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ABsTrRACT. The average shadowing property is considered for set-
valued dynamical systems, generated by parameterized iterated
function systems (IFSs), which are uniformly contracting, or conju-
gacy, or products of such ones. We also prove that if a continuous
surjective IFS F on a compact metric space X has the average
shadowing property, then every point z is chain recurrent. More-
over, we introduce some examples and investigate the relationship
between the original shadowing property and the shadowing prop-
erty for an IFS. For example, we prove that the Sierpinski IFS has
the average shadowing property. Then we show that there is an
IFS F on S! such that F does not satisfy the average shadowing
property, but every point = in S! is chain recurrent.

1. INTRODUCTION

The shadowing property of a dynamical system is one of the most
important notions in dynamical systems (see [12], [15]). The notion of the
average shadowing property was introduced by Michael Blank [6] in order
to study chaotic dynamical systems, which is a good tool to characterize
Anosov diffeomorphisms. The average shadowing property was further
studied by several authors, with particular emphasis on connections with
other notions from topological dynamics, or more narrowly, shadowing
theory (e.g., see [10], [11], [13]).

Iterated function systems (IFSs) are used for the construction of de-
terministic fractals and have found numerous applications, in particular,
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in image compression and image processing [2|. Important notions in dy-
namics, like attractors, minimality, transitivity, and shadowing, can be
extended to an IFS (see [4], [3], [7], [8]). The authors define the shad-
owing property for a parameterized IFS and prove that if it is uniformly
contracting or expanding, then it has the shadowing property [9]. They
also generalize the shadowing property on an affine parameterized IFS
and prove the following theorem.

Theorem 1.1. Consider a closed nonempty subset A C C, situated
strictly inside or strictly outside the unit circle. For any closed disc cen-
tered at O with radius r > 1 in C and any subset B C C, the parameterized
IFS F = C,; fopla € A,b € B, with fop(2) = az + b, has the shadowing
property on Z .

The present paper concerns the average shadowing property for param-
eterized IFSs, and some important results about this notion are extended
to iterated function systems. Specifically, we prove that each uniformly
contracting parameterized IFS has the average shadowing property on
Z.

We will also give some examples illustrating our results. Example
3.3 shows that Sierpinski’s IFS is an important IFS and has the average
shadowing property. Minimality plays an important role in dynamical
systems; in [1], the authors have shown that a minimal homeomorphism
on a compact metric space does not have the shadowing property. In
Example 3.10, we show that there is a minimal IFS which has the average
shadowing property.

In §4, we investigate the average shadowing property and chain recur-
rent sets on IFSs for which the stated space is the unite circle. Theorem
4.1 shows that if an IFS on the unit circle has more than one fixed point,
then it does not have the average shadowing property. Example 4.4 shows
that there is an IFS F on S! such that F does not satisfy the average
shadowing property, but every point z in S! is chain recurrent.

2. PRELIMINARIES

In [10], [11], and [13], the average shadowing property is defined and
discussed for continuous maps. Let f : X — X be a continuous map.
For 6 > 0, a sequence {z;};>0 of points in X is called a J-average-pseudo-
orbit of f if there is a number N = N(J) such that for all n > N and
k>0,

n—1

% D d(f(@ipr), Tiprir) < 6.

=0
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We say that f has the average shadowing property if, for every e >
0, there is § > 0 such that every d-average-pseudo-orbit {z;}i>0 is e-
shadowed in average by some point y € X, that is,

n— oo

n—1
1 .
limsup; E d(f'(y),z;) < e.
i=0

We use the notion of chain recurrent points to study chaotic dynamical
systems.

The set CR(f) consisting of all chain recurrent points, i.e., such points
x € X that for any § > 0, there exists a periodic d-pseudo-orbit through x,
is called the chain recurrent set of the discrete dynamical system (X, f).

Let (X, d) be a complete metric space. Let us recall that a parameter-
ized iterated function system (IFS) F = {X; fa|]\ € A} is any family of
continuous mappings fy : X — X where A € A and A is a finite nonempty
set (see [9]).

