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CONTINUOUS INJECTIONS BETWEEN THE
PRODUCTS OF TWO CONNECTED NOWHERE REAL
LINEARLY ORDERED SPACES

TETSUYA ISHIU

ABsTrRACT. We shall show that if Ko, K1, Lo, and L1 are nowhere
real connected linearly ordered topological spaces and f : Ko X
K1 — LoxLj is a continuous injective function, then f is coordinate-
wise.

1. INTRODUCTION

Let f: Xo x X1 — Yy x Y7 be a function. We say that f is coordinate-
wise if and only if there exist 1 < 2, g9 : X; — Yg,and g1 : X1 - Y1
such that for every (wo, 1) € Xo x X1, f(20,21) = (go(z:), 91(x1-4))-

Many homeomorphisms from R? onto R? are not coordinate-wise. For
example, f(z,y) = (z —y,z +y).

However, K. Eda and R. Kamijo proved the following theorem that this
is not necessarily the case when we replace R by other connected linearly
ordered spaces.

Theorem 1.1 (Eda and Kamijo [1]). Let K be a connected linearly or-
dered space such that, for a dense set of x € K, either cf(x) or ci(zx) is
uncountable. Here, cf(x) denotes the cofinality of x and ci(x) the coini-
tiality of x. Then for every n < w, every homeomorphism f : K™ — K"
s coordinate-wise.

Eda and Kamijo asked if it can be extended to, for example, the cut-
completion of an Aronszajn line. In this article, we shall prove the fol-
lowing theorem that answers this question positively with some other
improvements for the case n = 2.
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Definition 1.2. A linearly ordered space L is nowhere real if and only if
it is uncountable, but no uncountable convex set is separable.

Fact 1.3. For every linearly ordered set K, K is nowhere real if and only
if the closure of any countable subset of K is nowhere dense.

Theorem 1.4. Let Ky, K1, Ly, and L1 be connected nowhere real linearly
ordered spaces. Then every continuous injection [ : Kqg x K1 — Lo X Ly
is coordinate-wise.

Thus, these four connected linearly ordered spaces may or may not be
different, and the function only needs to be a continuous injection, instead
of a homeomorphism.

The proof is done by a set-theoretic argument using countable ele-
mentary submodels. It is quite different from the argument of Eda and
Kamijo, which is much more topological.

We also show this theorem can be extended to the product of any finite
number of connected nowhere real linearly ordered spaces. An article
about this result is now in preparation.

2. CONNECTED LINEARLY ORDERED SPACES

In this section, we shall state known basic facts on connected linearly
ordered spaces. We shall use the standard interval notation for a linearly
ordered set K, such as for a,b € K with a < b,

(a,b) ={zeK:a<z<b}
[a,b] ={zeK:a<x<b}.
Lemma 2.1. Let K be a connected linearly ordered space. For every

non-empty subset A of K, if A has an upper bound in K, then A has the
least upper bound in K.

Proof. Let A C K be a non-empty set that has an upper bound. Suppose
that A does not have the least upper bound. Let U be the set of all upper
bounds of A. Then it is easy to see that U is clopen, and hence K is not
connected, which is a contradiction. O

By using the same argument as the proof to show every bounded subset
of R is compact, we can show the following lemma.

Lemma 2.2. FEvery bounded closed subset of a connected linearly ordered
space s compact.

By using this lemma, we can show the following.

Lemma 2.3. Let K and L be connected linearly ordered spaces and g :
K — L a continuous function. Let a,b € K with a < b. Then there exist
mazimum and minimum values of g on [a,b].
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We can also see the intermediate value theorem for continuous functions
from one connected linearly ordered space to another.

Lemma 2.4. Let K and L be connected linearly ordered spaces, and let
g: K — L be a continuous function. Let a,b € K with a <b. If z € L is
between g(a) and g(b), then there exists ¢ € (a,b) such that g(c) = z.

Proof. Without loss of generality, we may assume g(a) < g(b). Let ¢ =
sup{y € K :a <y AVz € (a,y)(g9(x) < 2)}. Clearly, we have a < ¢ < b.
We shall show that g(c) = z

CrAM. For every z € (a,c), g(z) < z.

F Let « € (a,c). By the definition of ¢, there exists a y € (x,c) such
that, for every 2’ € (a,y), g(2') < z. Since z € (a,y), we have g(x) < 2.
-1 (Claim)

By the claim, it is easy to see g(c¢) < z. Hence, it suffices to show
g(c) > z. Suppose not, i.e., g(c) < z. Then there exists b’ > ¢ such that,
for every x € (¢, V'), g(z) < z. Then for every z € (a,b’), g(x) < z. Thus,
¢ > b, which is a contradiction. a

3. CONTINUOUS FUNCTIONS FROM
ONE LINEARLY ORDERED SPACE TO ANOTHER

Throughout this section, let K and L be any connected linearly ordered
sets, let g : K — L be a continuous function, and let M be a countable
elementary submodel of H(#) with K, L, f € M for some regular cardinal
6 with P(P(K UL)) € H(#). Without loss of generality, we may assume
K and L are disjoint.

