each i ∈ {1, . . . , n}, let Ui = {Vi ∩UCi
1 , . . . , Vi ∩UCi

n(Ci)
}. Given j ∈

{1, . . . , n(Ci)−1}, ∅ ̸= DCi
j ∩DCi

j+1 ⊂ (Vi∩UCi
j )∩(Vi∩UCi

j+1). Thus, Ui is a
taut ε-chain in X that properly covers Ci. Clearly, clX(∪U1), . . . ,clX(∪Un)
are pairwise disjoint and K ⊂ (∪U1) ∪ . . . ∪ (∪Un) . �

4. Street Arcs and Boxes

Given a subset A of Rk and δ > 0, let N(A, δ) be the union of δ-balls in
Rk centered in points of A. A street arc is an arc α in Rk such that there
exists a finite collection of arcs α1, . . . , αn such that α = α1∪ . . .∪αn and
each αi is a convex segment parallel to one of the axis in Rk, that is, αi is
of the form αi = {x1}× . . .×{xj−1}× [a, b]×{xj+1}× . . .×{xk}, where
j ∈ {1, . . . , k}, a ≤ b and (x1, . . . , xj−1, xj+1, . . . , xk) ∈ Rk−1. We will use
the basis for the topology in Rk that is defined as the collection of all finite
unions of boxes, that is, we define B as the family of subsets of Rk that
are finite unions of elements of B0, where B0 = {(a1, b1)× . . .× (ak, bk) ⊂
Rk : ai < bi for each i ∈ {1, . . . , n}}. The elements of B0 are k-boxes.

The following two lemmas are easy to prove.

Lemma 4.1. The family B satisfies the following properties.
(a) B is closed under finite intersections,
(b) if U, V ∈ B, then U− clRk(V ) ∈ B,
(c) the components of an element of B belong to B.

Lemma 4.2. Let k ≥ 3. Let U be an open connected subset of Rk and
let p and q be distinct points in U .

(a) Suppose that α1, . . . , αn are pairwise disjoint subcontinua of Rk

such that α1 ∪ . . . ∪ αn ⊂ U and each αi is either a street arc or a one-
point set, with end points ai and bi (ai = bi when αi is degenerate). Then
there exists a street arc α in U , joining p and q, such that α1∪. . .∪αn ⊂ α,
and in the natural order of α, p < a1 < b1 < a2 < b2 < . . . < an < bn < q.

(b) Suppose that α is a street arc with one end point q in U and let
p ∈ U − α. Then there exists a street arc β ⊂ U such that β joins p to q
and α ∩ β = {q}.
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Lemma 4.3. Let k ≥ 3, G ⊂ B be a finite set such that each W ∈ G is
connected and let α be a street arc in Rk. Then for each δ > 0 there exists
V ∈ B such that V is connected, α ⊂ V ⊂ N(α, δ) and for each W ∈ G,
W− clRk(V ) is nonempty and connected.

Proof. Let D = {D1, . . . , Dn} ⊂ B0 be a family of boxes such that each
element of G is union of elements of D, where for each i ∈ {1, . . . , n},
Di = (a

(i)
1 , b

(i)
1 ) × . . . × (a

(i)
k , b

(i)
k ). Let α = α1 ∪ . . . ∪ αm, where each αi

is a convex segment in Rk, parallel to one of the canonical axis of Rk.
For each j ∈ {1, . . . , k}, let πj : Rk → R be the projection on the jth-

coordinate. Then for every i ∈ {1, . . . ,m} and j ∈ {1, . . . , k}, there exist
c(i, j) ≤ e(i, j) such that πj(αi) = [c(i, j), e(i, j)], where c(i, j) = e(i, j)
for all but at most one j.

For each l ∈ {1, . . . , k}, let Fl = {a(i)l : i ∈ {1, . . . , n}} ∪ {b(i)l : i ∈
{1, . . . , n}} ∪ {c(i, l) : i ∈ {1, . . . ,m}} ∪ {e(i, l) : i ∈ {1, . . . ,m}}. Arrange
the elements of Fl in an increasing sequence f

(l)
1 < · · · < f

(l)
rl .

Thus, for each i ∈ {1, . . . , n} the family Ei = {Di ∩ ([f
(1)
u1 , f

(1)
u1+1] ×

. . . × [f
(k)
uk , f

(k)
uk+1]) : uv ∈ {1, . . . , rv − 1} for each v ∈ {1, . . . , k}} is a

subdivision of Di in closed (in Di) boxes, some of them having their
complete boundary and some of them having a part (or nothing) of their
boundary. Notice that α can touch only some portions of the edges of the
boxes in Ei. In particular, α does not touch the interior of any box in Ei.
Moreover, notice that the following property holds:

(a) if p, q ∈ Di and they do not belong to the same element of Ei, then
there exists a finite sequence {E1, . . . , Ew} of elements in Ei such that
p ∈ E1, q ∈ Ew and for each j ∈ {1, . . . , w − 1}, Ej ∩ Ej+1 is a common
(k − 1)-dimensional face of Ej and Ej+1.

Let ε = 1
4 min({f (l)

u+1 − f
(l)
u : l ∈ {1, . . . , k} and u ∈ {1, . . . , rl − 1}} ∪

{δ}). Then no (k− 1)-dimensional face of an element of E1 ∪ . . .∪ En can
be covered by N(α, ε).