Let T=ZorT =7y ={neZ:n>0}and AT denote the set of all
infinite sequences {\; };cr of symbols belonging to A. A typical element
of A%+ can be denoted as o = {Ao, A1, ...}, and we use the shortened
notation

.an = fAnflo...of,\lof,\o.
A sequence {x,}ner in X is called an orbit of the IFS F if there exists
o € AT such that x,,.1 = fa, (z), for each A\, € 0.

Given 6 > 0, a sequence {x, }ner in X is called a 0-pseudo-orbit of F if
there exists 0 € AT such that for every \,, € o, we have d(fx, (,,), Tni1) <
0.

One says that the IFS F has the shadowing property (on T) if, given
€ > 0, there exists § > 0 such that for any d-pseudo-orbit {z, }ner there
exists an orbit {yn }ner, satisfying the inequality d(z,,y,) < € for all
n € T. In this case, one says that the {y,}ner e-shadows the d-pseudo-
orbit {xn}neT-

For § > 0, a sequence {z;};>o of points in X is called a J-average-
pseudo-orbit of F, if there exists a natural number N = N(J) > 0 and
o = {Ao, A1, A2, ...} in A%+ such that for all n > N,

n—1

% Z d(fx,(%:), wit1) < 0.

i=0
A sequence {z;};>0 in X is said to be e-shadowed in average by a point z
in X, if there exists ¢ € A%+ such that

n—1

1
li —E d(Fs,(2), ;) < €.
1msupni:0( (2),x) <€

n—oo
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A continuous IFS F is said to have the average shadowing property if, for
every € >, there is § > 0 such that every J-average-pseudo-orbit of f is
e-shadowed in average by some point in X.

Please note that if A is a set with one member, then the parameterized
IFS F is an ordinary discrete dynamical system. In this case, the average
shadowing property for F is an ordinary average shadowing property for
a discrete dynamical system.

The parameterized IFS F = {X; fA|\ € A} is uniformly contracting if
there exists

d(fa(x), fr(y))
d(z,y)

and this number, also called the contracting ratio, is less than 1 [9].

ﬂ = SUPNcASUPzA£y

Definition 2.1. Suppose (X,d) and (Y,d') are compact metric spaces
and A is a finite set. Let F = {X; fal]A € A} and G = {Y;g:|X € A}
be two IFSs where fy : X — X and gy : Y — Y are continuous maps
for all A € A. We say that F is topologically conjugate to G if there is a
homeomorphism h : X — Y such that gy = hofyoh™! for all A € A. In
this case, h is called a topological conjugacy.

3. AVERAGE SHADOWING PROPERTY FOR
ITERATED FUNCTION SYSTEMS

In this section we investigate the structure of a parameterized IFS with
the average shadowing property. It is well known that if f : X — X and
g:Y — Y are conjugated, then f has the shadowing property if and only
if so does g. In the next theorem we extend this property for iterated
function systems.

Theorem 3.1. Suppose (X,d) and (Y,d') are compact metric spaces and
A is a finite set. Let F = {X; fal]A € A} and G = {Y;gA|A € A} be two
conjugated IFSs with topological conjugacy h. If there exist two positive
real numbers, K and L, such that L < % < K forallp,q e X,
then F has the average shadowing property if and only if so does G.
Proof. Given € > 0, let 6 > 0 be an ¢/ K-modulus of the average shadow-
ing property F. Suppose {y;}i>0 is an Ld-average-pseudo-orbit of G.
This means that there exists a natural number N = N(§) > 0 and
o = {Ao, A1, A2, ...} in A%+ such that for all n > N,

n—1

> d'(gx, (i), yir1) < LS.
1=0

1

n
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Put x; = h=!(y;) for all i > 0. Then

d'(gx, (Wi): Yit1)