Definition 3.1. Let J(K, M) be the set of all z € int(K \ M) such that
inf(KNM) <z <sup(KnNM).
For every z € K, let
n(K,M,z) =sup{yecl(KNM):y<ax},
C(K,M,z)=inf{yecd(KNM):y>ax},
I(K, M, z) = [n(K, M, z),((K,M,z)],
Iing (K, M, x) = (n(K, M, z), (K, M, z)),
C(K7 M7 x) = { n(K7 M7 :I:), C(K7 M7 :I:) }
if they exist. Note that if € J(K, M), then all of them exist. When it
is clear from the context, we omit K and M.
Remark 3.2. We can easily show the following facts.

(1) I(x) is a convex set.
(2) If x € cl(K N M), then n(z) = ((z) =z and I(z) = {x }.
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(3) If x & cl(K N M), then n(z) is either an element of M or a limit
point of K N M from below (i.e., for every 2’ < x, there exists a
y € KN M such that 2/ <y < x).

(4) If x & cl(K N M), then ((z) is either an element of M or a limit
point of K N M from above.

Lemma 3.3. Let x € J(K,M). Then either n(z) € M or {(x) ¢ M.

Proof. Suppose not, i.e., n(z) € M and ((x) € M. By the elementarity
of M, since K is connected, there exists an 2’ € K N M such that n(z) <
x' < ¢(x). This is a contradiction by the definition of n(x) and ¢(z). O

We can prove the following lemma, which means that the maximum
and minimum values of g on I() are attained at endpoints of I(K, M, &).

Lemma 3.4. Let & € J(K,M). Then
max g~ (I(&)) = max g~ (C(2))
min g~ (I(£)) = min g~ (C(z)).
In particular, if g(n(2)) = g(¢(&)), then g is constant on I(&).

Proof. We shall prove it for max as the same proof works for min. Let
v =max g ([(Z)). Suppose v # max g~ (C(X)).

If n(z) € M, let a = n(z). Otherwise, n(z) is a limit point of K N M
from below. So, there exists an a € K N M such that a < n(z) and
for every z € [a,n(z)], g(z) < v. Similarly, if {(x) € M, let b = ((z).
Otherwise, let b € K N M such that b > {(x) and for every = € [((x), ],
g(x) < wv. Then we have a,b € KN M and for every x € [a, ], if g(x) = v,
then n(z) < z < ((z).

Note that v = maxg~([a,b]). Since a,b,g € M, we have v € M.
Since there exists an = € [a, b] such that g(x) = v, by the elementarity
of M, there exists such an z € M. By the previous paragraph, we have
n(z) < x < {(z). By the definition of n(x) and ((z), this implies z ¢ M.
This is a contradiction. ]

Lemma 3.5. Let & € J(K, M) with g(Z) € M. Then g is constant on

1(2).
Proof. Let v = ¢g(£). By Lemma 3.4, it suffices to show that g(n(z)) =
9(¢(2)) = v.

We shall show g(n(#)) = v. Suppose not. If n(Z) € M, let a = n(z).
Otherwise, let a € K N M such that a < n(z) and for every y € [a,n(%)],
g(y) #v. Let z =min{y € K:y>a and g(y) = v }. Then clearly a <
z < & and g(x) = v. Since a € M, by elementarity, z € M. Hence,
x < n(Z). But the definition of a implies g(z) # v. This is a contradiction.

Similarly, we can show g({(%)) = v, and hence g is constant on I(#). O
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Lemma 3.6. Let & € J(K,M). If n(&) ¢ M and g(n(&)) € M, then g
is constant on I(Z). Similarly, if ((£) & M and g({(Z)) € M, then g is
constant on I1().

Proof. Let v = g(n(&)). Suppose that g is not constant on I(#). Then
g(¢(2)) # g(n(@)) = v. If ((&) € M, then let b = ((Z). Otherwise, let
b € KNM such that b > ((&) and for every x € [((Z), ], g(x) # v. Let ¢
be the maximum of all € K such that < b and g(z) = v. Then clearly
we have o < b and g(xp) = v. By the definition of b, we have xy < {(%).
Since g(n(Z)) = v, we have xg > n(&). But by elementarity, we have
xo € M. Since n(Z) ¢ M, we have xo > n(Z). This is a contradiction
since (n(2),¢(2)) N M = 0. O

Lemma 3.7. Let & € J(K, M) be so that g(z) € J(L,M). Then
{9(n(2)),9(C(2)) } = Cg(2)).

Proof. We first prove the following claim.

CLAM. For every x € (n(£),¢(£)), g(x) & M.

I Suppose that there exists an « € ((%), ( (%)) such that g(x) € M. By
Lemma 3.5, g is constant on I(x) = I(%). Hence, g(%) = g(x) € M. This
is a contradiction to ¢(z) € J(L, M). -1 (Claim)

By the claim and Lemma 2.4, we have ¢~ (I(2)) C I(g(Z)). In par-
ticular, g(n(z)) € I(g(z)). Since n(&) € cl(K N M), we have g(n(Z)) €
cl(LN M). Hence, g(n(&)) € (LN M)NI(g(2)) = C(g(&)). Similarly,
we can show ¢(¢(2)) € C(g(2)).