For each j ∈ {1, . . . ,m}, let Vj = (min(π1(αj))− ε,max(π1(αj))+ ε)×
. . . × (min(πk(αj)) − ε,max(πk(αj)) + ε). Then Vj is a 2ε-box covering
αj .

Let V = V1 ∪ . . . ∪ Vk.
Notice that V ∈ B, V is connected and α ⊂ V ⊂ N(α, ε).
Given i ∈ {1, . . . , n} and E ∈ Ei, since clRk(V )∩E is either the empty

set or a union of 2ε-boxes covering some convex segments contained in
the edges of E, we have that E− clRk(V ) is connected.

Given i ∈ {1, . . . , n}, we show that Di− clRk(V ) is connected. Take
two points p, q ∈ Di− clRk(V ) such that they do not belong to the same
element of Ei, then there exists a finite sequence {E1, . . . , Ew} of elements
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in Ei such that p ∈ E1, q ∈ Ew and Ej ∩ Ej+1 is a common (k − 1)-
dimensional face of Ej and Ej+1 for each j ∈ {1, . . . , w − 1}. By the
choice of ε, for each j ∈ {1, . . . , w − 1}, Ej ∩ Ej+1− clRk(V ) ̸= ∅. Since
E1− clRk(V ), . . . , Ew− clRk(V ) are connected, (E1− clRk(V ))∪. . .∪(Ew−
clRk(V )) is a connected subset of Di− clRk(V ) containing p and q.

Finally, we prove that if W ∈ G, then W− clRk(V ) is nonempty
and connected. By definition of D, there exists iW ∈ {1, . . . , n} such
that DiW ⊂ W . Then, there exists EW ∈ EiW such that EW ⊂ DiW .
Hence, EW− clRk(V ) is a nonempty subset of W . Thus, W− clRk(V ) is
nonempty.

Take two elements p, q ∈ W− clRk(V ). Since D is an open cover of
W , there exist s ∈ N and i1, . . . , is ∈ {1, . . . , n} such that p ∈ Di1 ,
q ∈ Dis and Dij ∩ Dij+1 ̸= ∅ for each j ∈ {1, . . . , s − 1}. Given j ∈
{1, . . . , s − 1}, by the choice of the sets Fl, there exists E ∈ Eij ∩ Eij+1

such that E ⊂ Dij ∩ Dij+1 . Thus, Dij ∩ Dij+1− clRk(V ) is nonemtpy.
Therefore, (Di1− clRk(V ))∪ . . .∪ (Di1− clRk(V ) is a connected subset of
W− clRk(V ) containing p and q. �

Applying induction to Lemma 4.3, we obtain the following.

Corollary 4.4. Let k ≥ 3, D ⊂ B be a finite set such that each W ∈ D is
connected and let α1, . . . , αn be pairwise disjoint street arcs in Rk. Then
for each δ > 0 there exist V1, . . . , Vn ∈ B such that for each i ∈ {1, . . . , n},
Vi is connected, αi ⊂ Vi ⊂ N(αi, δ) and for each W ∈ D, W− clRk(V1 ∪
. . . ∪ Vn) is nonempty and connected.

5. Main Result

Given two nonempty compact disjoint subsets A and B of Rk, let
dist(A,B) = min{∥a− b∥ : a ∈ A and b ∈ B}.

The first part of the following lemma can be proved by using [4, Theo-
rem VI 4]. The second part follows from [4, Corollary to Theorem IV.4].

Lemma 5.1. Suppose that K is a compact metric space such that each
of its nondegenerate components is chainable. Then dim(K) = 1. In
particular, if K ⊂ Rk for some k ≥ 3 and U is an open connected subset
of Rk, then U −K is nonempty and connected.

In the next theorem, we will see that the open links obtained in Theo-
rem 3.2 can be constructed to be connected when we work in Rk (k ≥ 3).

Theorem 5.2. Suppose that K is a compact subspace of Rk, with k ≥ 3,
such that each nondegenerate component of K is chainable. Then for each
ε > 0, there exist n ∈ N, components C1, . . . , Cn of K and taut ε-chains
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of connected subsets U1, . . . ,Un of Rk such that clRk(∪U1), . . . ,clRk(∪Un)
are pairwise disjoint, K ⊂ (∪U1) ∪ . . . ∪ (∪Un), U1 ∪ . . . ∪ Un ⊂ B (where
B is the collection of finite unions of boxes in Rk, defined in the previous
section) and for each i ∈ {1, . . . , n}, Ui properly covers Ci.

Proof. Let ε > 0 and let X0 be a k-cell such that N(K, ε) ⊂ intRk(X0).
Let d be the usual metric for Rk. By Lemma 5.1, dim(K) ≤ 1. By
Theorem 3.2, there exist n ∈ N, components C1, . . . , Cn of K and taut ε-
chains of open subsets V1, . . . ,Vn of X0 such that clRk(∪V1), . . . ,clRk(∪Vn)
are pairwise disjoint, K ⊂ (∪V1) ∪ . . . ∪ (∪Vn), V1 ∪ . . . ∪ Vn ⊂ B and for
each i ∈ {1, . . . , n}, Vi properly covers Ci.

We want to prove that we can choose the taut chains Vi in such a way
that their links are connected.

Let V = V1 ∪ . . . ∪ Vn. Given V ∈ V, we have that V intersects K and
V has diameter less than ε, so V is an open subset of X0 contained in
intRk(X0). Thus, V is open in Rk.

