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CIRCLE GROUP ACTION ON THE PRODUCT OF
TWO PROJECTIVE SPACES

JASPREET KAUR, HEMANT KUMAR SINGH, AND TEJ BAHADUR SINGH

ABsTRACT. Let G = S! act freely on a finitistic space X with
mod 2 cohomology ring isomorphic to the product of two projec-
tive spaces. In this paper, we determine the possible cohomology
algebra of the orbit space X/G when G acts freely on the prod-
uct of two real projective spaces. We also show that the group G
cannot act freely on the product of two complex projective spaces.

1. INTRODUCTION

Let G be a topological group acting continuously on a topological space
X. An intricate problem associated with the transformation group (G, X)
is to determine the topological or the homotopy type of the orbit space
X/G. The first such question was raised by H. Hopf in 1925-26, for the
orbit spaces of free actions of finite cyclic groups on spheres. Because of
the complexity in resolving such problems P. A. Smith [7] introduced the
study of homological relationships among the space X, the fixed point set
X and the orbit space X/G of a periodic homeomorphism on X. Since
then, several authors have contributed to such problems. For instance,
Ronald M. Dotzel et al. [3] determined the cohomology algebra of the
orbit spaces of free circle group action on finitistic spaces having mod Q
cohomology algebra of the product of two spheres. More recently, in [5]
the possible mod p cohomology algebra of the orbit space of any free circle
group action on a finitistic space having mod p cohomology algebra of a
lens space or St x CP™ has been investigated. Continuing this thread of
research, in this paper we study free G = S' action on a finitistic space
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with mod 2 cohomology algebra of the product of two real (complex)
projective spaces. Using the Leray—Serre spectral sequence, we show that
the group G cannot act freely on the product of two complex projective
spaces. If G acts freely on a finitistic space X with mod 2 cohomology
algebra of RP™ x RP™, the product of two real projective spaces, then
we observe that at least one of m or n should be odd. In this case, we
also determine the possible cohomology algebra of the orbit space.

2. PRELIMINARIES

In this section, we review some basic definitions and results that are
essential for the work done in this paper. We first recall the definition of
a class of topological spaces which has been found most suitable for the
study of the relationship between the cohomology structure of the total
space and that of the orbit space of a transformation group [1].

Definition 2.1. A finitistic space is a paracompact Hausdorff space
whose every open covering has a finite dimensional open refinement, where
the dimension of a covering is one less than the maximum number of mem-
bers of the covering which intersect non-trivially.

Two main classes of finitistic spaces are the compact spaces and the
finite-dimensional spaces (spaces with finite covering dimension). It is
known that if a compact Lie group G acts freely on a finitistic space X,
then the orbit space X/G is also finitistic [2].

We next recall some results about the Leray—Serre spectral sequence
associated with the Borel fibrations. Let G be a compact Lie group acting
(not necessarily) freely on a finitistic space X and let G — Fg¢ — Bg
be the universal principal G-bundle. Then, with the diagonal action of G
on X x Eg, the projection map X x Fg — F¢ is equivariant and hence,
it induces a fibration X < X5 — B called the Borel fibration [9], [10],
where X¢ is the orbit space (X x Eg)/G. With a field as the coefficient
group for cohomology, we have the following.

Proposition 2.2. Let X fi> Xe =5 Bg be the Borel fibration, where X
is connected. Suppose that the system of local coefficients (cohomology of
the fibers) on Bg is simple. Then the edge homomorphisms

H*Bg) = Ey° — Ey° — - — EY — B, = BX° ¢ HY(Xg)

and H'(Xg) — EY =E), c EM' ¢ .- c By = H'(X)

are the homomorphisms 7 : H*(Bg) — H*(Xg) and i* : H(Xg) —
HY(X), respectively.
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For details about spectral sequences, see [4]. The following proposition
is well known.

Proposition 2.3. Let G be a compact Lie group acting freely on a fini-
tistic space X. Then the Borel space X¢g is homotopy equivalent to the
orbit space X/G.

If G is connected, then Bg is simply connected, and so the system
of local coefficients on B¢ is simple. Hence, the Es-term of the Leray—
Serre spectral sequence of 7 has the form EY'? = HP(Bg) @ H1(X) and
it converges to H*(X¢), the cohomology ring of X¢.

