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HAUSDORFF CLOSEDNESS IN THE
CONVERGENCE SETTING

JOHN P. REYNOLDS

ABsTrACT. We use convergence theory as the framework for study-
ing H-closed spaces and H-sets in topological spaces. From this
viewpoint, it becomes clear that the property of being H-closed and
the property of being an H-set in a topological space are pretopo-
logical notions. Additionally, we define a version of H-closedness
for pretopological spaces and investigate the properties of such a
space.

1. INTRODUCTION AND PRELIMINARIES

The early development of general topology was guided in part by the
desire to develop a framework in which to discuss different notions of con-
vergence found in analysis. In 1948, G. Choquet [4] laid out the theory of
convergence spaces, general enough to contain the classes of topological
spaces and closure spaces while unifying the desired notions of conver-
gence.

Once an agreed-upon definition of topological space was arrived at,
the concept of compactness revealed itself to be deserving of much
study and subsequently of generalization. One of the most fruitful varia-
tions of compactness is that of a Hausdor(f closed space, defined in [1] by
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136 JOHN P. REYNOLDS

P. Alexandroff and P. Urysohn in 1928. In this paper we use the common
abbreviation H-closed when discussing Hausdorff closed spaces. One par-
ticular advantage of considering H-closed spaces is that, in contrast with
compact spaces, every Hausdorff topological space can be densely em-
bedded in an H-closed space. Much later, in 1968, N. V. Velicko [17]
relativized H-closedness to subspaces by defining the H-sets of a topolog-
ical space X. In this same paper, Velicko gives us the tools needed to
consider H-closedness and H-sets as purely convergence-theoretic proper-
ties. In [5] R.F. Dickman and J.R. Porter use these tools to define the
particular convergence we will use to discuss H-closed spaces and H-sets
in the convergence setting.

Our first task here will be to place H-closed spaces and H-sets in the
convergence theoretic framework. In Section 2, we give preliminary defi-
nitions and results pertaining to H-closed spaces and H-sets in the usual
topological setting. This is followed in Section 3 by the basic defini-
tions and results necessary to consider the convergence theoretic point
of view. Particularly of interest will be the definition of pretopological
spaces, which is the subcategory of convergence spaces in which we will
mainly work. At this point we will frame H-closed spaces and H-sets as
pretopological notions. In particular, Theorem 3.12 points to the poten-
tial advantages of this point of view.

In Section 4, we define a purely convergence-theoretic notion which
parallels that of H-closedness for topological spaces. The basic properties
of the so-called PHC spaces (short for pretopologically H-closed spaces)
are investigated. Additionally, we develop a technique for constructing
new PHC spaces using images of compact pretopological spaces.

Lastly, we will discuss extensions of convergence spaces. Much work has
been done in this area, in particular by D.C. Kent and G.D. Richardson,
who catalogued much of the early progress in the field in [12]. In [12] an
axiom is used in the definition of a convergence space which we will not
assume. This axiom will be given in 4.2 under the name property (R)
and we will be explicit when making use of this axiom in the results of
that section. We investigate PHC extensions of a pretopological space
X. These extensions prove to be of interest in that for any pretopological
space X, there is a PHC extension of X which is projectively larger than
any compactification of X. This is not true of compactifications, as a
convergence space X does not in general have a largest compactification.

We now take a moment to normalize some notations and give pre-
liminary definitions to be used in the sequel. The Greek letters 7 and
m will always represent a topology and a pretopology, respectively.
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If (X, 7) is a topological space, then the closure operator with respect to
the topology will be denoted cl; and for x € X, the family of neighbor-
hoods of z will be given by N, (x). A function f : (X,7) — (Y, o) between
topological spaces is 8-continuous if for each z € X and V € N, (f(x)),
there exists U € N;(z) such that f[cl,U] C cl,V. Every continuous
function is #-continuous. If (Y, o) is regular, then the notions coincide.

Let X be a set, and £ C 2% a family of subsets of X such that (£, C)
is a lattice. An L-filter on X is an isotone family of elements of £ closed
under finite meets. If £ = 2%, then F is simply called a filter. If (X, 7)
is a topological space and £ = 7, then F is called an open filter. If B is a
family of subsets of X with the finite intersection property, then we use
(B) to denote the smallest filter on X generated by B. If 7 and G are
L-filters on X, we say that G is finer than F, written F < G, if F C G.
An L-filter U which is maximal with respect to < is called an L-ultrafilter.
Again, if £ = 2%, we say simply that U/ is an ultrafilter and if £ = 7, we
say that U is an open ultrafilter.

If (X, 1) is a topological space, z € X and F is a filter on X, it is said
that F 7-converges to x if N;(x) C F. The adherence of F is defined to
be Npercls F.