If g(n(2)) = g({(&)), then by Lemma 3.4, g is constant on I(#). Then
9(2) = g(n(z)) € cl(L N M), which is a contradiction to the assumption
9(2) € J(L,M). Thus, g(n(2)) # g(¢(#)). Since |C(g(2))| = 2, this
clearly implies { g(n(2)), g(¢(2)) } = C(g(2)). O

4.f2KOXK1—)L

Throughout this section, we assume that Ky, K, and L are nowhere
real connected linear orders, f : Ko x K1 — L is a continuous function,
and M is a countable elementary submodel of H(6) with Ko, K1,L € M
for a regular cardinal § with P(P(KoU K1 UL)) € H().

Lemma 4.1. Let & € J(Ko, M) and § € cl(K1 N M). Then
max 7 (I(2) x {§}) = max{ f(n(2),9), f(C(2),9) }
min f7(1(2) x {§}) = min{ f(n(2),9), f({(£),9) } -

In particular, x — f(x,9) is constant on I(Z) if and only if f(n(Z),§) =
f(¢(&),9).
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Proof. If § € M, then x — f(x,4) is a function lying in M. So Lemma
3.4 implies the conclusion.

Suppose § is a limit point of K1 N M. Let v = max [~ (I(Z) x {§}).
Suppose f(n(Z),9) < v and f(¢(%),9) < v. Then there exists zo €
(n(£),¢(&)) such that f(z,3) = v. Then there exist vo € L such that
max { f(n(2),9), f({(Z),9) } < wvo < v. Then there exists an open neigh-
borhood U of § such that for every y € U, f(n(£),y) < vo, f(¢(Z),y) < vo,
and f(zo,y) > vo. Let y € UN M. Then by Lemma 3.4, since the map

x = f(x,y) belongs to M, vy < f(x0,y) < maX{f(n(i),y%f(C(i),y) }<
vo. This is a contradiction. O

Lemma 4.2. Let & € J(Ky, M) and let § be a limit point of K1 N M
from above. Suppose that f(&,4) € J(L,M). Then there exists a ¢ € K;
such that ¢ > § and for every y € [§,c], f(n(Z),y) = f(n(&),5) and
f(C(@),y) = f(C(2),9).

Proof. Since |C(f(%,9))] < 2 and f(&,9) € J(L, M), there exists a ¢ €
K7 N M such that ¢ > g such that

17 (@)} < [9, ) N C(f(2,9))]
7 {C@) } x [9,e) N C(f(&,9))]
7@} x1g,¢)) S intI(f(2,9))-

Then there exist v,w € C(f(Z,§)) such that for every y € [g,¢], if
f(#),y) € C(f(Z,9)), then f(n(2),y) = v, andif f(((2),y) € C(f(%,9)),
then f({(Z),y) = w.
Cram 1. Foreveryy € [g, cJ0M, { f(n(2),y), f(C(2),y) } = C(f(%,9)).
F Let y € [§,c]N M. Then we have f(#,y) € int I(f(2,9)) C J(L, M).
Since y € M, the map = — f(=z, y) belongs to M. By Lemma 3.7, we have

{1(@).9), F(C(@),9)} = CI(@,9)). Since f(2,y) € mt(I(f(E,5)). w
have C(f(2,y)) = C(f(2,9))- Thus7

{f(n(2),y), F(C(2),9) } = C(f(2,9)).
(9,

_|

CLAIM 2. For every y € [§,¢] N M, f(n(2),y) =v and f({(Z),y) =

F By Claim 1, both f(n(2),y) and f({(2),y) belong to C(f( ;Q))
the definition of v and w, we have f(n(z),y) = v and f({(Z), y) =
-1 (Claim 2)

CrLamM 3. For every y € [g,c] Ncl(Ky N M), f(n(z),y) = v and
f(C(&),y) = w.

F If y € M, then it is clear from Claim 2. Otherwise, y is a limit
point of K1 N M. By Claim 2, for every y1 € K1NM, f(n(Z),y1) = v and
f(¢(#),y1) = w. Since y is a limit point of K1 N M, we have f(n(&),y) = v
and f(¢(2),y) = w. -1 (Claim 3)

<d>

(Claim 1)

);
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In particular, since § is a limit point of K1 N M, f(n(&),y) = v and
f(C(2),9) = w.

Now we shall show that for every y € [§, ¢], f(n(£),y) = vand f({(),y)
= w. If y € cl(K; N M), then this is clear from Claim 3. Suppose not.
It is easy to see y € J(K1, M). Since n(y),((y) € (K1 N M), we have

f(n(&),n(y)) = f(n(#),{(y)) = v and f(C(2),n(y)) = f({(2),{(y)) = w,
By Lemma 4.1, we have f(n(2),y) = v and f({(2),y) = w. O

Lemma 4.3. Let & € J(Ko, M) and § € cl(K; N M). Suppose that
f(z,9) € J(L,M). Then

{f(n(2),9), F(C(2),9) } = C(f(2,9)).