Suppose that there exists V ∈ V such that V is not connected. Let R1

and R2 be components of V . Fix points x1 ∈ R1 −K and x2 ∈ R2 −K.
Let β be the convex segment in Rk joining x1 and x2. Since d(x1, x2) < ε
and diameter(V ) < ε, we have diameter(V ∪ β) < ε, so there exists δ > 0
such that diameter(V ∪N(β, δ)) < ε. Since N(β, δ) is homeomorphic to
Rk and dim(K) ≤ 1, N(β, δ) ∩ K does not separate N(β, δ), so there
exists a street arc α ⊂ N(β, δ)−K, joining x1 and x2. Let δ1 > 0 be such
that N(α, δ1) ⊂ N(β, δ).

Let D = {D ⊂ Rk : D is a component of U for some U ∈ V}. By
Lemma 4.1 (c), D ⊂ B. Since each element of B has a finite number of
components, D is finite.

By Lemma 4.3, there exists T1 ∈ B such that T1 is connected, α ⊂ T1 ⊂
clRk(T1) ⊂ N(α, δ1)−K and for each W ∈ D, W− clRk(T1) is nonempty
and connected, and there exists T ∈ B such that T is connected, α ⊂
T ⊂ clRk(T ) ⊂ T1 and for each W ∈ D, W− clRk(T ) is nonempty and
connected.

We may assume that V ∈ V1.
We construct chains V ′

1, . . . ,V ′
n in the following way. First we replace

the chain V1 by the chain V ′
1, by changing the link V by V ∪ T and each

link R in V1 −{V } is replaced by R− clRk(T1). For the rest of the chains
Vi (i ∈ {2, . . . , n}) we simply replace each link R by Vi by R− clRk(T1).

It is easy to check that the chains V ′
1, . . . ,V ′

n have the same properties
as those we mentioned for V1, . . . ,Vn in the first paragraph of the proof
of this theorem. Moreover, if D′ = {D ⊂ Rk : D is a component of U for
some U ∈ V ′

1 ∪ . . . ∪ V ′
n}, then the number of elements of D′ is equal to

the number of elements of D minus one.
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Thus, we have shown that if one element of V is not connected, we can
construct another V ′ = V ′

1∪. . .∪V ′
n satisfying the same required properties

but with the additional property that the total number of components of
the elements of V is reduced by one. Hence, we can repeat this procedure
until we get that all of the links in the chains are connected. �

Lemma 5.3. Let X be a continuum. Suppose that K is a compact sub-
space of X such that each of its nondegenerate components is a pseudo-arc.
Let U be an open (in X) taut chain covering K. Then there exists δ > 0
such that each δ-chain in X that properly covers some component of K is
crooked in U .

Proof. Let U = {U1, . . . , Un}. Let δ0 > 0 be such that each subset of X
with diameter less than δ0 that intersects K is contained in some Ui. If
0 < δ < δ0 and V is a δ-chain that properly covers a component of K,
then V refines U . If n ≤ 3, by definition V is crooked in U . Thus, we can
suppose that n ≥ 4.

Suppose that the lemma does not hold. Then for each m ∈ N, there
exists a ( 1

m )-chain Vm = {V (m)
1 , . . . , V

(m)
km

} in X that properly covers a
component Cm of K and Vm is not crooked in U .

Let M ∈ N be such that 1
M < δ0. Given m ≥ M , by the choice of

δ0, Vm refines U . Since Vm is not crooked in U , there exist im, jm ∈
{1, . . . , n} and rm, sm ∈ {1, . . . , km} such that im + 2 < jm, V (m)

rm ⊂ Uim ,
V

(m)
sm ⊂ Ujm , rm < sm (if rm > sm, we can rename the elements of Vm)

and if tm = min{t ∈ {rm, . . . , sm} : V
(m)
t ⊂ Ujm−1} (see Lemma 2.4 (a)),

then rm < tm and for each t ∈ {tm + 1, . . . , sm}, V (m)
t * Uim+1.

Taking a subsequence if necessary, we may assume that all the indexes
im coincide and the same happens for the indexes jm, that is, we may
assume that there exist i0, j0 ∈ {1, . . . , n} such that im = i0 and jm = j0
for every m ≥ M .

For each m ≥ M , let Am = clX(V
(m)
rm ∪ . . . ∪ V

(m)
tm−1) and Bm =

clX(V
(m)
tm ∪ . . . ∪ V

(m)
sm ). Taking a subsequence, if necessary, we may as-

sume that limAm = A and limBm = B, in 2X , for some nonempty closed
subsets A and B of X. Since Vm is a ( 1

m )-chain for each m ∈ N, we obtain
that A and B are connected. Given m ≥ M , since Am ⊂ N(Cm, 1

m ) ⊂
N(K, 1

m ), we obtain that A ⊂ K. Similarly, B ⊂ K. Since Am ∩Bm ̸= ∅,
we have A ∩B ̸= ∅.

Given i ∈ {rm, . . . , tm−1}, V (m)
i ⊂ Uj for some j ∈ {1, . . . , n}−{j0−1}.