d(fx, (i), zip1) = d(h~ ogx, (yi), b (i) < T

for all i > 0. Thus,

n—1
%Zd(fAb(xl)’xz_)rl)) < Lfa -5

i=0
for all n > N. Hence, {z;};>0 is a d-average-pseudo-orbit for F, and so
there is an orbit {z;};>0 of F such that

n—1

1
lim sup — Z d(z, ;) < %
=0

n—oo N

Note that for each ¢ > 0, there is p; € A such that z;41 = f,,(2;). Let
w; = h(z;); it is clear that wiy1 = h(zip1) = b(fu,(2:)) = gu, (R(2:)) =
gy, (w;) for all i > 0. Therefore, {w; };>0 is an orbit of G and d'(w;,y;) =
d'(h(z), h(x;)) < Kd(z;, ;) for all i > 0. Then

n—1 n—1

1 1
lim sup — Z d'(w;,y;) = limsup - Z d' (h(z),h(z;)) < K% =e 0O
—0o0

n
nree izo " i=0

Theorem 3.2. If a parameterized IFS F = {X; fa|\ € A} is uniformly
contracting, then it has the average shadowing property on Z. .

Proof. Assume that § < 1 is the contracting ratio of F. Given ¢ >
0, take 6 = (1 —f)e/2 < ¢/2 and suppose {z;};>0 is a d-pseudo-orbit
for F. Therefore, there exists a natural number N = N(4) and o =
{X0, A1, Az, ...} € A%+ such that %Z?;Ol d(fx, (x),zi41) < 6 for all n >
N(6). Put a; = d(f,(z:),241) for all ¢« > 0. Consider an orbit {y;}i>0
such that d(xo,y0) < < § and y;41 = fa, (ys) for all i > 0.

Now we show that limsupnﬁoo%z?:_ol d(y;,z;) < e. Take M =
d(xo,yo). Obviously,

d(xlvyl) < d(l‘l,f)\o(on)) + d(f)\o<x0)7f)\0(y0)) <ap+ ﬁM

Similarly,

d($2afA1(x1)) +d(f)\1(x1)af>\1(yl))
ay + Bd(z1,11)
a1 + B(ao + M)

d(fEQ; yz)

IAIN TN
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and

d(w3, fas (x2)) + d(fr, (72), fas (y2))
az + Bd(x2,y2)
g + (a1 + Bd(z1,y1))
az + B(ar + Blag + BM)
as + o + 2o + 7M.
By induction, one can prove that for each ¢ > 2,
d(zi,y;) < aj—1 + Boi—a + ...+ 7 ag + B M.
This implies that

d($3, y3)

IAIA IN N

n—1
Sdyi ) = MA+B+. 48"
i=0
+ ap(l+B+.+8"?)
+ a(1+8+..+58"3)
+ ap—2
1 n—2
< —— (M 2.
< 1—5( +;a)
Therefore,
1 n—1 1 1 n—2
lim sup — dyi, ;) < ——(M + limsup — oy
1
—— (M +6
< 5 +9)
o L
= 2737 ¢
So the proof is complete. O

The next example shows that the Sierpinski IFS has the average shad-
owing property.

Example 3.3 (Sierpinski Gasket). Consider the solid (filled) equilateral

triangle with vertices at (0,0), (1,0), and (%, @) Now we define the

following iterated function system on X, the so-called Sierpinski IFS (see
Figure 1) [2, pp. 50, 62, 84, etc.].
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o[ §]+[1]

)

It is clear that F = {X; f1, fo, f3} is uniformly contracting and, by The-
orem 3.2, has the average shadowing property.

A /—\ A
3.9 (3.9
f3(X)
+) @)
Ji1(X) f2(X)
(0,0) (1,0) g (0,0) (3,0 (1,0)

FIGURE 1. Sierpinski Gasket.

Let S denote the Sierpinski Gasket generated by F (see [2, pp. 50,
62, 84, etc.] for more details). A similar argument shows that the IFS
G = {S; f1, f2, f3} has the average shadowing property and every point
x € S is a chain recurrent point for G.

Let us recall some notions related to symbolic dynamics.