Proof. First, suppose § € M. Then the map = — f(z,§) is a function
from Ky into L lying in M. The conclusion follows from Lemma 3.7.
Now suppose ¢ is a limit point of K7 N M. Without loss of generality,
we may assume g is a limit point of K1 N M from above. By Lemma
4.2, there exists a ¢ > ¢ such that for every y € [§,¢], f(n(2),y) =
F(1(2),9) and f(C(3),9) = F(C(#),5). Let'y € [§,c] N M such that
f(&,y) € int(I(f(2,9)). Then, since the map = — f(z,y) belongs to M
and f(Z,y) € J(L, M), by Lemma 3.7, we have { f(n(2),y), f({(&),y} =

C(f(#,y)) = C(f(2,9)). Hence, { f(n(2),9), f(¢(2),9) } = C(f(fc,?))é

Lemma 4.4. Let & € J(Ko, M) and g € (K1 NM). If f(n(2),9) € M
and (&) &€ M, then for every x € I(Z), f(z,9) = f(&,9).

Proof. If § € M, then the map x — f(z,§) belongs to M. So, by Lemma
3.6, for every x € I(2), f(z,9) = f(,7).

Now suppose § € M. Since § € cl(K; N M), § is a limit point of
Ky, N M. Without loss of generality, we may assume ¢ is a limit point of
K1 N M from above.

Suppose that there exists an x € I(Z) such that f(x,9) # f(&,9).
Since L is nowhere real, there exists an xzg € I(&) such that f(zo,9) €
J(L,M). By Lemma 4.2, there exists a ¢ > ¢ such that for every y € [g, ¢],
F0r(2), ) = F01#),5) and FC(#),5) = FCE),5). Let y € (5, N M.
Then the map = — f(z,y) belongs to M. Moreover, n(z) ¢ M and

f(n(z),y) € M. By Lemma 3.6, we have f(n(2),y) = f(¢(2),y). Hence,
f(n(%),9) = f(¢(£),4). Then Lemma 4.1 implies for every z € I(Z),
f(zo,9) = f(n(&),9) & J(L,M). This is a contradiction. O

Lemma 4.5. Let & € J(Ko,M) and § € J(K1,M). Let U be an open
subset of L such that f70(I(&) x 1(§)) C U. Then there exist a,b €
KoNM and ¢,d € K1 N M such that a < n(&) < {(Z) < b, ¢ < () <
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¢(9) < d, and for every x € (a,b) and y € (c,d), if f(z,y) € U, then
<xay> € Iznt(a?) X Iznt(g)

Note that for every & € J(Ko, M) and § € J(K1, M), 0(I(z) x I(y)) is
the set of all (z,y) € I(Z) x I(§) such that either z € C(Z) or y € C(§).

Proof. For every (z,y) € O(I(Z) x I(7)), let a(yyy,bz,yy € Ko and let
C<I’y>,d<z7y> € K be so that Azyy < T < b(m,y)7 Clay) <Y < d(m’y>,
and 7 ([az,y), biay)] X [ez,y), dizgp]) S U- Let Ugzy) = (@ ), b)) X
(Clay) diz ) Since O(I(&) x I(y)) is compact, there exists a finite subset
{(xo,y0> Azp_1,yk—1) } of O(I(&) x I(§)) such that 9(I1(Z) x I(g)) C
Uick U<,Jl7yl>. For each | < k, define U = U, s @) = Qay gy, 0] =

blaryi)s €1 = Clayy)> a0d &) = diz; )

CrAIM 1. Noneof {a] |l < k and a] <n(&) },{b; |l < k and b; > ((Z) },
{¢|l<kand ¢ <n(y)},and {d] |l < k and d; > ((y) } is empty.

= Since (n(2),n(4)) € U, U/, there exists an | < k such that
(n(z),n(y)) € U]. Thus, {a; |l <k and a; < n(z) } is non-empty. Simi-
larly, we can show that other three sets are non-empty. = (Claim 1)

CrLAIM 2. There exist a,b € Ko N M and ¢,d € K1 N M such that

max{a; |l <k and a; <n(@)} <a<n(),
¢(2) <b<max{b) |l <kandb >((%)}
max{c) |l <kand ¢ <n(g)} <c<ng),
C(9) <d<max{d]|l<kandd >}
if n(z) € M, then a = n(2),

if ¢(#) € M, then b = ¢{(&),

if n(g) € M, then ¢ = n(y), and

if {(9) € M, then d = {(7).

I We shall only define a. Similar constructions work for b, ¢, and d.
If n(Z) € M, then let a = n(z).

Suppose (%) ¢ M. Then n(z) is a limit point of Ko N M from
below. By Claim 1, {al |l <k and aj <n(z)} is non-empty. Clearly,
max{a; |l <kanda; <n(Z)} < n(&). Since n(&) is a limit point of
Ky N M from below, there exists an a € Kg N M such that

max{a; |l <k and a; < n(Z)} <a<n(z). - (Claim 2)

Cram 3. (a,b) x (¢,d) € (Ling(2) X Lins(9)) U U, Uf-

F Let (x,y) € [a,b] x [¢,d]. Suppose (z,y) & Lnt(2) x Ling(9). It
suffices to show that there exists an [ < k such that (z,y) € U].

We shall only prove the case in which = < 7(&) as other cases can be
proved similarly.

Case 1. y < n(2).
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There exists an | < k such that (77(3?),77(33)) € U/. Then we have
a; < n(&) < by and ¢; < n(y) < dj. So a; < a and ¢; < ¢. Thus, we have
a<a<z<n()<b andcl<c<y<77( ) < dj. So (x, y}EUl

Case 2. n(9) <y < {(9).