Since Vrm ⊂ Ui0 , Lemma 2.4 (a) implies that V
(m)
rm ∪ . . . ∪ V

(m)
tm−1 ⊂ U1 ∪

. . . ∪ Uj0−2. This implies that A ⊂ clX(U1 ∪ . . . ∪ Uj0−2).
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Let i ∈ {tm, . . . , sm}. We claim that V
(m)
i ⊂ Ui0+2 ∪ . . . ∪ Un.

Suppose to the contrary that this claim does not hold. Let j =

max{t ∈ {tm, . . . , sm} : V
(m)
t ⊂ Ui0+2 ∪ . . . ∪ Un}. Then j < i. Since

V
(m)
j+1 ∩ (Ui0+2 ∪ . . . ∪ Un) ̸= ∅ and V refines U , we have V

(m)
j+1 ⊂ Ui0+1.

This contradicts the choice of rm and sm and ends the proof of the claim.
This claim implies that B ⊂ clX(Ui0+2 ∪ . . . ∪ Un).

Since Am ∩ Ui0 ̸= ∅ for each m ≥ M , we have A∩ clX(Ui0) ̸= ∅, so
A * B. Similarly, B∩ clX(Uj0) ̸= ∅ and B * A. Therefore, A,B are
subcontinua of K such that A ∩ B ̸= ∅, A * B and B * A. This
contradicts the assumption that all nondegenerate components of K are
pseudo-arcs and ends the proof of the lemma. �
Lemma 5.4. Let U be a taut chain of connected links in Rk, with k ≥ 3,
such that U is a chain from point p to q. Suppose that Z is a chain from p
to q such that the links of Z are connected and Z refines U . Then for each
ε > 0 there exists a taut chain V ⊂ B, from p to q, such that V refines Z,
the elements of V are connected and V is crooked in 3(U).

Proof. Since ∪Z is an open connected subset of Rk, there exists a k-cell
A ⊂ ∪Z containing p and q in its interior. Then there exists a pseudo-arc
Q ⊂ intRk(A) such that p, q ∈ Q. Let δ > 0 be as in Lemma 5.3 satisfying
also that δ < ε and each subset of Q of diameter less that δ is contained in
some link of Z. Since Q is chainable and all of its pairs of points are end
points, there exists a finite family F = {F1, . . . , Fn} of compact subsets
of Rk such that p ∈ F1 − F2, q ∈ Fn − Fn−1, Fi ∩ Fj ̸= ∅ if and only
if |i− j| ≤ 1 and mesh(F) < δ. By the normality of Rk, it is possible
to construct a taut δ-chain W = {W1, . . . ,Wn} ⊂ B such that p ∈ W1−
clRk(W2), q ∈ Wn− clRk(Wn−1), Fi ⊂ Wi for each i ∈ {1, . . . , n} and
mesh(W) < δ.

Let D = {D ∈ B : D is a component of Wi for some i ∈ {1, . . . , n} and
D∩Q ̸= ∅}. Then D is an open (in Rk) cover of Q. By the connectedness
of Q, there exists a chain E = {E1, . . . , Em} ⊂ D such that p ∈ E1

and q ∈ Em. Using the normality and the local connectedness of Rk it
is possible to construct a taut chain V = {V1, . . . , Vm} ⊂ B such that
p ∈ V1− clRk(V2), q ∈ Vm− clRk(Vm−1) and for each i ∈ {1, . . . ,m}, Vi ⊂
clRk(Vi) ⊂ Ei, Vi is connected and Vi ∩Q ̸= ∅. Then V refines W.

By the choice of δ, V refines Z.
Finally, we prove that V is crooked in 3(U). Let U = {U1, . . . , Uc} and

3(U) = {Y1, . . . , Ye}. Let i, j ∈ {1, . . . , e} and r, s ∈ {1, . . . ,m} be such
that i + 2 < j, Vr ⊂ Yi and Vs ⊂ Yj . We consider the case r < s. The
other one (s < r) is similar.

By Lemma 2.4 (c), there exist a, b ∈ {1, . . . , c}, such that Vr ⊂ Ua ⊂ Yi

and Vs ⊂ Ub ⊂ Yj . By definition of 3(U), a+ 6 < b.
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Let u, v ∈ {1, . . . , n} be such that Er ⊂ Wu and Es ⊂ Wv. By the
choice of δ, W is crooked in U , with Wu ⊂ Ua1 and Wv ⊂ Ub1 for some
a1, b1 ∈ {1, . . . , c}. Notice that a1 ∈ {a−1, a, a+1} and b1 ∈ {b−1, b, b+
1}. Thus, a1 + 4 < b1. Then there exist x, y ∈ {1, . . . , n} such that
Wx ⊂ Ub1−1, Wy ⊂ Ua1+1 and either u < x < y < v or v < y < x < u.

By Lemma 2.4 (a), there exist r < r1 < s1 < s such that Vr1 ⊂
Wx ⊂ Ub1−1 ⊂ Yj−1 ∪ Yj and Vs1 ⊂ Wy ⊂ Ua1+1 ⊂ Yi ∪ Yi+1. Since
V refines 3(U), there exist r < r2 ≤ r1 and s1 ≤ s2 < s such that
Vr2 ⊂ Ub−3 ⊂ Yj−1 and Vs2 ⊂ Ua+3 ⊂ Yj+1. Therefore, V is crooked in
3(U). �

Theorem 5.5. Let K be a compact subspace of Rk, with k ≥ 3, such that
each nondegenerate component of K is a pseudo-arc. Let p, q ∈ Rk −K
and U = {U1, . . . , Un} ⊂ B be a taut chain such that p ̸= q, p ∈ U1,
q ∈ Un, each Ui is connected and K ⊂ U1 ∪ . . . ∪ Un. Then for each
ε > 0, there exists a taut ε-chain Y = {Y1, . . . , Ym} ⊂ B such that p ∈ Y1,
q ∈ Ym, each Yi is connected, K ⊂ Y1 ∪ . . . ∪ Ym and Y is crooked in
72(U).

