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DYNAMICS OF NON-AUTONOMOUS
DISCRETE DYNAMICAL SYSTEMS

PUNEET SHARMA AND MANISH RAGHAV

Abstract. We study the dynamics of a general non-autonomous
dynamical system generated by a family of continuous self-maps
on a compact space X. We derive necessary and sufficient con-
ditions for the system to exhibit complex dynamical behavior. In
the process we discuss properties like transitivity, weakly mixing,
topologically mixing, minimality, sensitivity, topological entropy,
and Li–Yorke chaoticity for the non-autonomous system. We also
give examples to prove that the dynamical behavior of the non-
autonomous system in general cannot be characterized in terms of
the dynamical behavior of its generating functions.

1. Introduction

Let (X, d) be a compact metric space and let F = {fn : n ∈ N} be
a family of continuous self-maps on X. Any such family F generates
a non-autonomous dynamical system via the relation xn = fn(xn−1);
such a dynamical system will be denoted by (X,F). For any x ∈ X,
{fn ◦ fn−1 ◦ . . . ◦ f1(x) : n ∈ N} defines the orbit of x. The objective of
study of a non-autonomous dynamical system is to investigate the orbit
of an arbitrary point x in X. For notational convenience, let ωn(x) =
fn ◦ fn−1 ◦ . . . ◦ f1(x) be the state of the system after n iterations. If
y = ωn(x) = fn◦fn−1◦. . .◦f1(x), then x ∈ f−1

1 ◦f−1
2 ◦. . .◦f−1

n (y) = ω−1
n (y)

and, hence, ω−1
n traces the point n units back in time.

A point x is called periodic for F if there exists n ∈ N such that
ωnk(x) = x for all k ∈ N. The least such n is known as the period
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