There exists an | < k such that (n(Z),y) € U/. Then we have a; <
n(&) < b}, and ¢; < y < dj. Thus, we have a] < a < z < n(&) < bj. So
(z,y) € U].

Case 3. y > ((9)-
|- Similar to Case 1. = (Claim 3)

Now, we shall show that a, b, ¢, and d witness the conclusion. Let
x € (a,b) and y € (¢,d) be so that f(z,y) € U. By the definition of U},
(z,y) € U, U;- By Claim 3, we have (z,y) € lint(Z) X lint(9)- O

Lemma 4.6. Let & € J(Ko, M) and § € J(K1,M). Then
max f 7 (I(#) x (g})):maxf_)( (2) x C(9))
min 7 (1(z2) x I(§)) = min f 7 (C(z) x C()).
Proof. Let v =max f~ (I(2) x I1(§)).
Cramm. v € f7(0(I(z) x 1(9)))

= Suppose not, i.e., v & f7(9(I(£) x I(§))). Then by Lemma 4.5,
there exist a,b € KogN M and ¢,d € K1 N M with a < n(z) < {(Z) <b
and ¢ < n(§) < ¢(g) < d such that for every (z,y) € [a,b] X [c,d],
if f(z,y) = v, then (z,y) € Lin(Z) X Lint(9). Note that there exists
(x,y) € |a,b] x [¢,d] such that f(z,y) = v. By the elementarity of M,
there exists such an (z,y) € M. By the definition of a, b, ¢ and d, we have
(2,y) € Iing(2) X Ling(§). This is a contradiction to the definition of Ijn ()
and Iin (7). -1 (Claim)

Let (xo,y0) € 0(I(&) x I(§)) be so that f(xo,yo) = v. Then at least
one of zg = n(), zo = ((&), yo = n(y) and yo = ((y) holds. For example,
suppose yo = 1(§). Then v = max f~(I(%) x{n(y) }). By Lemma 4.1, we
have either f(n(2),n(§)) = v or f(¢(£),n(§)) = v. By a similar argument,
we can see that v € f7(C(2) x C(g)) in the other three cases, too. [

Lemma 4.7. Let & € J(Ko, M) and § € J(K1, M) be such that f(Z,9) €
M. Then for every x € I(Z) and y € I1(y), f(z,y) = f(Z,9).
Proof. Let v = f(&,9).

Case 1. n(z),n(y) € M.
Then ((Z) is a limit point of Ko N M from above, and {(Z) is a limit
point of K1 N M from above.

Crant 1. f(¢(2).¢() = v.



328 T. ISHIU

It suffices to show that for every b € Ky and d € Ky, if (&) < b
and ¢(9) < d, then there exist z € [((£),b) and y € [((§),d) such that
f(z,y) =v. Let b € Ky and d € K; with ((Z) < b and {(§) < d. Since
¢(£) is a limit point of Ky N M from above and {(4) is a limit point of
K1 N M from above, there exist b’ € ({(Z),b) N M and d’ € ({(g),d) N M.
Since ‘Jz € (n(z),v)3Iy € (n(9),d) (f(x,y) = v)’ holds in V, it also
holds in M. So there exist z € (n(£),b') N M and y € (n(§),d’) N M such
f(z,y) = v. However, by the definition of (&) and ((§), we have {(Z) < x
and ((9) < y. - (Claim 1.)

By Lemma 4.4, since {(§) € M and f({(2),((9)) = v € M, for every
y € 1(3), F(C(@),p) = v. Tn particular, F(C(#),7(9)) = v.

By a similar argument, we can show that for every xz € I(%), f(z,{(§)) =
v. In particular, f(n(£),¢(y)) = v.

Since f(¢(£),n(y)) = v, by Lemma 4.4, f(n(£),n(3)) = v. By Lemma
4.6, for every x € I(Z) and y € I1(9), f(z,y) =

Case 2. n(&) € M and n(9),¢(4) € M.

CramMm 2. For every b € Ky and ¢,d € K; with ((£) < b and
c<n(g) < {(g) < d, there exists (z,y) € Ky x K such that {(Z) <z < b,

y € (¢,n(@) U (C(9), d), and f(z,y) = v.

F By Lemma 3.3, we have ((#) € M, and hence (&) is a limit point
of Ko N M from above. So, without loss of generality, we may assume
b € M. Moreover, since 1(4),¢(9) ¢ M, n(9) is a limit point of K3 N M
from below and ¢ ( ) is a limit point of K1 N M from above. Thus, without
loss of generality, we may assume c¢,d € M.

Since ‘F(x,y) € Ko x K1(n(Z) <z <bAec<y<dA f(z,y) =v) is
true in V, there exist (x,y) € (Ko x K1) N M such that n(2) < z < b,
¢ <y <d, and f(z,y) = v. By the definition of n(z) and ((%), since
x € M, we have x & (n(&),((%)], and hence (%) < x < b. Similarly, by
the definition of n(§) and ((4), since y € M, we have y & [n(9),C(9)];
hence, y € (¢,n(9)) U (C(9),d). -1 (Claim 2.)