Proof. Let X be a k-cell such that K ⊂ intRk(X). Take δ > 0, as in
Lemma 5.3 such that δ < ε. We may assume that N(K, 2δ) ⊂ X, {p, q}∩
clRk(N(K, 2δ)) = ∅ and for each j ∈ {1, . . . , n}, Uj− clRk(N(K, δ)) ̸= ∅.
By Theorem 5.2, there exist s ∈ N, components C1, . . . , Cs of K and
taut δ-chains R1, . . . ,Rs of (open) connected subsets of Rk such that
clX(∪R1), . . . ,clX(∪Rs) are pairwise disjoint, K ⊂ (∪R1) ∪ . . . ∪ (∪Rs),
R1∪ . . .∪Rs ⊂ B and for each i ∈ {1, . . . , s} Ri properly covers Ci. Then
each Ri is crooked in U and clRk(∪R1) ∪ . . .∪clRk(∪Rs) ⊂ N(K, 2δ), so
{p, q}∩ clRk((∪R1) ∪ . . . ∪ (∪Rs)) = ∅.

Given i ∈ {1, . . . , s}, let Ri = {R(i)
1 , . . . , R

(i)
ri }. In the case that ri = 1,

Ri = {R(i)
1 } and we replace K by K0 as follows. Take j0 ∈ {1, . . . , n}

such that clRk(R
(i)
1 ) ⊂ Uj0 , take a point z ∈ Uj0− clRk(R

(i)
1 ) and an arc

χ ⊂ Uj0 joining z to a point z∗ ∈ Ci. Shortening χ if necessary, we may
assume that χ does not intersect clRk(∪Rj) for any j ̸= i. Let R

(i)
2 ∈ B

be such that R
(i)
2 is connected, χ ⊂ R

(i)
2 ⊂ Uj0 and R

(i)
1 * clRk(R

(i)
2 ).

Then we replace K by K0 = K ∪ χ and Ri by R′
i = {R(i)

1 , R
(i)
2 }. Thus,

it is enough to find the chain Y using K0 and R′
i. Of course, K0 has a

component that is not a pseudo-arc, but we will not need this property
anymore. Thus, we may assume that ri > 1 for each i ∈ {1, . . . , s}.

Note that there exist ui, vi ∈ {1, . . . , n} such that ui ≤ vi, clRk(∪Ri) ⊂
Uui ∪ . . .∪Uvi , no element of Ri is either contained in Uui−1 or in Uvi+1,
and there exist ai, bi ∈ {1, . . . , ri} such that R

(i)
ai ⊂ Uui and R

(i)
bi

⊂ Uvi .
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We will apply Lemma 2.8, so we need that the first link of Ri be
contained in Uui . That is, we need that ai = 1. When ai > 1, we will
modify Ri according to the following procedure.

Suppose that ai > 1.
For each j ∈ {1, . . . , ai − 1}, choose a point xj ∈ R

(i)
j ∩R

(i)
j+1 −K (see

Lemma 5.1). By Lemma 5.1 and successive applications of Lemma 4.2 it
is possible to construct street arcs α2, . . . , αai such that α = α2∪ . . .∪αai

is a street arc, αai joins a point in R
(i)
ai − (clRk(R

(i)
ai−1) ∪ K) to xai−1,

αai ⊂ R
(i)
ai −K, and for each j ∈ {2, . . . , ai − 1}, αj ⊂ R

(i)
j −K and αj

joins xj−1 to xj .
By Lemma 4.3, there exists V ∈ B such that V is connected, α ⊂ V ,

clRk(V ) ⊂ (R
(i)
2 ∪ . . . ∪ R

(i)
ai ) − K and for each W ∈ Ri, W− clRk(V ) is

nonempty and connected.
For each j ∈ {2, . . . , ai}, let Sai+1−j ∈ B be such that Sαi+1−j is

connected and αj ⊂ Sai+1−j ⊂ clRk(Sai+1−j) ⊂ V ∩ R
(i)
j . Consider the

sequence

C = {S1, . . . ,Sai−1, R
(i)
1 , R(i)

2 − clRk(V ), . . . , R(i)
ai − clRk(V ), R(i)

ai+1−
clRk(V ), R(i)

ai+2, . . . ,R(i)
ri }.

We claim that the following properties hold.
(a) C is a taut chain with connected links and ∪C is connected,
(b) C is crooked in 2(U),
(c) S1 ⊂ Uui ,
(d) C ⊂ B,
(e) ∪C ⊂ ∪Ri ⊂ Uui ∪ . . . ∪ Uvi and
(f) K ∩ (∪Ri) ⊂ ∪C.
Given j ∈ {1, . . . , ri − 1}, if (R

(i)
j − clRk(V )) ∩ (R

(i)
j+1− clRk(V )) =

∅, then Ci ∩ (R
(i)
1 ∪ . . . ∪ R

(i)
j )− clRk(V ) and Ci ∩ (R

(i)
j+1 ∪ . . . ∪ R

(i)
ri )−

clRk(V ) is a separation of Ci, a contradiction. Thus, (R(i)
j − clRk(V )) ∩

(R
(i)
j+1− clRk(V )) ̸= ∅. Using this fact it is easy to show that C is a chain.

