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ATOMIC MAPS AND T7-CLOSED SETS

SERGIO MACIAS

In Memoriam Ms. Isabel Caravaca

ABsTrACT. We give a partial answer to a question by David P.
Bellamy, Leobardo Fernandez, and Sergio Macias by showing that if
f: X — Y is an atomic map between continua, then the cardinality
of the T-closed sets of X is equal to the cardinality of the 7T-
closed sets of Y. We present an example showing that the converse
implication is not true.

1. INTRODUCTION

T-closed sets have been considered by several authors (see for example
[2] and [8]), the first study of the properties of this type of sets is in
[1]. We present a partial answer to [1, Question 3.18] by showing that
if f: X — Y is an atomic map between continua, then the cardinality
of the T-closed sets of X is equal to the cardinality of the 7-closed sets
of Y (Theorem 3.6). We present an example showing that the converse
implication is not true (Example 3.7). We also extend [1, Theorem 4.12]
to atomic maps between continua (Corollary 3.8).

2. DEFINITIONS

If Z is a metric space, then given a subset A of Z, the interior of A
is denoted by Intz(A) and the boundary of A is denoted by Bdz(A). A
map is a continuous function.

A continuum is a compact, connected, metric space. A continuum
is decomposable if it is the union of two of its proper subcontinua. A

2010 Mathematics Subject Classification. Primary 54B20; 54C60.
Key words and phrases. atomic map, continuum, monotone map, set function 7,
T-closed set.
(©2016 Topology Proceedings.
97



98 S. MACIAS

continuum is indecomposable if it is not decomposable. A subcontinuum
K of a continuum X is terminal if, for each subcontinuum L of X such
that L N K # @), we have that either L ¢ K or K C L. A continuum X is
aposyndetic provided that, for each pair of points x; and xo of X, there
exists a subcontinuum W of X such that z1 € Intx (W) C W C X\ {z2}.

Given a continuum X, we define the set function 7 as follows: if A is
a subset of X, then

T(A) = X\ {z € X | there exists a subcontinuum W of X such that

x€Intx(W)CcW c X\ A}
We write Ty if there is a possibility of confusion. Let us observe that, for
any subset A of X, T(A) is a closed subset of X and A C T(A).

Given a continuum X, a subset A of X is a T -closed set provided that
T(A) = A. We denote the family of T-closed sets of a continuum X by
T(X). Note that X € T(X). For properties of T-closed sets see [1].

A surjective map f: Z —» Y between continua is monotone provided
that f~1(C) is connected for every connected subset C' of Y. The surjec-
tive map f is atomic if for each subcontinuum K of Z such that f(K) is
nondegenerate, then K = f=1(f(C)).

3. AToMIic MAPS

We present a partial answer to [1, Question 3.18] by showing that if
f: X — Y is an atomic map between continua, then |T(X)| = |T(Y)]
(Theorem 3.6). We present an example of a monotone map between
decomposable continua X and Y, that is not atomic, such that |T(X)| =
|T(Y)| (Example 3.7). We also extend [1, Theorem 4.12] to atomic maps
between continua (Corollary 3.8).

Lemma 3.1. Let X be a continuum. If W is a proper terminal subcon-
tinuum of X, then Intx (W) = 0.

Proof. Suppose W is a proper terminal subcontinuum of X and
Intx (W) # (. Note that Bdx(Intx(W)) C W. Let x € X \ W and
let C' be the component of X \ Intx (W) containing x. By [7, Theorem
5.4], C N Bdx(Intx(W)) # 0. Hence, CNW # () and C \ W # (). Since
W is a terminal subcontinuum of X, W C C, a contradiction to the fact
that C' N Intx (W) = (). Therefore, Intx (W) = (. O

Lemma 3.2. Let X and Y be continua and let f: X — Y be an atomic
map. Then for every x € X, f~1(f(z)) € Tx({z}).

Proof. Let ©* € X and let z € X \ Tx({z}). Then there exists a sub-
continuum W of X such that z € Intx(W) ¢ W C X \ {x}. Since
f~1(f(z)) is a terminal subcontinuum of X [6, (1.2)], by Lemma 3.1, we
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have that f~(f(x))NW = (. In particular, z € X\ f~1(f(z)). Therefore,
FHf @) € Tx({=}). O

Since atomic maps are monotone |5, (3.7)], we have the following as a
consequence of Lemma 3.2 and [4, Lemma 3.2].

Corollary 3.3. Let X and Y be continua, where Y 1is aposyndetic, and
let f: X = Y be an atomic map. Then, for every x € X, Tx({z}) =

FH(f (@)

Lemma 3.4. Let X and Y be continua and let f: X — Y be an atomic
map. If A€ T(X), then A= f~L(f(A)).

Proof. Let A € T(X). We know that A C f=1(f(A)). Let z € f~1(f(A)).
There exists a € A such that f(a) = f(z). Thus, by Lemma 3.2, €
F1(f(a)) C Tx({a}) C T(A) = A. Therefore, A = f~1(f(A)). O

Theorem 3.5. Let X andY be continua and let f: X — Y be an atomic
map. If A € T(X), then f(A) € T(Y).

Proof. Let A € T(X). By [3, Theorem 3.1.64(a)], we have that Ty (f(A)) C
fTxf'(f(A)). By Lemma 3.4, A = f~1(f(A)). Thus, we obtain that
Ty (f(A) € fTx(A) = f(A). Hence, Ty (f(A)) = f(A). Therefore,
f(A) € Z(Y). O

The following theorem gives a partial answer to [1, Question 3.18].

Theorem 3.6. Let X andY be continua and let f: X —» Y be an atomic
map. Then |T(X)| =|T(Y)].

Proof. Note that atomic maps are monotone [5, (3.7)]. Also observe that
by Theorem 3.5, we have that |T(X)| < |Z(Y)|. By [1, Corollary 3.17],
we know that |T(X)| > |T(Y)|. Therefore, |T(X)| = |Z(Y)|. O

The following example shows that there exist monotone maps, that are
not atomic, between decomposable continua with the same cardinality of
T-closed sets.

Example 3.7. Let Z be the Knaster indecomposable continuum [3, Ex-
ample 2.4.7], let X be the union of three copies of Z glued by their end-
points, and let Y be two copies of Z also glued by their endpoints. Let v
be the common point of the two copies of Z in Y. Let f: X — Y be the
map that sends two of the copies of Z in X homeomorphically to the two
copies of Z in Y and sends the third copy of Z in X to {v}. Then f is a
monotone map, f is not an atomic map, and |T(X)| = |T(Y)| = 1.

The next corollary extends [1, Theorem 4.12] to atomic maps between
continua.
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Corollary 3.8. Let X and Y be continua, let f: X — Y be an atomic
map, and let A be a nonempty closed subset of X. Then A € ¥(X) if and
only if there exists a nonempty closed subset B of Y such that B € T(Y)
and A= f~Y(B).

Proof. Assume that A € T(X). By Lemma 3.4, A = f~1(f(A)), and by

Theorem 3.5, f(A) € T(Y). Hence, if B = f(A), we are done.
Suppose that there exists B € T(Y) and A = f~1(B). Since atomic
maps are monotone |5, (3.7)], by [1, Theorem 3.16], A = f~}(B) € T(X).
(|
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