By Claim 2, it is easy to see that either f({(Z),n(9)) = v or f(¢(2),<(9))
= v. By the same argument as in Case 1, we can show that for every

y € 1(3), F((#).y) = v. Since J(C(#).n(5) = F(C(@),n(d)) = v and
f(( ¢ M, by Lemma 4.4, for every x € I(Z) N M, we have f(z,n(9)) =
I

) )

z,((9)) = v. In particular, we have f(n(2),n(9)) = f(n(2),¢(¥)) =
¢(@),n(9)) = f(¢(£),¢(9)) =v. By Lemma 4.6, for every € I(Z) and
y € I(§), we have f(x,y) =v.

Case 3. n(2),¢(%),n(9),¢(9) € M.

As in Case 2, we can show the following claim.
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CrLAamM 3. For every a,b € Ky and ¢,d € Ky with a < n(
¢(z) < band c <n(g) < {(9) < d, there exist = € (a,n(Z)) U (((£),b

y € (¢,n(9)) U (C(), d) such that f(z,y) = v.

This implies that at least one of f(n(2),n(9)); f(n(2),¢(9)); £(¢(2),n(7));
and f({(z),¢(9)) is equal to v. In all cases, we can apply Lemma 4.4 sev-

eral times to show that f(n(2),n(9)) = f(n(2),¢(®)) = f(C(2),n(F)) =
f¢(2),¢(9) = v. 0

By the previous lemma, we can easily see the following lemma.

) <
)

and

Lemma 4.8. Let & € J(Ko, M) and g € J(K1,M). If f is not constant
on I(&) x 1(g), then
fﬁ(f( ) x 1(g)) = I1(f(%,9))
f7(C(#@) x C(9) = C(f(2,9))-
Proof. Suppose that f is not constant on I(z) x I(3). Then without loss of

generality, we may assume f(&,9) € J(L, M). By Lemma 4.7, for every
(z,5) € 1(&) x 1(§), f(z,y) & M. Hence, we have f~(I(¥) x I(§)) C

1(7(2,9)).
It is easy to see [ (C(2)xC(9)) C C(f(Z,9)). Butif f7(C(2)xC(9))
is a singleton, then by Lemma 4.6, f is constant on I(Z) x I(¢), which is
a contradiction to the assumption. So f7(C(2) x C(y)) = C(f(z,9)). I
follows that f~ (1(2) x I(9)) = I(f(#,9)). D

5.f2K0><K1—>L()><L1

Let Ky, K1, Lo, and L; be connected linearly ordered spaces. Let
f Ko x Ky — Ly x L1 be an injective continuous function. Let gy and
g1 be so that f(xa y) - <90(z7y)7gl(xay)> for every <I7y> € KO X Kl- Let
M be a countable elementary submodel of H () for some regular cardinal
0 with P(P(Ko UK ULgU Ll)) S H(Q)

Lemma 5.1. Let & € J(Ko,M) and § € J(K1,M). Then for every
i <2, g; is not constant on I(&) x 1(g).

Proof. Suppose not, i.e., there exists i < 2 such that g; is constant on
1(2) x I(3).

Since f is injective, we have either g1_;(n(2),n(9)) < g1-:(¢(Z),n(9))
or g1—i(n(Z),n(4)) > g1—:(¢(2),n(§)). Without loss of generality, we may
assume g1—;(n(2),n(9)) < g1-i(¢(2), n(9))-

CLam. g1-4(C(2),n(3)) < 91-:(C(2),<(9))

= Suppose not. Then g1-:(¢(2),n(9)) > g1-i(¢(8),¢(9)). If
91-i(C(2),n(9)) < g1—i(n(Z),n(y)), then by Lemma 2.4, there exists y €



330 T. ISHIU

(n(9), ¢(9)) such that g1-;(C(9), y) = g1-i(n(2),n(9)). This is a contradic-
tion to the assumption that f is injective. Similarly, we can derive a con-

tradiction when g;_;(¢(2),n(9)) > g1-:(n(),n(7))- =1 (Claim.)
Similarly, we can prove g¢1_;(n(%),n(9)) < ¢1-:i(C(Z2),n(g)) <

91-i(C(2),€(9)) < g1-(n(2),¢(9)) < g1—i(n(2),n(9)). This is a contra-
diction. O

Lemma 5.2. Let & € J(Ko,M) and § € J(K1,M). Then there exists
1 < 2 such that for every x € 1(Z),

9i(@,1(9)) = g:(n(2),n()) # 9:(n(2),¢(9)) = gi(x, C(7))
and for every y € 1(3),

91-i(n(2),y) = g1-i(n(2),n(9)) # 91-:(¢(2),n(F)) = g1-:(¢(2), ).
Proof. By Lemma 4.1, it suffices to show that there exists ¢ < 2 such that

9i(n(2),n(9)) = 9:(n(2), C(9)) # 9:(C(2), () = 9:(C(2),¢(9))
91-i(n(2),n(9)) = 91-:(C(2),n(9)) # 91-:(n(2), (D)) = 91-:(C(2),¢(9))-