Theorem 2.4 (Kinneth formula [8]). Let F' be a field. Then the cross
product (H*(X; F)®r H*(Y; F))* — H¥(X x Y; F) is an isomorphism
if Hy(Y; F) is finite-dimensional over F.

By the above theorem we have,
X 2) = Zola <a >,deg a =1 an
(1) H*(RP™ x RP™,Zs) = Zs[a,b]/ mEl pntl 5 deg 1 and

degb=1,
2) H*(CP™ x CP™,Zs) = Zsla,b]/ < a™t1,b" "1 > deg a = 2 and
( g

deg b= 2.

Further, we recall that for G = S', the classifying space Bg is the
infinite dimensional complex projective space, CP>°, and H*(Bg;Z2) =
Zs|x], deg x = 2.

In this paper, we shall use Cech cohomology with Z, coefficients.
By X ~5 Y, we will mean that the cohomology rings H*(X;Zs) and
H*(Y;Zsy) are isomorphic. The following result, which is an analogue of
[1, chapter III, Proposition 10.7], has been proved in [5].

Proposition 2.5. Let G = S' act freely on a finitistic space X with
HY(X;Zy) =0, for alli > n. Then H(X/G;Z3) =0, for all i > n.

3. MAIN RESULTS

Proposition 3.1. Let G = St act freely on a finitistic space X ~g RP™ x
RP™. Then both m and n cannot be even.

Proof. The Euler-Poincaré characteristic y(RP¥) is 0 or 1 according to
whether & is odd or even. Also, for finite CW complexes X and Y, it is
well known that x(X xY) = x(X) x x(Y). Now, suppose to the contrary,
both m and n are even. Then the Euler—Poincaré characteristic of the
space X is 1. If ¢ : S' x X — X is a free action, then the restricted
action ¢’ : Zs x X — X must also be free. So by Floyd’s formula (see |1,
chapter III, Theorem 7.10]), we have 1 = x(X) = 2x(X/Zz). Since this
is not possible, therefore, at least one of m or n must be odd. O
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We now give an example of a free action of S on RP™ x RP™ when n
is odd.

Example 3.2. Put n = 2k — 1 and consider S® C C*. There is a natural
free action of S' on S™ given by

(57(21,2527"' ,Zk))i(thgZQ,"' 75216)7 gesl

The action § induces a free action  of the group S'/N = S' on the orbit
space RP" = S" /N, where N = {+1, —1} = Z,. Taking any action of S!
on RP™ and the free action 6, the diagonal action gives a free action of
St on RP™ x RP™.

We now exploit the Leray—Serre spectral sequence associated with the
Borel fibration X — Xg1 — Bg: to classify completely mod 2 cohomol-
ogy algebra of the orbit space of a free circle group action on a finitistic
X ~9 RP™ x RP™. We remark that the cohomology algebra of any free
involution on finitistic spaces X having the mod 2 cohomology algebra of
the product of two projective spaces has been completely determined in

[6].

Theorem 3.3. Let G = S' act freely on a finitistic space X ~o RP™ x
RP™, 1 <m <n. Then H*(X/G;Zs) is isomorphic to one of the follow-
ing graded algebras:

(1) Zs[z, y]/(acmTﬂ,y”Jrl)7 where deg x = 2, deg y = 1, and m is odd.

(2) Zo[z,y]/ (™, yﬂ;l ), where deg x =1, deg y = 2, and n is odd.
ma41 ntl o

(3) Zs[z,y,z]/(x 2 ,y 2z ,z*—ax—Ly), wheredeg x =2, degy = 2,
deg z=1 and o, 8 € Zs and m and n are odd.

Proof. Let G = S! act freely on a finitistic space X ~; RP™ x RP",
1 <m <n. Let a, b € H(X) be generators of the cohomology algebra
H*(X). We note that

®Zs (i + 1 copies) i<m

Hi(X) = @Zs (m + 1 copies) m+1<i<n
@®Zs (n+m+1—icopies) n+1<i<m+n
0 otherwise.