2. H-CLOSED SPACES AND H-SETS

A Hausdorff topological space is H-closed if it is closed in every Haus-
dorff topological space in which it is embedded. The following well-known
characterizations of H-closed spaces are useful and will be used inter-
changeably as the definition of H-closed.

Theorem 2.1. Let X be a Hausdorff topological space. The following are
equivalent.

(1) X is H-closed,

(2) Whenever C is an open cover of X, there exist C1, ...,C, € C such
that X = J;_, cl; C;,

(3) Every open filter on X has nonempty adherence,

(4) Every open ultrafilter on X has a convergence point.

Velicko [17] relativized the concept of H-closed to subspaces in the
following way: If X is a Hausdorff topological space and A C X, we say
that A is an H-set if whenever C is a cover of A by open subsets of X, there
exist C1,...,C, € C such that A C U?Zl cl, C;. We say that a filter F
meets aset Aif FNA # @ for each F' € F. If F meets A we will sometimes
write F#A. We note the following well-known characterizations of H-sets
which mirror the above theorem.
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Proposition 2.2. Let X be a topological space and A C X. The following
are equivalent.
(1) A is an H-set in X,
(2) If F is an open filter on X which meets A, then adhy FNA # &,
(3) IfU is an open ultrafilter on X which meets A, then adhx UNA #
.

It is important to note that the property of H-closeness is not closed-
hereditary. Also, note that the definition of an H-set is dependent on
the ambient space being considered. In particular, not every H-set is H-
closed. The following example, due to Urysohn, points to this distinction.
Recall that a space X is semiregular if the regular-open subsets of X form
an open base.

Example 2.3. Let X = N x Z U {—o00,+00}. Define U C X to be open
if

400 € U implies that there is ny € N such that
{(n,k) eENXZ:n>ny,k>0}CU
—oo € U implies that there is ny € N such that
{(n,k) eNXZ:n>ny,k<0} CU
(n,0) € U implies that there is some ki € N such that
{(n,k) eNXZ:|k|>ky} CU.

Then X is H-closed and semiregular. Let A = {(n,0) € NxZ : n € N}U
{+o0}. Notice that A is a closed discrete subset of X and that A is an
H-set in X. However, with the subspace topology, A = N, and thus is not
H-closed.

3. CONVERGENCE SPACES

For a basic reference on convergence theory, see [9]. Given a relation
& between filters on X and elements of X, we write x € lim¢ 7 whenever
(F,z) € & and say that = is a £-limit point of F. If A C X let (A)
be the principal filter generated by A. We abbreviate ({z}) by (z). A
convergence space is a set X paired with a relation £ between filters on X
and points of X satisfying
(1) z € limg(z), and
(2) if F € G and z € lim¢ F, then z € lim¢ G.
The relation € is called a convergence on X. Notice that, thanks to (1),
the set X is equal to the range of the relation £&. Therefore, the underlying
set is determined by the convergence.
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Clearly, a topological space (X, 7) paired with the usual topological
notion of convergence in which z € lim, F if and only if NV (z) C F
is an example of a convergence space. Since topological convergence is
determined by the topology 7, we will abuse notation and use the symbol
7 for both the family of open subsets of X and the convergence determined
by 7. The class of convergence structures on a set X can be given a
lattice structure. We say that o is coarser than &, written o < £ if
lim, F D limg F for each filter 7 on X. In this case we also say that & is
finer than o.

Example 3.1. Throughout this paper, if X is a topological space, let 6
be the convergence on X defined by x € limgy F if and only if cl, U € F for
each U € N (). If there is any possibility for confusion, we will write 6.
This type of convergence was studied extensively under the name “almost
convergence” in [5]. We will frequently come back to this example of a
convergence space.

Two filters F and G meet if F NG # @ for each F € F and G € G,
in which case we write F#G. Given a filter F on a convergence space
(X, &), the adherence of F is defined to be

adhe F = | J{lim¢ G : G#F}.

For A C X, we write adhg A to abbreviate adhg(A). We will also define
the inherence of a set A by

inhe A = X \ adh¢ (X \ A).

These two concepts will function as versions of topological closure and
interior generalized to convergence spaces.

A convergence £ is Hausdorff if every filter has at most one limit point.

Topological spaces are now seen as a particular instance of convergence
spaces. In fact, if (X, 7) is a topological space, then adh, A = cl, A for
any A C X and adh, F = pczcl; F. Two other important classes of
convergences are pseudotopologies and pretopologies. If F is a filter on X,
let BF denote the set of all ultrafilters on X containing F. A convergence
¢ is a pseudotopology if lime F O ({lime U : U € SF}. In [10], Herrlich,
Lowen-Colebunders and Schwatz discuss the categorical advantages of
working in the category of pseudotopological spaces. We will discuss the
usefulness of working with pretopological spaces to characterize H-closed
space and H-sets in the next subsection.