By Lemma 5.1, for every i < 2, we may assume g;(&,9) € J(L;, M). For
each i < 2, let v; = g;(#,9). By Lemma 4.8, for every ¢ < 2, ¢;,7 (C(Z) x
C(9)) = C(v;), which means that

{ (@), (@), f(n(2),C(@)), £(S(2), (@), F(C(2),¢(9)) }
= {{n(vo), n(v1)), (n(vo), C(v1)), (((vo), N(v1)), (C(vo), C(v1)) } -

By reversing the order of Lo and/or L; if necessary, we may assume
fn(&),n(9)) = (n(vo), n(v1))-

CramMm 1. If for every i < 2, g;(n(),n(9)) # ¢:(¢(£),n(y)), then
n(j) € M

F  Suppose n(§) ¢ M. Then n(j) is a limit point of K3 N M from
below. By Lemma 4.2, there exists ¢ € K; such that ¢ < n(g) and for
every y € Ky and i < 2, if ¢ <y <n(g), then g;(n(2),y) = g:(n(Z),n(7))
and ¢;(¢(2),y) = g:(¢(2),n(y)). Clearly, this contradicts the assumption
that f is injective. =1 (Claim 1.)

CLAIM 2. There exists ¢ < 2 such that g;(n(Z),n(9)) = g:(¢(2),n(9)).

F Suppose not. By Claim 1, n(§) € M. We also have f(((2),n(9)) =

{C(vo),¢(v1)). Then we have either “f(n(2),((9)) = (n(vo),((v1)) and
FC(@),¢(m) = (C(vo),n(v1))’ or vice versa. In either case, we have
9:(n(2),C(9)) # gi(¢(£),((y)) for every i < 2. However, by the same
argument as in Claim 1, we can show ((§) € M. This is a contradiction
to Lemma 3.3. -1 (Claim 2.)
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By the same argument, there exist j, k,l < 2 such that

g;(C(®),n(9)) = g;(¢(2), (D)),
gk (C(2),C(9)) = gr(n(2), ¢(9)),
gi(n(2),¢(9)) = qi(n(@),n(9))-

But since f is injective, it is easy to see i =k # j =[. ]

Lemma 5.3. Let & € J(Ko,M) and y € J(K1,M). Then there ex-
ists i < 2 such that for every y € Ky with § < y < sup(K; N M), we
have gi(n(2),9) = 9:(n(2),y), 9:(C(2),9) = 9:(¢(2),y), and gi(n(2),9) #
9:(¢(2),9).

Proof. By Lemma 5.2, there exists i < 2 such that for every y € K, if
9 <y < C(yo), then gi(n(2),y) = gi(n(2),9), and g;(¢(2),y) = 9:(¢(2),9).-
Moreover, g;(n(2),§) # 9i(C(2),9)-

Now, we shall show that for every y € Ky, if § < y < sup(K; N M),
then gz-(n(fc), y) = 9:(n(2),9) and g;(¢(2),y) = 9:(¢(2), ). Suppose not.
Let g be the infimum of y € K with y > ¢ such that either g;(n(2),y) #
9(n(2),9) or gi(C(%),y) # 9(¢(&),v0)- Note gi(n(2),y1) = g(n(#),7) and
9:(C(2), 1) = 9(¢(2), 7).

Case 1. y; is a limit point of K3 N M from above.

Since g;(n(2), y1) = 9i(n(2),9) # 9i(C(2), §) = 9:(C(2), y1), there exists
xo € I(Z) such that g;(zo,y1) € J(L;,M). So, by Lemma 4.2, there
exists yo € K7 such that y1 < yo and for every y € [y1, 2], ¢:(n(Z),y) =
9i(n(£),y1) and ¢;(n(2),y) = ¢:(n(&),y1). This is a contradiction to the
definition of y;.

Case 2. y; is a limit point of K1 N M from below, but not from above.

Let yo =inf{y € K1 N M |y > y1 }. By Lemma 5.2, there exists j < 2
so that g;(n(Z), y1) = g;(¢(2),y1), and for every y € [y1,52], g1-;(n(Z), y)
= g1-;(0(2), y1) and g1-;(C(2),y) = g1-;(C(2), y1). Since gi(n(2),y1) #
9i(C(%),y1), we have i # j, and hence 1 — j = i. So for every y €
1, 92], 9:(n(2),y) = 9i(n(2),y1) and g:(C(2),y) = g:({(2),y1). This is a
contradiction to the definition of y.

Case 3. y; is a limit point of K3 N M neither from above nor from
below.

Then y; € J(Ky1,M). We have g;(n(%),n(y1)) = g:(n(2),9) #
9:(C(2),9) = gi(¢(&),n(y1)). By Lemma 5.2, there exists j < 2 such that

n(y1), and for every y € I(y1), g1-;(n(2),y) =
1(y1)) = g1-(n(&), §) and g1;(C(%),y) = g1-;(C(£),n(y1)) =

9i(n(2),n(y1)) = g;(C(2),
91— ]( ( )7
91-3(C(),9). Since g;(n(2),n(y1)) # 9:(¢(£),n(y1)), we have j # i, and
hence 1 i. So for every y € I(y1), gi(n(2),y) = gi(n(&),§) and

j =
= ¢;(¢(Z),y). Thisis a contradiction to the definition of y1. O

0:(C(8). )
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Lemma 5.4. Let & € J(Ko, M). Then there exists i < 2 such that, for
every y,y € (inf(K1NM),sup(K1NM)), we have g;(n(2),y) = g:(n(Z),y’)
and gz(C('%)’ y) = gz(C(g)’ y/)

Proof. Let § € J(K1, M) be arbitrary. By Lemma 5.3, there exists i <
2 such that for every y € (g,sup(K1 N M)), g:(n(&),y) = g:(n(&),9),
9:(¢(2),y) = 9:(¢(2),9), and gi(n(),9) # 9:(¢(), 7).