Since the fundamental group of the space Bg is trivial, the system of
local coeflicients associated with the spectral sequence of the fibration
X < X¢ 5 Bg is simple. So the spectral sequence has the form
EP1>~ HP(Bg) ® H1(X). Clearly, for p odd, EY"? = 0. Thus,

e A basis of ES‘W, s > 0, consists of {t*®a?,t*®@a?"'h,....t* @ab!" 1, t*®
b1}, for ¢ < m.
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e A basis of E;®! consists of {t* ® a™bi™" 5 ®@ o™ lpamEL
t°®ab? 1t @ be}, for m+1 < g < n.

e A basis of E;®? consists of {t* ® a™bi™" 5 ®@ o™ lpamEL
5 ®@a? "t 5 @ a? "), for n+1 < g < n+m.
We further note that there are four possibilities for the homomorphism

ds : Eg’l — ES’O:

(i) d2(1®a) =0 and d2(1 ®b) = 0.

(i) do(1®a) =t ®1 and da(1®b) = 0.
(iii) do(1®a)=0and dp(1®b) =t ® 1.
(iv) da(1®a)=t®@1land da(1®@ D) =t ® 1.

We consider each case separately.

Case (i). d2(1®a) =0 and d2(1®b) = 0.
By the derivation property of differentials, we see that do(t* ® a*b') = 0,
for every s > 0, k > 1 and [ > 1. Thus, the spectral sequence degenerates
at Eo-term. This implies that H¢(X/G) # 0 for infinitely many i, contrary
to the Proposition 2.5.

Case (ii). d2(1®a) =t® 1 and d2(1 ® b) = 0. We have

5t @ ab—1pt  if k is odd

s kply
do(t* ® a b)_{ 0 if k is even.

If m is even, then (1®a™)(1®a) = 0 gives 0 = da((1®a™)(1®a)) = t@a™,
a contradiction. Hence, m must be odd. Now,

A basis of the kernel of dy : E3¥? — E3*t>%7" s > 0, consists of 45!
elements {t* ® a971b,t* ® a973b3,...,t* ® b?} for ¢ odd and ¢ < m and a
basis of the image of da consists of %1 elements {t*t! ® a9~} t°Tt @
a?3b%, .., 5Tt @ b1}, And a basis of the kernel of dy : Egs’q —
E22S+2’q*1 consists of % + 1 elements {t* ® a?,t* @ a?72b?, ..., t°* ® b7}
for ¢ even and ¢ < m and a basis of the image consists of 2 elements
{1 @ a9720, 5 @ @243, . T @ b9 1)

A basis of the kernel of dy : 3% — E3*t*%" consists of "L elements
{t* @ @™~ 1pt—mHL 15 @ gm=3pea—m A3 5 @ b} for m+ 1 < g < n, and
a basis of the image consists of 4~ elements {t*T' @ a™~ 14~ 71 ®
am=3pa-mE2 | gstl g pa-1y,

A basis of the kernel of dp : E3*? — E3*"*97" consists of “+7=4
elements {t° ® @™~ 1p1~mF1 5 @ qm=3p9=H3 5 @ a2 " F1H" "1} when
n+1<q<n+mand (nisodd and ¢ is even) or (n is even and ¢ is odd).

In this case, a basis of the image of dy consists of "“;7‘1 + 1 elements
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{t*H @ am 1™ 5t @ @ 3pa—m+2 15 @ 217} Now, a ba-
sis of the kernel of dy : E3*7 — E3°T»97! consists of "t™-4*L elements
{t* @am 1=+ 5 @ am 3003 5 @atT "} ifn+1 < g<n+m
and (both n and ¢ are even) or (both n and ¢ are odd). A basis of the
image in this case consists of “-%1 elements {t*+'®@a™ 1™+ ®
amSpIm2 | et g ga-npn1,

It follows that, for every r > 3, EF! = kerd, /imd, = 0 for all k& > 1

and for all I. Also, E'? is the kernel of dy : Ey? — E;97" for all g.
Consequently, d, = 0 for all 7 > 3. Hence, E3"" = E**. We thus obtain

Do (% copies) j<mjodd

©Zsy (% + 1 copies) j <mjeven

Do (mT'H copies) m+1<j<n
©Za ("+72n_j copies) n+1<j<n+m

HI(Xg) =
(Xe) n even j odd or n odd j even

DLy "] copies n+1<j<n+m
n even j even or n odd j odd
0 otherwise.