A convergence space (X, §) is compact if every filter on X has nonempty
adherence. The following notions of compactness for filters will allow us
to get at compactness of subspaces.
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Definition 3.2. Let (X, &) be a convergence space, F a filter on X and
A C X. We say that F is compact at A if whenever G is a filter on X and
G#F, adhe GN A # @. In particular, a filter F is relatively compact if it
is compact at X.

If B is a family of subsets of X, then F is compact at B if whenever
G#F, adhe G#B. A filter is compact if F is compact at itself.

Using this definition, A C X is compact if whenever G is a filter on X
which meets A, we have that adhs GN A # @. Notice that for topological
spaces this also characterizes the compact subspaces.

Let (X,€) and (Y, 0) be convergence spaces. A function f : (X,§) —
(Y, 0) is continuous if f[lim¢ F] C lim, f(F) for each filter F on X, where
f(F) is the filter generated by {f[F]: F € F}. Notice that if X and YV’
are topological spaces, then f : X — Y is #-continuous if and only if
f:(X,0x) — (Y,0y) is continuous in the sense of convergence spaces.

Given A C X and a convergence £ on X, we can define the subcon-
vergence on A as follows: If F is a filter on A, let (F) be the filter on
X generated by F. Define limg, 7 = lim¢(F) N A. This is also the
initial convergence of A generated by the inclusion map i : A — (X,§);
that is, the coarsest convergence making the inclusion map continuous.
Thus, A is a compact subset of (X, ) is equivlent to (A,&|4) is a compact
convergence space.

3.1. Pretopologies, H-closed Spaces and H-sets. For each z € X,
the vicinity filter at = is defined

Ve(z) = [{F : z € lim¢ F}.

If AC X, then

Ve(A)={V C X :ACinh,V}.
A convergence £ on X is a pretopology if x € limg Ve(x) for each z € X.
We take a moment to gather several well-known facts and definitions
pertaining to pretopological spaces here:

Proposition 3.3. If (X, ) is a pretopological space, then the adherence
operator satisfies each of the following
(1) adh, @ = &,
(2) A Cadh, A for each A C X,
(3) adh,(AU B) = adh, AUadh, B for any A,B C X.
Additionally, U € V() if and only if x € inh, U and x € adh, F if
and only if Va(x)#F.

In particular, this proposition shows that the closure spaces of [3] and
pretopological spaces as defined above are equivalent.
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Proposition 3.4. If (X, x) is a pretopological space, then X is Hausdorff
if and only if whenever x1, 9 € X and x1 # xa, there exists U; € V()
(i=1,2) such that Uy NU = @.

Proposition 3.5. Let f: (X, 7) — (Y,0). The following are equivalent

(1) f is continuous

(2) fladh, F] C adh, f(F) for each filter F on X

(3) fladh, A] C adh, f[A] for each A C X

(4) f* [inh, B] C inh, f[B] for each BCY

(5) For each x € X, if V € V,(f(x)), there exists U € V(x) such

that flU] C V.

Definition 3.6. A collection C of subsets of a pretopological space (X, 7)
is a mw-cover (or simply cover if there is no possible confusion) if for each
z € X, CNVy(x) # @. For A C X, we say that C is a cover of A if for
eachz € A, CNV,;(x) # @.

Proposition 3.7. Let (X, 7) be a pretopological space, F a filter on X
and A C X. Then F is compact at A if and only if whenever C is a -
cover of A, there exists F € F and C1, ...,C,, € C such that F C |J_, C;.

The notion of covers has been studied before (see, for example, [9]) and
it is well known that this definition of a pretopological cover is a specific
case of the more general notion for convergence spaces. For pretopological
spaces — and more generally for convergence spaces — the characterization
of compact in terms of covers in Proposition 3.7 is weaker than the notion
of cover-compactness found in Definition 3.13. These characterizations
coincide for topological spaces.

For an example of a pretopology which is not in general a topology, we
return to Example 3.1. In this case, (X, 0) is a pretopological space and
Vo(x) is the filter generated by {cl, U : U € N;(X)}. For A C X, adhy A
is the well-known 6-closure. Explicitly,

zeadhy A V(U e N (X))c, UNA#@.

To see why this convergence is not in general a topology, we make use of
Proposition 22 from [9].

Proposition 3.8. Let (X, ) be a convergence space. If £ is a topology,
then the adherence operator adhg is idempotent on subsets of X.

Now let X be the topological space defined in Example 2.3 equipped
with the pretopology 6 described in Example 3.1. Consider the following
subset B of X :

B={(n,m) eNxZ:neN,m>0}.
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Then
adhy B= BU{(n,0) e NxZ:n € N}U{+oo}.
However,
adhg adhg B = adhy BU {—o0}

and by Proposition 3.8, (X, ) is not a topological space.