Crookedness of C in 2(U) is an immediate consequence of Lemma 2.7. The
rest of the properties are easy to check.

In the case that ai = 1, the chain Ri has properties (a)-(f) (its first
link is contained in Uui).

With a similar argument, considering the cases bi < wi or bi = wi, it
is possible to construct a chain Si satisfying properties (a), (c)-(f) (for
C = Si) and the following properties.

(b’) Si is crooked in 4(U),
(g) the last link of Si is contained in Uvi ,
(h) since ri > 1 and the length of Si is greater than or equal to ri, we

have si > 1.
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Let Si = {S(i)
1 , . . . , S

(i)
si }.

For each i ∈ {1, . . . , s}, since intRk(K) = ∅, we can choose points
wi, zi and k-boxes Ai, Bi such that wi ∈ Ai ⊂ S

(i)
1 − (K∪ clRk(S

(i)
2 )) and

zi ∈ Bi ⊂ S
(i)
si −(K∪ clRk(S

(i)
si−1)). Since the sets clX(∪R1), . . . ,clX(∪Rs)

are pairwise disjoint, we obtain that the sets A1, . . . , As, B1, . . . , Bs are
pairwise disjoint.

Let ε1 > 0 be such that ε1 < ε, N({wi}, 3ε1) ⊂ Ai and N({zi}, 3ε1) ⊂
Bi.

By (a) and Lemma 5.1 it is possible to choose a street arc βi joining
wi to zi such that βi ⊂ (∪Si) − K. Since K ∪ βi is one-dimensional,
∪Si − (K ∪ βi) is open and connected, so we can choose points w′

i, z
′
i

and a street arc γi joining w′
i to z′i such that w′

i ∈ Ai, z′i ∈ Bi and
γi ⊂ (∪Si)− (K ∪ βi).

By Lemma 5.1, (∪U) − (K ∪ γ1 ∪ . . . ∪ γs) is open and connected, so
by Lemma 4.2 (a), there exists a street arc β ⊂ (∪U)− (K ∪ γ1 ∪ . . .∪ γs)
such that β joins p to q, β1 ∪ . . . ∪ βs ⊂ β and, in the natural order of β,
p < w1 < z1 < w2 < z2 < . . . < ws < zs < q.

Let λ > 0 be such that λ < ε1 and clRk(N(β, λ)) ⊂ (∪U) − (K ∪
γ1 ∪ . . . ∪ γs). By Lemma 4.3, there exists V0 ∈ B such that V0 is con-
nected, β ⊂ V0 ⊂ clRk(V0) ⊂ N(β, λ) and for each W ∈ (S1 ∪ . . . ∪ Ss) ∪
{A1, . . . , As} ∪ {B1, . . . , Bs}, W− clRk(V0) is nonempty and connected.
Given i ∈ {1, . . . , s}, clRk(V0) ∩ γi = ∅, so w′

i ∈ S
(i)
1 − clRk(V0). Similarly,

z′i ∈ S
(i)
si − clRk(V0).

Following the arc β construct a taut chain Z of connected elements of
B such that Z goes from p to q, β ⊂ ∪Z ⊂ V0 and for each i ∈ {1, . . . , s},
Z has a subchain Zi = {Z(i)

1 , . . . , Z
(i)
ci } such that βi ⊂ ∪Zi ⊂ ∪Si ⊂

clRk(∪Ri), Zi goes from wi to zi, mesh(Zi) < ε1, Z refines U and Z
preserves the order of the arc, in particular, in the order of Z, Z1 appears
first, Z2 after Z1, Z3 after Z2, etc. Then Z

(i)
1 ⊂ N({wi}, ε1) and Z

(i)
ci ⊂

N({zi}, ε1). Since Ai ∩Bi = ∅, we have Z
(i)
1 ∩ Z

(i)
ci = ∅.

By Lemma 5.4, there exists a taut chain V ={V1, . . . , Vm} ⊂ B of con-
nected sets such that V refines Z, V is crooked in 3(U), mesh(V) <
min({ε1} ∪ { 1

6dist(clRk(∪Si),clRk(∪Sj)) : i, j ∈ {1, . . . , s} and i ̸= j} ∪
{dist(p,clRk(∪Si)) : i ∈ {1, . . . , s}} ∪ {dist(q,clRk(∪Si)) : i ∈ {1, . . . , s}})
and V goes from p to q.