Let 3a2{(sos182...)[s; = 0 or 1}. We will refer to elements of ¥y as
points in 5. Let s = s595182... and t = tgtyts... be points in Y5, We
denote the distance between s and ¢ as d(s,t) and define it by

0, s=t
d(s,t) = { 21%17 k=min{i;s; £t}

Example 3.4. Let fy, f1: X2 — Xo be two maps defined as fo(sgs1$2...)
= 0s08152... and f1(sps182...) = 1sgs152... for each s = sps189... € o It
is clear that F = {Xa; fo, f1} is uniformly contracting and, by Theorem
3.2, has the average shadowing property.
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Yingxuan Niu [11] shows that, for a dynamical system (X, f), if f has
the average-shadowing property, then so does f* for every k € N. The
following theorem generalizes a similar result for an IFS.

Theorem 3.5. Let A be a finite set, let F = {X; fa|]A € A} be an IFS,
and let k > 2 be an integer. Set

F*={X;gulp € T} = {X; fa,_,0..0f30| A0y ooy Ak—1 € A}
If F has the average shadowing property (on Z. ), then so does F*.

Proof. Suppose F has the average shadowing property and € is an ar-
bitrary positive number. There exists § > 0 such that every J-average-
pseudo-orbit is €/k-shadowed in average by some point in X. Suppose
{x;}i>0 is a d-average-pseudo-orbit for F*. So there exists a natural
number N = N(8) > 0 and v = {po, pi1, pi2, i3, ...} in II%+, such that

n—1

Z d(gu; (zi), wi11) <0

=0

1
n
for all n > N. Now we put ynpt; = f,\;LO...Of)\(v)L (zn) and ypr = . Then
Gun = fap_,00fxn, for 0<j <k—1,n€Z, thatis
{yitizo =
{$07ng($0)7-~-ang_20-~-0f,\g(I0),I17f,\g)(ml),---,fA;_20---0fA(1)(1171)a----}-

It is clear that {y;}:;>0 is a d-average-pseudo-orbit for F. So there exists
xz € X, and o € A+ satisfies

n—1
1
lirzisotip - ; d(Fy,(2),y:) < %
This implies that
1 n—1 kn—1 ¢
lim sup .- ; A(Foy; (@), yi) < lim sup .- ; d(Fo,(2),y5) < 7
So
1 n—1
lim sup — d(Fo,. (), yr:i) < €.
msup -3 A (o). )
Since y;x = z;, the theorem is proved. O

Let (X,d) and (Y,d’) be two complete metric spaces. Consider the
product set X x Y endowed with the metric

D((z1,41), (22, y2)) = maz{d(z1,x2),d (y1,y2)}-

Let F = {X; fal]A € A} and G = {Y; 94|y € T'} be two parameterized
IFSs. The IFS H=F x G ={X xY; f\ x gy, : A€ A,y €'}, defined by
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(fr % gy)(z,y) = (fr(z),g4(y)), is called the product of the IFSs F and
g.

Theorem 3.6. The product of two parameterized IFSs has the average
shadowing property if and only if each projection has.

Proof. Given e > 0, let M be the diameter of X xY and a = (¢/2(M + 1))2.
Since F and G have the average shadowing property, there exists § > 0
such that every d-average-pseudo-orbit for F(G) is a-shadowed by some
point u € X(v €Y).

Suppose {(z;, ;) }i>o0 is a d-average-pseudo-orbit for F x G. By defi-
nition of the J-average-pseudo-orbit, {z;}i>0 and {y;}:>0 are d-average-
pseudo-orbits for F and G, respectively. Then there exist the sequences
o € A%+ and v € T'%+ and points u € X and v € Y such that

1 n—1
li — d(Fy, (u),z;) <
imsup ; (Fo, (u), i) < a
and
1
li — d ; i) < .
mow 324 (G, 0)) < o

n—oo

Now, [11, Lemma 3.4] implies that
1 n—1
lim sup — z D(F,, x Gy, (u,v), (s, Y:))
n—oo T =0
1 n—1
= lim sup — Z max(d(Fy, (w), x;), d'(g%. (v),9:)) < €.
n—oo T =0
So F x G has the average shadowing property.