We can now characterize both H-closed spaces and H-sets in the terms
of the pretopological convergence . The following theorem is well-known.
The first part is due to Velicko [17] and the second can be found in [5].

Theorem 3.9. Let X be a Hausdorff topological space and A C X. Then

(1) X is H-closed if and only if adhg F # @ for every filter F on X.
(2) A is an H-set in X if and only if adhy F N A # & for each filter
F which meets A.

We can restate Theorem 3.9 using Definition 3.2. The following then
characterizes both H-closed spaces and H-sets as pretopological notions.

Theorem 3.10. Let X be a Hausdorff topological space and A C X.
(1) X 4s H-closed if and only if (X,0x) is a compact pretopological
space.
(2) Ais an H-setin X if and only if A is a compact subset of (X,0x).

Just as immediate, but perhaps more interesting, is the case of H-sets
in Urysohn spaces. Recall that a topological space X is Urysohn if distinct
points have disjoint closed neighborhoods. For every Hausdorff space X,
there exists an extremally disconnected, Tychonoff space EX, called the
absolute of X, and a perfect, irreducible, #-continuous map kx : EX —
X. Explicitly, the space EX has as its points the open ultrafilters on X
and for an open ultrafilter U, kx (U) is the unique adherent point of U in
X. Moreover, the absolute of X is unique in a sense. For a full treatment
of absolutes, see [15]. The following theorem is due to Vermeer [18] and
makes use of this construction.

Theorem 3.11. Let X be H-closed and Urysohn and let A C X. Then
A is an H-set if and only if k%, [A] is a compact subset of EX.

In the same paper, Vermeer gives an example of an H-closed non-
Urysohn space X which has an H-set which is not the image under kx of
any compact subspace of EX. A more general phrasing of the above theo-
rem of Vermeer is that if A is an H-set in an H-closed Urysohn space, then
there exists a compact Hausdorff topological space K and a 6-continuous
function f : K — X such that f[K] = A. Vermeer then asked if this was
true for an H-set in any Hausdorff topological space; i.e. if X is a Haus-
dorff topological space and A is an H-set in X, does there exist a compact,
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Hausdorff topological space K and a #-continuous function f : K — X
such that f[K] = A? The answer, it turns out, is no. This was shown
first by Bella and Yaschenko in [2]. Later, in [13], McNeill showed that it
is in addition possible to construct a Urysohn space containing an H-set
which is not the #-continuous image of a compact, Hausdorff topological
space. This makes the following observation interesting.

Theorem 3.12. Let X be a Urysohn topological space. Then A is an
H-set if and only if (A,0]4) is a compact, Hausdorff pretopological space,
where 0] 4 is the subconvergence on A inherited from (X, 0). In particular,
if X is a Urysohn topological space and A C X is an H-set, then there
exists a compact, Hausdorff pretopological space (K, ) and a continuous
function f: (K,7) — (X,0) such that f[K] = A.

The question remains — if X is a Hausdorff topological space and A is
an H-set in X, is there a compact, Hausdorff pretopological space (K, )
and a continuous function f : (K, n) — (X, ) such that f[K] = A? More
broadly, is there a pretopological version of the absolute?

3.2. Perfect Maps. Much of the following can be seen as generalizing
the results of [5] to pretopological spaces. Throughout this subsection,
let (X,7) and (Y, o) be pretopological spaces. The results below will be
used in the construction of the #-quotient convergence in Section 4.

Definition 3.13. A function f : (X,7) — (Y,0) is perfect if f<(F) is
compact at [ (y) whenever y € lim, F.

In the case of topological spaces, this definition was shown by Why-
burn [20] to be equivalent to the usual definition of a perfect function for
topological spaces; that is, a function which is closed and has compact
fibers.

Proposition 3.14. A function f : (X,7) = (Y, 0) is perfect if and only
if f(adh, F) D adh, f(F) for each filter F on X.

Proof. Suppose that f is perfect. Let F be a filter on X and let y €
adh, f(F). By way of contradiction, suppose that f< (y) Nadh, F = &.
Since o is a pretopology, y € lim, V,(y) and since f is perfect, it follows
that f< (V,(y)) is compact at f< (y). Since y € adh, f(F), Vo (y)#f(F).
It follows that f< (V,(y))#F. Thus, it must be that adh, FNf< (y) # 2,
a contradiction. Hence, y € f(adh, F).