Let ζ be a street arc joining p to q such that ζ ⊂ ∪V.
Since Z preserves the order of the arc β, given i ∈ {1, . . . , s}, the link

Z
(i)
1 precedes the link Z

(i)
ci . By Lemma 2.4 (a), there exist k2i−1, k2i ∈

{1, . . . ,m} such that k2i−1 ≤ k2i, Vk2i−1 ⊂ Z
(i)
1 , Vk2i ⊂ Z

(i)
ci , Vk2i−1 ∪ . . .∪

Vk2i ⊂ ∪Zi and 1 ≤ k1 ≤ k2 ≤ . . . ≤ k2s ≤ m. Notice that Vk2i−1−1 ⊂
N(Vk2i−1ε1) ⊂ N(Z

(i)
1 , ε1) ⊂ N({wi}, 2ε1) ⊂ Ai. Similarly, Vk2i+1 ⊂ Bi.
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Since ∪Zi ⊂ ∪Si ⊂ ∪Ri, we have Vk2i−1 ∪ . . .∪ Vk2i ⊂ Uui ∪ . . .∪Uvi and
(Vk2i−1∪. . .∪Vk2i)∩(Vk2j−1∪. . .∪Vk2j ) = ∅, if i ̸= j. Since Vk2i−1 ⊂ Z

(i)
1 ⊂

clRk(∪Si) and Vk2i ⊂ Z
(i)
ci ⊂ clRk(∪Si), by the choice of mesh(V), if we

define k0 = 1 and k2s+1 = m, we have that k0 + 3 < k1, k2 + 3 < k3, . . . ,
k2s + 3 < k2s+1.

Given i ∈ {1, . . . , s}, choose points pi, qi and k-boxes Pi, Qi such that
pi ∈ Pi ⊂ clRk(Pi) ⊂ Vk2i−1−1− clRk(ζ∪V1∪. . .∪Vk2i−1−2∪Vk2i−1

∪. . .∪Vm)
and qi ∈ Qi ⊂ clRk(Qi) ⊂ Vk2i+1− clRk(ζ∪V1∪. . .∪Vk2i∪Vk2i+2∪. . .∪Vm).
Then pi ∈ Ai and qi ∈ Bi.

Choose street arcs ηi, λi such that ηi ⊂ Ai − ζ, λi ⊂ Bi − ζ, ηi joins
pi to w′

i and λi joins qi to z′i. Since A1, . . . , As, B1, . . . , Bs are pairwise
disjoint, then η1, . . . , ηs, λ1, . . . , λs are pairwise disjoint.

By Corollary 4.4, there exist connected sets Li,Mi ∈ B such that
ηi ⊂ Li ⊂ clRk(Li) ⊂ Ai − ζ, λi ⊂ Mi ⊂ clRk(Mi) ⊂ Bi − ζ and W−
clRk(L1 ∪ . . . ∪ Ls ∩M1 ∪ . . . ∪Ms) is nonempty and connected for each
W ∈ S1 ∪ . . . ∪ Ss ∪ V ∪ {P1, . . . , Ps, Q1, . . . , Qs}. Choose connected
sets L′

i,M
′
i ∈ B such that ηi ⊂ L′

i ⊂ clRk(L′
i) ⊂ Li and λi ⊂ M ′

i ⊂
clRk(M ′

i) ⊂ Mi.
Set
Wi = {(S(i)

1 − clRk(V0)) ∪ L′
i, (S

(i)
2 − clRk(V0)), . . . , (S

(i)
si−1− clRk(V0)),

(S
(i)
si − clRk(V0)) ∪M ′

i}.
Since w′

i ∈ Li ∩ S
(i)
1 − clRk(V0), we obtain that (S

(i)
1 − clRk(V0)) ∪ Li

is connected. Similarly, (S(i)
si − clRk(V0)) ∪ Mi is connected. Hence, the

elements of Wi are connected. Since clRk(V0)∩ γi = ∅ and γi ⊂ ∪Si joins
w′

i ∈ S
(i)
1 − clRk(S

(i)
2 ) to z′i ∈ S

(i)
si − clRk(S

(i)
si−1), it follows that {(S(i)

1 −
clRk(V0)), (S

(i)
2 − clRk(V0)), . . . , (S

(i)
si−1− clRk(V0)), (S

(i)
si − clRk(V0))} is a

taut chain. Since Li ⊂ S
(i)
1 and Mi ⊂ S

(i)
si , by Lemma 2.6, Wi is a taut

chain crooked in 2(4(U)) = 8(U).
Let L = L1∪ . . .∪Ls, M = M1∪ . . .∪Ms and J = {k1−1, . . . , k2s−1−

1} ∪ {k2 + 1, . . . , k2s + 1}. For each j ∈ {1, . . . ,m}, let

V ′
j = Vj − clRk(L ∪M), if j /∈ J ,

(Vj − clRk(L ∪M)) ∪ Pi, if j = k2i−1 − 1 for some i ∈ {1, . . . , s},
(Vj − clRk(L ∪M)) ∪Qi, if j = k2i + 1 for some i ∈ {1, . . . , s}.

Let V ′ = {V ′
1 , . . . , V

′
m}.

Since ζ ⊂ (V1− clRk(L ∪ M)) ∪ . . . ∪ (Vm− clRk(L ∪ M)), the family
V ′
0 = {(V1− clRk(L ∪ M)), . . . , (Vm− clRk(L ∪ M))} is a taut chain. By

Lemma 2.6, V ′
0 is crooked in 6(U). Since for each i ∈ {1, . . . , s}, Vk2i−1−1 is

the only element in V such that clRk(Vk2i−1−1)∩ clRk(Pi) ̸= ∅, and Vk2i+1
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is the only element in V such that clRk(Vk2i+1)∩ clRk(Qi) ̸= ∅. Lemma
2.6 implies that V ′ is a taut chain of connected sets that is crooked in
6(U).