Conversely, suppose that F x G has the average shadowing property
and € is an arbitrary positive number. There exists § > 0 such that every
d-average-pseudo-orbit of F X G can be e-shadowed by some points in X.
Let {x;}i>0 be a d-average-pseudo-orbit for F. Take an orbit {y;}i>o in
G. So {(zi,y:)}i>0 is a d-average-pseudo-orbit for F x G. Then there
exists the sequences ¢ € A%+ and v € T'”+ and point (u,v) € X x Y
such that limsup,,_,, = Z?;ol D(Fs, x Gy, (u,v), (z3,9:)) < €. Therefore,

limsup,,_, . + ZZZOI d(Fo, (1), ;) < €. O

The following theorem gives another characterization of the average
shadowing property on an IFS.

Theorem 3.7. If a continuous surjective IFS F on a compact metric
space X has the average shadowing property, then every point x is a chain
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recurrent point for F. Moreover, F has only one chain component which
is the whole space.

Proof. Suppose ¢ is an arbitrary positive number and
D = maz(y e x xxd(z,y)-

Take 0 < € < €y/2 such that if d(z,y) < 2¢, then d(fx(z), fr(y)) < € for
all A € A. Let § > 0 be an € modulus of the average shadowing property
F and let Ny be a sufficiently large natural number for which % < 6.
Suppose z and y are two different points of X. We assume that y is not
in the positive orbit of z; otherwise, it is clear.

Fix N € A. Put Ty = {t € X : fx(t) = y}. Take a point y; € T7.
Again, we consider a subset T; of X and take a point y; € T; satisfying

Inv(Ti) =yi—1,1 <i < Ny —2.

Set a sequence {x;};>¢ of points by
[0 mod 2Nol (1) if [i mod 2No] € [0, No]

Z; = Y2No—([i mod 2No]+1) if [Z mod 2N0] € [No +1,2Ng — 2]
Y if [i mod 2Ny] = 2Ny — 1.
Then, for n > No,
1= 1 n 3D
— d ’ i)y Lj 773D S _— (5
n;(fx($)$+1)<n]vo N <

Therefore, {x;};>0 is a cyclic d-average-pseudo-orbit of fi and, conse-
quently, is a cyclic d-average-pseudo-orbit of F. Hence, there exist z € X
and 0 € A%+ such that

1 n—1
111'1;,11—>S01ip . ; d(Fo,(2),m;) < €.
Put Sy = {z, fx(x),..., /J\\,[" (x)} and So = {yn,—2, .-, Y1, y}. Since {x;}i>0

is a periodic sequence of period 2Ny constructed from {z, fy (), ..., /{YO (z),
YNo—2, -, Y1, Y}, there exist infinite increasing sequences {i1,is,...} and

{ll, lo, } such that Ti; € S7 and d(]:mj (Z), J,’Z'j) < 2efor all ij € {il, 9, }
Similarly, ;; € So and d(]-'glj (2),21;) < 2e for all I; € {ly,l2,...}. Now

we can find ig € {i1,i2,...} and Iy € {l1,l3,...} with iy < Iy such that

Zi, € S1 and x;, € Sy. This implies that

d(Fo,, (2), i) < 2€ and d(Fo,, (2),21,) < 2e.

Let x;, = fi} (z) and x;, = y;, for some j; > 0 and jo > 0. So it is clear
that
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:L',f)\’ (x)7 ’fi}(z) = Ty
]:O'ingl (z)7]:0'i0+1 (Z)7"'7‘F0'10—1<Z)
Ty = YjorYjo—15+-Y

is an €p-pseudo-orbit from x to y. O

Remark 3.8. Example 4.4 shows that the converse of Theorem 3.7 is
not true.