Conversely, suppose F is a filter on Y and y € lim, F. Let G be a filter
on X such that G#f<(F). Then f(G)#F. Since y € lim, F, it follows
that y € adh, f(G) C fladh, G]. So, we can find = € adh, G such that
f(z) = y. In other words, adh, G N f< (y) # &, and f<(F) is compact
at f<(y). O
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To get a similar characterization to that of perfect functions between
topological spaces for perfect functions between pretopological spaces we
need the concept of cover-compact sets, a strengthening of compact sets.
This characterization can be found in [6], but we feel it is worthwhile to
lay out the details in this less technical setting.

Definition 3.15. Let (X, 7) be a pretopological space and A C X. Then
A is cover-compact if whenever C is a cover of A, there exist C1,...,C, € C
such that A C inh, (_, C;).

Proposition 3.16. Let (X, ) be a pretopological space and A C X. The
following are equivalent,

(1) For any filter F on X, adh, F N A = @& implies that there exists
some F' € F such that adh, FNA =g,

(2) A is cover-compact,

(3) adh, FNA = & implies there exists V C X and F € F such that
ACinh,V and VN F =@ for any filter F on X.

Proof. Suppose that A is cover-compact and let C be a cover of A.
Suppose that no finite subcollection exists as needed. Then F =
{X\(C1U..UCy,) : C; € C,i € N} is a filterbase on X. Note that
adh, 7 € X \ Ugeeinhy C and as such adh, FN A = @. Since A is
cover-compact, we can find F € F such that adh, F N A = &. How-
ever, F = X\ (Ci U ..UC(C,) for some Ci,...,C, € C, so we have that
A Cinh,(CyU...UC,), a contradiction.

Suppose that F is a filter on X and adh, F N A = &. Then, for
each x € A, fix V, € V;(x) and F, € F such that V, N F, = &. Then
{V, : x € A} is a cover of A. By assumption, we can choose z1, ...,z, € A
such that A C inh, (U, V,). Therefore, V = |J;_, Vs, € Vx(A) and
VN(Fy,N..NF, )=. Since F,, N... N F, € F, we have shown that
(c) holds.

Lastly, let F be a filter on X such that adh, FNA = @. By assumption,
we can find V € V;(A4) and F € F such that VN F = &. For each z € A,
V € Vq(x), so z ¢ adh, F. Tt follows immediately that A Nadh, F #
. O

It is useful to note that if A C X is cover-compact, then adh, A = A.

Theorem 3.17. Let [ : (X,7) = (Y,0) be a map between pretopological
spaces satisfying (a) fladh, A] 2 adh, f[A] for any A C X and (b) f< (y)
is cover-compact for each y € Y. Then f is perfect.

Proof. Let F be a filter on Y which o-converges to some y € Y. Let G
be a filter on X which meets f<(F). Then f(G) meets F. Since y €
lim, F, F is compact at y. Therefore, y € adh, f(G) = (Ngeg adh, f[G].
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By assumption (a), for each G € G, fladh, G] 2 adh, f[G]. Therefore,
adh, GN f<(y) # & for each G € G. By assumption (b), f< (y) is cover-
compact, so adh, G N f< (y) # @. In other words, f* (F) is compact at
f5(y) and f is perfect. O

Theorem 3.18. Let f: (X,7) — (Y, 0) be perfect and continuous. Then
f satisfies (a) and (b) of 3.17.

Proof. By Proposition 3.5(3) and Proposition 3.14, fadh, A] = adh, f[A]
for each A C X. Thus, a property stronger than (a) holds. To see that (b)
holds, fix y € Y and let F be a filter on X such that adh, FNf< (y) = &.
By Proposition 3.14, y ¢ fladh, F] D adh, f(F). Thus, we can find
V € Vo(y) and F € F such that V N f(F) = @. It follows that
fEIVINF = @. Since f is a continuous function, for each z € f* (y), fix
Uy € Vr(z) such that f[U,] € V. Then U, ¢,y Us © fT[V] and thus
Usepe(y Us NF = @. So, adhr F'N < (y) = &, as needed. O

Corollary 3.19. A continuous function f : (X,7) — (Y, 0) is perfect if
and only if it satisfies (a) and (b) of 3.17.

4. PHC SPACES

In this section we will define a variation of H-closed spaces for pretopo-
logical spaces. After establishing some basic facts about the so-called PHC
spaces, we will describe a method for constructing PHC pretopologies and
PHC extensions.

The following definition appears in [7].

Definition 4.1. Let (X, ) be a pretopological space. The partial reg-
ularization rm of 7 is the pretopology determined by the vicinity filters
Vir(z) = {adh, U : U € V;(2)}.

Notice that if (X,7) is a topological space, then r7 is the usual 6-
convergence on X. Thus, a Hausdorfl topological space (X, 7) is H-closed
if and only if (X, r7) is compact. This inspires the following definition,
aiming to generalize the notion of H-closed spaces to pretopological spaces.