Now, it suffices to show that for every yo € (inf(K;NM),sup(K1NM)),
we have g;(n(#),y0) = 9:(n(2),9) and g:(¢(2),90) = 9:(¢(7),9). It is
trivial if yg > §. So assume yy < g.

Let ' € J(K1, M) be so that § < yo. By Lemma 5.3, there exists

j < 2 such that for every y € (¢',sup(K1 N M)), we have g;(n(&),y) =
6;1(2), ), and g;(C(@).y) = 9;((#),§). Since §f < yo < 7, we have
g;g E ; )) = g;(n(2),9) = g;(n(2),9’) and g;(¢(2),50) = g;(¢(2),9) =
9i (¢

Now it suffices to show that ¢ = j. Suppose not. Let y € (¢, sup(K;1 N
M)). Then g;(n(2),y) = g;(n(2),9) = g;(n(2),7') and gi(n(2),y) =
9i(n(2),9). So f(n(z),y) = f(n(&),9). This is a contradiction to the
assumption that f is injective. O

6. PROOF OF THE MAIN THEOREM

Let Ko, Ky, Lo, L1, f, go, and g1 be as in the previous section. Now
we do not fix M.

Lemma 6.1. For every (Z,9) € Ko x K1, there exists i < 2 such that,
for every y € K1, gi(2,y) = gi(2,9).

Proof. Let & € Kg and § € K;. By way of contradiction, we assume that
for every i < 2, there exists y; € K7 such that ¢;(Z,v;) # g:(Z,9).

Let M be a countable elementary submodel of H () with Ky, K1, Lo,
Ly, [, 90, 91, 2, 9, yo, and yy € M.

Since K is nowhere real, & is a limit point of J(Ky, M) from above.
Hence, there exists &' € J(Ky, M) such that for every i < 2, g;(&',y;) #
9i (i'/v :g)

By Lemma 5.4, there exists ¢ < 2 such that, for every y € (inf(K; N
M), sup(Ky1 N M)), we have ¢;(Z',y) = g:(&',9). But then ¢;(&',y;) =
9i(Z', ), which is a contradiction. O

We can finally prove the main theorem.

Proof of Theorem 1.4. By Lemma 6.1, for every x € Ky, there exists
iz < 2 such that for every y,y' € K1, g, (x,y) = gi,(x,y’). Similarly,
for every y € K, there exists j, < 2 such that, for every z,2’ € K,
95, (x,y) = g;,(2',y). Now it suffices to show there exists i # j < 2 such
that, for z € Ky, i, = i, and, for every y € Ky, j, = j.
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Let y € K; be arbitrary and let j = j,. We shall show that for every
x € Ky, iz # j. Suppose not, i.e., i, = j. Let a,b € Ky besothat a < x <
band ¢,d € K; so that ¢ <y < d. Since j = j, = i, we have g;(a,y) =
gi(b,y) = gj(z,¢) = g;(x,d) = g;(x,y). Since f is injective, none of
g1—j(a,y), g1—;(b,y), g1—;(z,c), and g1_;(z,d) is equal to g1_;(x,y). So
either there exist two of them that are greater than g1_;(x,y), or there
exist two of them that are smaller than ¢g,_;(x,y). For example, suppose
g1—j(a,y) > g1—;(x,¢) > gi—j(x,y). By the intermediate value theorem,
there exists a’ € Ky such that ¢ < ¢’ <  and g1—;(d’,y) = g1—j(,¢).
Then f(a’,y) = f(x,c), which is a contradiction to the injectivity of f. O

7. OPEN QUESTIONS

We can also prove the following theorem that extends Theorem 1.4 to
any finite number of connected linearly ordered spaces though the proof
is complicated.

Theorem 7.1. Let Ky, K1, ..., K,_1, Lo, L1, ..., L,_1 be connected
nowhere real linearly ordered spaces, and let f : ;... K; — ;. L; be a
continuous injection. Then f is coordinate-wise.

A paper about this result is in preparation.

Theorem 1.4 demonstrates that the situation is totally different when
we use connected nowhere real linearly ordered spaces instead of R. Hence,
we may ask the following broad question.

Question 7.2. What theorems about R can be extended to connected
linearly ordered spaces?

Considering the lemmas proved in this article, it seems very unlikely
that any similar theorems about R can be generalized to connected lin-
early ordered spaces.

While we heavily relied on linear orders in this article, we have no
evidence that they are essential. This means that the following question
is still wide open.

Question 7.3. Can we weaken the assumption that Ky, Ky, Lo, and Ly
are linearly ordered spaces? For example, what if they are 1-dimensional
in some sense?
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