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SECOND COUNTABLE UC METRIC SPACES
ARE LEBESGUE IN ZF

KYRIAKOS KEREMEDIS

Abstract. We show in the Zermelo-Fraenkel set theory ZF that
(i) if X is second countable, then X is Lebesgue if and only if

it is UC space (: every continuous real valued function on X is
uniformly continuous) if and only if it is normal (: the distance
of every two disjoint, non-empty, closed subsets of X is strictly
positive);

(ii) X is Lebesgue if and only if every open cover U of X has a
refinement V = {B(x, δ) : x ∈ K} for some δ > 0 and some K ⊆ X
if and only if for every open cover U of X consisting of open balls
there exists ε > 0 and a subcover V of U such that for every V ∈ V,
δ(V ) > 2ε;

(iii) X is complete if and only if it is almost complete;
(iv) X is almost Cauchy if and only if every sequence in X

admits an almost Cauchy subsequence;
(v) every sequence (xn)n∈N in X has a Cauchy subsequence if

and only if each countable subspace of X is almost compact if and
only if each countable subspace of X is totally bounded;

(vi) X is sequentially compact if and only if each countable
subspace of X is almost compact and almost complete;

(vii) if each countable subspace of X is totally bounded, then
X is sequentially bounded.

1. Notation and Terminology

Let X = (X, d) be a metric space, x ∈ X, and ε > 0. B(x, ε) = {y ∈
X : d(x, y) < ε} denotes the open ball in X with center x and radius
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