Definition 4.2. Let (X,7) be a Hausdorff pretopological space. The
pretopology 7 is PHC (pretopologically H-closed) if (X,rm) is compact.
Without the assumption of Hausdorff, we will use the term quasi PHC.
For n € Nand A C X, let inh] A be the nt® iteration of the inherence
operator on A. Given a filter F on a pretopological space (X, 7) let
inF ={F :inh, F € F}.

Inductively, define
inF ={H :inh] H € F},
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and finally
“F =) irF.
neN
We use the convention i2F = F and iLF = i,F. Notice then that
it F =i (i27'F) for each n € N.

s

Lemma 4.3. Let (X, 7) be a pretopological space and let F be a filter on
X such that i, F = F. Then adh, F = adh,.. F.

Proof. To begin, since rm < 7, adh, F C adh,, F. Now, z ¢ adh, F if
and only if we can find F' € F and U € V,(z) such that UNF = @.
Since UNF = &, if y € inh,; F, then y ¢ adh,U. In other words,
adh, U Ninh, I = @&. Since F = i, F, inh, F € F and by definition
z ¢ adh,, F, as needed. O

Lemma 4.4. Let (X, 7) be a pretopological space and let F be a filter on
X. Then adh,., i»F = adh, i"T*F for each n € N.

Proof. We begin by showing the lemma holds for n = 0. Recall that
i F = F. Suppose that z ¢ adh,, F. Then there exists U € V,(z) and
there exists F' € F such that adh, UNF = @. So, F C X \ adh,U =
inh, (X \U). By definition, it follows that X \U € i F. Since UNX\U =
@, we have that « ¢ adh, i, F. Conversely, if © ¢ adh, i,F, then there
exists U € Vy(x) and F € i, F such that UNF = @. As we have seen
before, it follows that adh, U Ninh, FF = &. Since F € i, F, we know
that inh, F' € F. It follows that « ¢ adh,, F, as needed.

The remainder of the lemma follows easily by setting F = i*F, in
which case i, F = i1 F. O

Definition 4.5. A filter F on a pretopological space is inherent if inh,, F' #
@ for each F' € F. If U is maximal with respect to the property of being
inherent, we say that U is an inherent ultrafilter.

Theorem 4.6. For a Hausdorff pretopological space (X, ), the following
are equivalent.
(1) X is PHC
(2) whenever C is a w-cover of X, there exists C1,...,C,, € C such
that X = J, adh, C;
(3) each inherent filter F on X has nonempty adherence
(4) adh, i F # @& for each filter F on X.

Proof. Let C be a w-cover of X. Without loss of generality, assume that
C ={U; : € X} where each U, € V;(x). Suppose no such finite
subcollection exists. Then A = {X \ adh, U, : # € X} has the finite
intersection property. Let F be the filter generated by A. For each
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z € X, x € inh,; adh, U if and only if there exists V' € V;(x) such that
adh, V C adh, U. Therefore, for each x € X, x € inh,., adh, U,. Thus,
adh,r F = X \ U,cx inh,r adh; U, = @, a contradiction.

Next, let F be a filter on X such that inh, F' # @& for each F € F.
Suppose that adh, F = @. Then C = {X \ F': F € F} is a 7-cover of X.
By assumption, there exist Fi,..., F,, € F such that adh,(X \ F; U...U
X\ F,) =X \inh(F1N..NFE,) =X. However, F1 N...NF, € F and
thus by assumption F; N...N F,, has nonempty inherence, a contradiction.

Let F be a filter on X. Notice that i, F is a filter on X such that
inh, F' # & for each F' € i F. Then by assumption, adh, i, F # &.

Let F be a filter on X. Then adh,. F = adh, i, F # @ by Lemma
4.4. Thus, we have shown that (X,rnr) is compact and the theorem is
proven. O

4.1. f-quotient Convergence. Let (X,7) be a compact Hausdorff
pretopological space, ¥ a set and f : (X,n) — Y a surjection such
that f<(y) is cover-compact for each y € Y. For A C X, let f#[A] =
{y € Y : f=(y) C A}. Define the 0-quotient convergence f#m on Y
as follows: a filter F on Y f#m-converges to y if and only if f< (F) is
compact at f< (y).

Lemma 4.7. Let F be a filter on Y. Then y € limgs,F if and only if
FEF) 2V ().

Proof. Suppose that f< (F) is compact at f* (y). Then whenever C is a
cover of f< (y), there exists F € F and (4, ...,C,, € C such that f<[F] C
Ui, Ci. Let V € V. (f* (y)). By definition, f*(y) C inh, V. In other
words, {V'} is a one-element cover of f<(y). Thus, V € f<(F), as
needed.