Note that 1®a® € E5? is a permanent cocycle and therefore it determines
an element u € E%?. Choose z € H?(X¢) such that i*(z) = a®. Then x

determines u and satisfies ™2 = 0. Also, 1®b € E9" is a permanent
cocycle and determines an element v € E%!. We choose y € H'(X¢)
such that i*(y) = b. Then y determines v and y"*! = 0. Therefore,

m+1

H*(Xg) & Lola,y]/(x72 g™,

where deg x = 2, deg y = 1, and m is odd. Since group G acts freely on
X, H*(X/G) &2 H*(Xg), by Proposition 2.3. Thus, we have possibility
(1) of the theorem.

Case (iii). d2(1®a) =0and dx(1®b) =t ® 1.
As in Case (ii), we see that n must be odd and

n+1

H*(X/G) = La[z, y] /(a™ T y720),

where deg x = 1 and deg y = 2.

Case (iv). da(1®a)=t®1land da(1® D) =t ® 1.
By the multiplicative structure of the spectral sequence, it is easy to see
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that
(t® a1 + (t ® a*b'~1) if k and [ are odd
kot ) t®akTie if k is odd and [ is even
dz(1® a™b) = t® akFpi—1 if k is even and [ is odd
0 if k and [ are even.

As in the previous two cases, we see that both m and n are odd. We also
observe that,

A basis of the kernel of dy : E3®? — E;*™97" consists of 24! ele-
ments, {t*® (a9 +a?7'b),t* @ (a972b? + a?73b%), ..., t°* ® (ab?™! +b9)} for
q odd and ¢ < m and a basis of the image of dy consists of %1 elements
{5 @at71 5T @a1730%, ... 5T @971}, For g even and ¢ < m, a basis
of the kernel of dy : E3¥? — E5°*97" consists of 4 + 1 elements {t° ®
a?,t* ®a?"2b% ... t* ® b7} and a basis of the image consists of 4 elements
{1 @ (a9720+a?7 1), 5 @ (97402 + a9738%), ..., 5T @ (b9 +ab?2)}.

A basis of the kernel of dy : 3% — E3*t*%" consists of "L elements
{ts ® (ambq—m + am—lbq—m-ﬁ-l)’ 5 ® (am—2bq—m+2 + am—3bq—m+3)7 . 5 ®
(ab?=1 +b7)}, for ¢ odd and m+1 < g < n and a basis of the image of dy
consists of 7 elements {t*T! @a™ b4t @am3pe—m 2l
b4=1}. For g even and m+1 < ¢ < n, a basis of the kernel of dy : E2*? —
E3T2071 s > 0, consists of mEl elements {t¥ @ a™ 71T @
am 3= 3 +5®b7} and a basis of the image consists of % elements
{ts+1®(am71bq7m+ambq7m)’ ts+1®(am73bq7m+2+amf2bq7m+1), - ts+1
® (b7 + ab?72)}.

A basis of the kernel of dy : F3>% — E3*"*97! consists of ™71 ele-
ments {t*®(a™b?" "™ 1pI" ML) 5@ (@M 200 M2 pgm3pam A3y
t° @ (ad="Fpn=l + 27"} for g odd, n +1 < ¢ < n+m and a ba-
sis of the image consists of ZF%-+L elements {t**! @ a™~1p7~™ ¢+ @
am3pem A2 5Tl @ g7 p ) For geven and n+ 1< g<n+m, a
basis of the kernel of dy : F3%% — E3*7>%7" consists of "2=1 elements
{t5 @ am=tpa—mHL s @ @mT3pa ™35 @ @97 T~} and a basis of
the image of dy consists of =% 4 1 elements {t**! ® (a™ 19" +
ambq—m—l)’ts—&-l ® (am—3bq—m+2 + am—2bq—m+1), ...,ts+1 ® (aq—n—lbn +
aqfnbnfl)}.