Since ∅ ≠ Pi− clRk(L ∪M)) ⊂ (Vk2i−1 −1− clRk(L ∪M)) ∩ Pi, we have
V ′
k2i−1 −1 is connected. Similarly, V ′

k2i +1 is connected. Thus, the elements
of V ′ are connected.

We will check that the conditions of Lemma 2.8 are satisfied for V ′.
Let Wi = {W (i)

1 , . . . ,W
(i)
si }. Since pi ∈ ηi ∩ Pi ⊂ W

(i)
1 ∩ V ′

k2i−1−1, we

have W
(i)
1 ∩ V ′

k2i−1−1 ̸= ∅.
Similarly, W (i)

si ∩ V ′
k2i+1 ̸= ∅.

Since clRk(∪V) ⊂ ∪Z ⊂ V0 and Pi ∪ Qi ⊂ ∪V for each i ∈ {1, . . . , s},
we have that for each i ∈ {1, . . . , s}, (W (i)

2 ∪ . . . ∪W
(i)
si−1) ∩ (∪V) = ∅.

Moreover, if clRk(W
(i)
1 )∩ clRk(V ′

c ) ̸= ∅, then clRk(L′
i)∩ clRk(V ′

c ) ̸= ∅.
This implies that either c = k2e−1 − 1 for some e ∈ {1, . . . , s} and
clRk(L′

i)∩ Pe ̸= ∅ or c = k2e + 1 for some e ∈ {1, . . . , s} and L′
i ∩Qe ̸= ∅.

Notice that for each e ∈ {1, . . . , s}, Pe ⊂ V ′
k2e−1−1 ⊂ Ae ⊂ ∪Se ⊂ ∪Re

and Qe ⊂ V ′
k2e+1 ⊂ Be ⊂ ∪Re.

In the case that there exists e ∈ {1, . . . , s} such that c = k2e−1 − 1 and
Li ∩ Pe ̸= ∅, since Li ⊂ ∪Ri, we have i = e and c = k2e−1 − 1.

In the case that there exists e ∈ {1, . . . , s} such that c = k2e + 1 and
Li ∩ Qe ̸= ∅, we have i = e, c = k2e + 1. Since Li ⊂ Ai ⊂ S

(i)
1 − (K∪

clRk(S
(i)
2 )) and Qi ⊂ Bi ⊂ S

(i)
si − (K∪ clRk(S

(i)
si−1)), we obtain that Li ∩

Qi = ∅, a contradiction, so this case is impossible and we conclude that
c = k2i−1 − 1.

This completes the proof that clRk(W
(i)
1 )∩ clRk(V ′

c ) ̸= ∅ if and only if
c = k2i−1 − 1, and we have proved that W

(i)
1 ∩ V ′

k2i−1−1 ̸= ∅. Similarly,

clRk(W
(i)
si )∩ clRk(V ′

c ) ̸= ∅ if and only if c = k2i + 1, and we have proved
that W

(i)
si ∩ V ′

k2i+1 ̸= ∅.
Notice that W (i)

1 ∪V ′
k2i−1

⊂ (S
(i)
1 − clRk(V0))∪L′

i∪Z
(i)
1 ⊂ Uui∪Ai ⊂ Uui .

Similarly, W (i)
si ∪ V ′

k2i
⊂ Uvi .

Notice also that for each i ∈ {1, . . . , s}, (∪Wi)∪ (V ′
k2i−1

∪ . . .∪ V ′
k2i

) ⊂
(∪Si) ∪ (∪Zi) ⊂ ∪Si ⊂ clRk(∪Ri) ⊂ Uui ∪ . . . ∪ Uvi .

Since for each i ∈ {1, . . . , s}, ∪Wi ⊂ ∪Si ⊂ clRk(∪Ri), we obtain
∪W1, . . . ,∪Wr are pairwise disjoint.

Define Y = V ′(1, k1−1)∗W1 ∗V ′(k2+1, k3−1)∗W2 ∗ . . .∗V ′(k2(r−1)+
1, k2r−1 − 1) ∗Wr ∗ V ′(k2r + 1, k2r+1).

Since V ′ and each Wi is crooked in 24(U), by Lemma 2.8, Y is crooked
in 72(U).
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Clearly, Y is a taut ε-chain of elements of B and each link of Y is
connected. Since clRk(L ∪ M) ⊂ clRk((∪R1) ∪ . . . ∪ (∪Rs)), we have
p ∈ V ′

1 , so p belongs to the first link of Y. Similarly, q belongs to the last
link of Y.

Since K ⊂ (∪S1) ∪ . . . ∪ (∪Ss) and K∩ clRk(V0) = ∅, we have K ⊂
(∪W1) ∪ . . . ∪ (∪Ws) ⊂ ∪Y . �
Theorem 5.6. Let k ≥ 3. Suppose that K is a compact subspace of Rk

such that each nondegenerate component of K is a pseudo-arc. Then there
exists a pseudo-arc P in Rk such that K ⊂ P .

Proof. Using Theorem 5.5 it is possible to define inductively a sequence
{Ur}∞r=1 of taut chains in Rk such that for each r ∈ N,

(a) Ur is a chain from p to q,
(b) Ur+1 is crooked in 72(Ur),
(c) mesh(Ur) <

1
r , and

(d) K ⊂ ∪Ur.
Then, by Lemma 2.3, the set P = ∩{clRk(∪Ur) : r ∈ N} is a pseudo-arc

containing K. �
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