Conversely, let C be a cover of f< (y). Since f* (y) is cover-compact, we
can find Cy, ..., C,, € C such that < (y) C inh, (U, Ci). By definition,
C=U",Ci € Va(f“(y)). Thus, C € f*(F) and there exists F € F
such that f<[F] C Ui, C; and f* (F) is compact at f< (y). O

Lemma 4.8. Let (X,7) be a Hausdorff pretopology. If A,B C X are
disjoint cover-compact subsets of X, then there exist disjoint vicinities
UeV,(A),V eV.(B).

Proof. First we show this holds for B = {z}. For each z € A, choose dis-
joint U, € V;(z) and V,, € V(). Since A is cover-compact, we can choose
21, .., 2n € A such that A C inh, (U]_, U.,). Thus, U = J;_, U, €
Ve(A). Also, V.=, V., € Ve(z) and UNV = @. It is a straight-
forward exercise to now show this holds for disjoint cover-compact sets,
A and B. O
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Proposition 4.9. (Y, f#n) is a Hausdorff pretopology. Furthermore, for
eachy €Y,

Virn(y) = (LFFIWV] W € Vo (FW)).

Proof. We first show that f#r is indeed a pretopology. Notice that for
yey,

(WF:y€limps, F} = ({F: V €Va(f (y) implies f#[V] € F}.

It follows that V4 (y) is the filter generated by {f#[U] : U € V.(f* (y))}.
For any A C X, f<[f#[A]] C A. It follows easily that [~ (Vi#,(y)) 2
Vr(f“(y)). By Lemma 4.7, then, y € lim 4, Vj#.(y) and f#7 is a pre-
topology with the stated vicinity filters.

Now, if y1 # y2, by Lemma 4.8, for ¢ = 1,2, we can find U; €
Vi (f< (yi)) such that UyNUy = @. Tt is immediate that f#[Uy]Nf#[Us] =
@ and f#r is Hausdorff. O

Definition 4.10. Let (X, 7) and (Y, o) be pretopological spaces. A func-
tion f: (X,7m) = (Y,0) is strongly irreducible if there exists y € Y such
that f< (y) CUNV for any subsets U and V of X with nonempty inher-
ence such that UNV # @.

The function f is weakly 0-continuous (wh-continuous for short) if
f:(X,m) — (Y,ro) is continuous.

Theorem 4.11. If (X, n) is a compact, Hausdorff pretopological space,
[ (X,m) =Y a strongly irreducible surjection such that f* (y) is cover-
compact for each y € Y and f#m is the O-quotient pretopology on'Y , then
(X, 7m) = (Y, f#7) is wh-continuous and (Y, f# ) is a PHC Hausdorff
pretopological space.

Proof. For v € X, let V. € Vs (f(x)). Without loss of generality, we
can assume that V = f#[W] for some W € V(< (f(z))). Note that in
this case z € inh, W. Supose that w € W and f(w) € f#[U] for some
U e Vo (f(f(w))). Notice that w € WNU, so WNU # @. Since
f is strongly irreducible, we can find y € f#[U] N f#[W]. Therefore,
f(w) € adh, f#[W]. In particular, f[W] C adh, f#[W] and f is wo-
continuous.

Since the continuous image of a compact space is again compact,
(Y,rf#n) is compact and by definition (Y, f#r) is PHC. O

4.2. PHC Extensions of X. Let (X, 7) be a pretopological space. By
an extension of 7, we mean a convergence £ on a set Y such that (X, )
is a subspace of (Y,¢) and adhg X = Y. There is an ordering on the
family extensions of X. If £ and ( are extensions of w, we say that &
is projectively larger than (, written £ >, ( if there exists a continuous
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map f : (Y,§) — (Z,¢) which fixes the points of X. In the comment
following the definition of a convergence, we noted that the underlying
set of a convergence space is determined by the convergence itself. For
coherence of notation, when discussing extensions of convergence spaces
we will often refer to the convergence without reference to the underlying
set. This is not a problem thanks to the aforementioned comment.

We borrow from topology the concepts of strict and simple extensions.
If ¢ is an extension of 7, we define ¢t a new extension of 7 on the same
underlying set as £. Forp e Y,

Ver (p) = ({{p} UU : 3W € Ve(p). W N X = U}).

If £ = €T, then we say £ is a simple extension of .
In a similar way, we define £#, an extension of 7 on the same set as Y.
IfACX, let

oA={peY  :IW € Ve(p), WNX = A}.

If p € Y, then Vex (p) is the filter generated by {0A : 3V € Ve(p),VNX =
AL, If € = €7 then we sy that € is a strict extension of .

Lemma 4.12. If ¢ is an extension of 7, then &% < & < €+,

Proof. In both cases it is straight-forward to check that the identity map
is continuous and fixes X. |

Proposition 4.13. Suppose that (X,m) is a Hausdorff pretopological
space and & is a pretopology and a compactification of w. Then £T is
PHC.