Definition 3.9. The iterated function system F = {X; f\|X € A} is
minimal if each closed subset A C X such that fy(A4) C A for all A € A,
is empty or coincides with X.

Equivalently, for a minimal iterated function system F = {X; fy|\ €
A}, for any « € X, the collection of iterates, fy,o0...0fx,0fx,(z), k >0,
and Aj, ..., Ay € A, is dense in X [16].

In the next example we introduce a minimal IFS that has the average
shadowing property.

Example 3.10. Take the following maps fi, fo : R — R given by

1 1 1
filz) = (5 +20)z — a5 folz) = (5 +2a)e+ 5 —a

where 0 < o < 1. Tt is clear that G = {R; fi, f>} is a uniformly contracting
IFS. By [2, Theorem 7.1] and [17, Lemma 4.1], there exists a compact
subset A of R with nonempty interior such that f1(A) C A, f2(A) C A,
and F = {A4; f1, fo} is minimal. But F is a uniformly contracting IFS
and, by Theorem 3.2, has the average shadowing property.

4. AVERAGE SHADOWING PROPERTY AND ITERATED
FuNcTION SYSTEMS ON THE UNIT CIRCLE

The average shadowing property is an important concept in dynamical
systems, which is closely related to stability and chaos of systems (see
[11], [14]). So it is interesting to find some IFSs which do not have this
property.

Consider a circle S! with coordinate z € [0;1) and we denote by d
the metric on S' induced by the usual distance on the real line. Let
7(z) : R — St be the covering projection defined by the relations

7(z) € [0;1) and w(x) = z(x mod 1)
with respect to the considered coordinates on S*.
Theorem 4.1. Suppose Fy and Fy are two homeomorphisms on [0, 1]
and f1 and fo are their induced homeomorphisms on S'. Assume that

0, a, and 1 are fized points of Fy1 and Fy for some 0 < a < 1. Also
Fi(t) > t and Fy(t) > t for all t € [0,1] — {0,a,1}. Then the IFS,
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F ={[0,1], falx € {0,1}} where A = {1,2}, does not satisfy the average
shadowing property.

Proof. Assume that 7(0) = m(1) = b and 7(a) = ¢. So b and ¢ are two
fixed points of f1 and fo. Take € > 0 such that min{d(b,c),d(c,b)} > 3¢
and D = maz(,y)es1xs1d(z,y). Given § > 0, choose a natural number
K such that % < 6.

We define {z;};>0 by setting
b if0<i<K
¢ fK+1<i<3K
b if3.2. K +1<i<32LK, j=0,24,..
c if32 K+1<i<321 K, j=1,3,5,..
Obviously, for n > K,

€Tr; =

n—1
1 1 n
E ii - d(fl(xi),le) < E}:}D < 0.

Then {z;}i>0 is a d-average-pseudo orbit of f; and consequently a J-
average-pseudo orbit of F. We assume z to be a point in S' such that
{z:}i>0 is e-shadowed in average, respect to F, by z. That is,

n—oo TN

n—1
1
limsup — Z d(Fo,(2), ;) <€
=0

for some o € AZ+,

CLAIM. There is a natural number M and a point e € {b, ¢} such that
d(Fy,(2),e) > e for all i > M. Therefore,

n—oo N %

n—1
1
lim sup — Z d(Fo,(2), ) > ¢,
1=0

which is a contradiction. So for any 6 > 0 we can find a §-average-pseudo
orbit of F that can not be e-shadowed in average, with respect to F, by
some point in S*.

Proof of Claim. The case z = b or z = c is clear. Let w = 771(2) and
o = {Xo, A1, A2, ....}. Suppose 0 < w < a. Since Fy(t) > ¢ and Fy(t) > ¢
for all t € [0,1]—{0, a, 1}, then lim, oo F)\,0F\,_,0...0F)\,(w) = a. Thus,
limp oo Fo; (2) = c.