Now, it is clear that E¥! = 0 for all I, » > 3, and k¥ > 1. Hence,
Ex* = Ey*. We see that the cohomology groups H7(X¢) are the same
as in Case (ii).
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In this case also we note that 1 ® a? € ES’Q is a permanent cocycle
and therefore yields an element u € E%2. Choose z € H?*(Xg) such
that i*(x) = a?. Then z determines u and satisfies 2™ = 0. For the

same reason, 1 ® b* € Eg’Q is a permanent cocycle and determines an
element v € E%?. We choose y € H?(X¢) such that i*(y) = b*. Then y

determines v and ynTJrl =0. Also 1®(a+Db) € Eg’l is a permanent cocycle
and yields an element s € E%!. Let 2 € H'(X¢) such that i*(2) = a + b.
Then z determines s. Observe that

2?2 =ax+ By

for some «, 5 € Zs. Hence,

n+1

H*(X/G) = H(X6) = Lolw,y. 2]/ (@"Fy"F 2> — aw — By)
where deg = = 2, deg y = 2, and deg z = 1. |
Remark 3.4. With the action of S' on RP™, m odd, as described in
Example 3.2, and the trivial action of S' on RP", we find that the or-
bit space (RP™ x RP™)/S! is CP™ x RP", which realizes case (1) of
Theorem 3.3. Similarly, case (2) can be realized.

Corollary 3.5. Let G =S! act freely on a finitistic space X ~3 RP™ x
RP™. Then the characteristic class of the bundle S' — X % X/G is
zero.

Proof. The first few terms of the Gysin sequence of the bundle S' —
X 5% X/G are
0 HY(X/G) % HY(X) —» HO(X/G) s HA(X/G) % - .
The characteristic class of the bundle is v* (1) € H?(X/G), where 1 is the
unity of H°(X/G). Now, from Theorem 3.3, it is clear that H'(X/G) =
Zo, for i = 0,1, and H?(X/G) = Zy ® Zs. Then the Gysin sequence takes
the following form
0—>ZQU—§ZQ@ZQ—>ZQ¢Y—;ZQ@ZQ£“‘ .
We note that the map Z; & Zs — Zs, in the above sequence, is an epi-
morphism. So the map
Yv*: HY(X/G) — H*(X/G)
is the trivial homomorphism and thus, ¥*(1) = 0. |
Remark 3.6. If m = 0, then X ~ RP™. In this case, G = S' acts freely
on X when n is odd and H*(X/G) = Zs[z]/ < 2™ >, deg © = 2. This
result has already been derived in [5].

Taking m = 1 in Theorem 3.3, we obtain the following corollary.
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Corollary 3.7. Let G = S' act freely on a finitistic space X ~y S'xRP™,
n > 1. Then H*(X/G;Zs) is isomorphic to one of the following graded
algebras:
(1) Za[y]/ < y™** > where deg y = 1.
(2) Zs[z,y]/ < xQ,g{nTH > where deg x = 1, deg y = 2, and n is odd.
(3) Zaly, 2/ <y, 22 — By > where deg y =2, deg z = 1, f € Zs,
and n is odd.

Further, taking n = 1 in the above corollary, we obtain the following.

Corollary 3.8. Let G =S! act freely on a finitistic space X ~q St x S!.
Then H*(X/G) is isomorphic to Zalx]/ < 2% >, where deg x = 1.

Remark 3.9. The significance of the above corollary is that the orbit
space of any free circle group action on a space having mod 2 cohomology
algebra as that of the product of two circles is a mod 2 cohomology circle.
In particular, if ¢ is a free circle group action on S' and 6 the trivial
action on another copy of S', then the orbit space of the action ¢ x @ is
mod 2 cohomology S'. This realizes Corollary 3.8.

Finally, we observe that G' = S' cannot act freely on the product of
two complex projective spaces.

Theorem 3.10. Let X ~o CP™ x CP" be a finitistic space. Then the
group G = S' cannot act freely on X.

Proof. Assume on the contrary that G acts freely on X. As m (Bg) acts
trivially on H*(X), so the spectral sequence has the following form

Ext > H*(Bg) @ HY(X) = H*(CP®) @ H'(CP™ x CP™).

It is clear that Eg’l = 0 when either k or [ is odd. So, for all » > 1, the
differentials

okl k+2rl—2r+1
doy : E5) — E,

T

are the trivial homomorphism because Eg,il = 0 when [ is odd and
E§T+2r,l—2r+1 = 0 when [ is even. Also, for all » > 1, the differentials

. k,l k4+2r+1,01—2r
dary1 s Eglyy — Eo'f
are the trivial homomorphism because Eg;lﬂ = 0 when k is odd and
BT — 0 when k is even. Thus, E%* = E3™ and the spectral

sequence degenerates at Fo-term. Hence, there are fixed points of G on
X, contrary to our hypothesis. O
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