Proof. Recall that by compactification, we mean a compact extension.
Fixp € Y and let {p}UU € Ve+(p). Then adhe+ ({p}UU) = oUUadh, U.
So, in the partial regularization of £T, the vicinity filters are generated by
sets of the form oU U adh, U for U C X. In particular, this shows that
Vret+ (p) € Vex (p) for each p € Y. Since €7 is a coarser pretopology than
&, it follows that the partial regularization of £ is coarser than £. Since
(Y, €) is compact, so is (Y, r£T) and by definition, £* is PHC. O

For any Hausdorff convergence space (X, o), Richardson [16] constructs
a compact, Hausdorfl convergence space (X*,0*) in which X is densely
embedded. It should be noted that Richardson’s definition of a conver-
gence includes the following third axiom in addition to the two in our
definition:

(R) If z € lim, F, then z € lim,({z) N F).
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We will make use of assumption (R) in Theorem 4.16. Note that if
o is a pretopology, then o already satisfies (R). If o is a pretopology,
then so is o*. It is said that (X, &) is regular if = € lim¢ F implies that
x € limg{adhe F' : F € F}. Richardson [16] proves the following:

Theorem 4.14. If (X,0) is a Hausdorff convergence space, (Y,§) is a
compact, Hausdorff, regular convergence space and f : (X,o0) — (Y,§) is
continuous, then there exists a unique continuous map F : (X*,0*) —
(Y, &) extending f.

We seek to circumvent the assumption of regularity on (Y,¢). For a
Hausdorff pretopological space (X,7), let (k. X, sm) = (X*, (7*)T). By
the above proposition, k7 is PHC. Additionally, x7 has the following
property.

Theorem 4.15. Let (X, m) and (Y, ) be Hausdorff pretopological spaces
spaces. If [ :(X,0) = (Y,€) is continuous, then there exists a continuous
function F : (kz X, k1) = (keY, KE) which extends f.

Proof. For each free ultrafilter i on X, f(U) is an ultrafilter on Y. Define
F(U) as follows:

o If y € lim¢ f(U) for some y € Y, let F(U) =y.
o If f(U) is free in (Y,&), let F(U) = f(U).

We show that F' is continuous. Since f is continuous, if z € X and
F(z) € Vir(f(z)) = (Va(f(z))), then we can find U € V,(z) such that
flU] € V. Suppose U € kX \ X. If FU) € Y, let V € V. (F(UU)).
Since y € limg f(U), V € f(U). Therefore, for some U € U, f(U) C V.
It follows that F[{{} UU] C V. Lastly, suppose that F(U) € kY \'Y
and fix V € F(U) = f(U). Then for some U € U, f[U] C V. So,
FH{U}UU] C{FU{)} UV and F is continuous. O

The pretopological space x,X is a variation on the Katétov extension
of a topological space. However, the corresponding version of Theorem
4.15 does not hold for topological spaces. What we mean to say is that
it is possible to find topological spaces X and Y and a continuous func-
tion f : X — Y which does not extend to the (topological) Katétov
extensions of X and Y. See 5A in [15] for an example. Thus, Theorem
4.15 is surprising in much the same way as Theorem 3.12 and shows the
value of broadening our perspective to include pretopological spaces when
considering problems usually thought of as topological.

In [12], it is shown that a convergence ¢ has a projective maximum
compactification if and only if £ has only finitely many free ultrafilters.
In contrast with this, we have the following facts:
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Theorem 4.16. If (X,7) is a Hausdorff pretopological space, (Y,§) is
a compact Hausdorff convergence space satisfying (R) and f : (X, 7) —
(Y, &) is continuous, then there exists a continuous map F : (k. X, kT) —
(Y, &) extending f.

Proof. We define F : (k:X,km) — (Y, ) as we did in the proof of Theo-
rem 4.15. However since (Y, &) is compact, for each free ultrafilter & on
X, there exists y; € Y such that y,, € lim¢ f(U). Let F(U) = yy. Since
7 is a pretopology, to show that F' is continuous it is enough to show that
for each p € kX, F(p) € limg F(Vir (p)).

If z € X, then F(Vir(2)) 2 F(Vz(z)) = f(Vx(x)). Since f is continu-
ous by assumption, we have that F(z) € lim¢ F(Vir(2)).

IfU € K, X\ X, then F(Vr(U)) = ({F(U) U F[H] : H € U})
(FU)) N f(U). By construction, F(U) € lime f(U) and thus by (R
F(U) € limg F(V.r(U)), as needed.

~—

)

O

Corollary 4.17. If (X, ) is a pretopological space, then km >, & for any
Hausdorff compactification & of w.
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