Similarly, if a < w < 1, then lim, oo Fs,(2) = b. We recall that a
point x € X is a chain recurrent for F if, for every € > 0, there exist a
finite sequence of points {p; € X : ¢ = 0,1,...,n} with pg = p, = = and
a corresponding sequence of indices {\; € A : i = 1,2,...,n} satisfying
d(fr,(pi)spiy1) < e for i = 1,2,....n — 1. Such a sequence of points is



ITERATED FUNCTION SYSTEMS WITH THE ASP 273

called an e-chain from x to x; similarly, we can define an e-chain from z
to y [5, Theorem 3.1.]. O

Remark 4.2. Let F = {X; fA|A € A} and X € A. Every chain recurrent
of fy is a chain recurrent of F, but by Example 4.3, the converse is not
true.

Example 4.3. Let 7 : [0,1] — S! be a map defined by 7(t) = (cos(2nt),
sin(2nt)). Let Fy : [0,1] — [0, 1] be a homeomorphism defined by

B t+ (53 —t) ifo<t<
an={, e, 1TE

and let F5 : [0,1] — [0, 1] be a homeomorphism defined by

_ t+ (53—t fo<t<;:
F2(t){ t+(1—t)(t—3) ifi<t<1

1
2
1

Assume that f; is a homeomorphism on S* defined by fi(cos(2nt),
sin(27t)) = (cos(2wF;(¢)), sin(27 F;(t))), for i € {0,1}.

Consider F = {S!, fy|A € {0,1}}; it is clear that z = m(3) is not a
chain recurrent point for f;. We show that x is a chain recurrent point
for F. Given € > 0, there exists § > 0 such that |s — ¢| < ¢ implies
d(m(s),m(t)) < e. By definition of Fj, it is clear that if 0 < ¢t < a, then
{FI'(t)}n>0 is an increasing sequence that converges to 3. Similarly, if
1 <t <1, then {FJ'(t)},>0 is an increasing sequence that converges to
1. There is a §-chain, with respect to Fb, % = yg,...yn = 1 from % to 1
and a d-chain, with respect to F1, 0 = yni1, s YNTK = % from 0 to %
Hence, zg, ..., zny 1Kk is an e-chain from x to z. Up to this point, = is chain
recurrent for F.

The following example shows that there is an IFS F on S* satisfying
the following:

1. F does not satisfy the average shadowing property;
2. every point z in S! is chain recurrent.

Example 4.4. Let 7 :[0,1] — S* be a map defined by 7(t) = (cos(27t),
sin(2nt)). Fix 0 < a < 1. Let F; : [0,1] — [0, 1] be a homeomorphism
defined by
- t+ (a—1t)t fo<t<a
Fl(t)_{ t+(1—t)(t—a) ifa<t<l1
and let F5 : [0,1] — [0, 1] be a homeomorphism defined by

Fo(t) = t+ (a—t)t? ifo<t<a
2TV t+ (1 =) (t—a) ifa<t<1
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Assume that f; is a homeomorphism on S* defined by f;(cos(27t), sin(27t))
= (cos(2mF;(t)), sin(2n F;(t))), for i € {0,1}.

Consider F = {S*, fi|\ € {0,1}}; by Theorem 4.1, F does not have
the average shadowing property.

Now we show that every point x in S! is a chain recurrent point for F.
Suppose z is a non-fixed point in S' and y = 7~!(x). Given € > 0, there
exists 0 > 0 such that |s—t| < ¢ implies d(7(s), 7(t)) < e. By definition of
Fy, it is clear that if 0 < ¢ < a, then {F[*(t) }»>0 is an increasing sequence
that converges to a. Similarly, if @ < ¢ < 1, then {F}'(¢)}n>0 is an
increasing sequence that converges to 1. Suppose a < y < 1; there is a J-
chain, y = yp, ...yns = 1 from y to 1 and a d-chain, 0 = ynt1,..., UN+K =Y
from 0 to y which contains a. Hence, xg, ..., zy1k is an e-chain from z to
2. Then z is a chain recurrent point for f; and, consequently, is a chain
recurrent point for F. The case of 0 < y < a is similar.
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