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X compact metric space = 3 f: C — X (onto).
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f
Uy = {C} - Vo = {X}
T o1 1 Jo1
f'
Ul :{U171,...,U1,,,1} —1> Vl :{Vl,lv---avl,n1}7 mesh <1
disjoint clopen cover closed cover
T i1 T2
Z/{2:Z/[2,]_U"'UZ/{2’”1 i) V2:V271U'--UV2’,,1, mesh <1/2
U, ; disjoint cover Vs i closed cover of V4 ;
of Uy,; by clopen sets
T3 123
. f=(fo,f1,..) . .
C =~ lim(Ui, ij k) Voo = im(Vj, ij.k)
Define ~ on Vs by (x0,x1,...) ~ (Yo, ¥1,-..) iff ;N y; # @ for all i

T Voo = Voo/ ~ = X
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Cell structures are inverse systems of discrete spaces with combinatorial
“nearness” relations.

Natural quotients (induced by the nearness relations) of the inverse limits
yield topological spaces.

“Maps" between cell structures yield mappings between the corresponding
quotient spaces.

Freudenthal (1937). Every compact metric space X admits a polyhedral
inverse sequence with surjective bonding maps whose inverse limit is X.
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Definition

Let X be a class of compact, connected polyhedra. Then the class [X] of
> — like continua consists of all continua X such that there exist
continuous mappings of X with arbitrarily small fibers onto some members
of ¥.

Let (X) be class of continua X such that X =~ I(i_(P,,, Pa,a’) Where
P, € X and p, o are continuous surjections.
Note: ¥ C (X) C [X].
Mardesic-Segal (1963). Let X be a class of compact, connected
polyhedra.
metric N[X] = metric N(X)
eg.
1) ¥ ={[0,1]}, sin —1/x curve is arc-like i.e. sin—1/x curve € [X].
2) X = {connected, finite, polyhedra of dim < n}. Then
metric N[X] = {metric continua of dim < n}.
3) Pasynkov, Mardesic (1959) - non-metric case problems - dim
3 X non-metric, X € [{[0,1]}] but X ¢ ({[0,1]}).
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Mardesic (1963). Let ¥ be a class of compact, connected polyhedra.

[X] = class of I(iLn(Xa, Pa.a’)
where X, are metric X-like continua, dim(X,) < dim(X) and all p, o are

continuous surjections.

Every continuum X in [¥] is the limit of a double iterated inverse system
of polyhedra in ¥ with dim < dim(X).
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For mappings inverse limits are more problematic.

Mioduszewski (1963).

If X, Y metric compacta and f: X = F@(P;,p,-J) — Y= l.@(Q"’ qi )
then for each sequence {¢;} of positive numbers ¢; — 0 there exists

Pmy,my
P, &2 p

ﬁl &l &l . @l

Aqny,np Any,n3 q"k’"k-f—l
in A — Qn2 A — Qn3 an

Pmy,m3

Pmy,mc iy
P, < o Pm,

N

where mp<m <my<..., m<m<n<...
and each diagram

Pm, <—— Pm,

! !

Qn; — an — Qn,

is £, commutative for i < k < r.
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Mardesic (1963). Let X and J be classes of connected polyhedra. Given
X e[X], Ye[J]and f: X — Y a continuous surjection, then there exist
inver.se systems X' = I(i_rg(Xaz Pa,o/)_ an.d Y = I(i.m(Yg, ps,p) of metric
continua in [X] (resp. [J]) with surjective bonding maps and
homeomorphisms h and k so

X £ %
~h| < ~kl

P fs o
X —M(Xaapa,a’) — Y —hﬁ(yﬁapﬂ,ﬁ/)

Note : X, and Y3 can not be taken to be polyhedra even if X and Y are
metric.

Mardesic (1981). Resolutions - inverse systems with additional
conditions to study noncompact cases.

Mardesic - Watanabe (1989). Approximate inverse systems and
approximate resolutions to obtain rather arbitrary spaces and mappings
and filling in the deficiencies indicated above.

E.D.Tymchatyn (University of Saskatchewan) Cell Structures July 26, 2013 8 /20



@ Graph is ordered pair (G, r).
G is discrete set and r is reflexive and symmetric relation on G.
Cells are points of G.
a, b are adjacent if (a,b) € r.
st(a)={be G| (ab) € r}.

E.D.Tymchatyn (University of Saskatchewan) Cell Structures July 26, 2013 9 /20



Let {(Gi,r;)|i=1,2,...} be graphs and
gij: Gj — G; be functions for j > i satisfying
i) g;; = identity on G;
ii) gik=8ijogjkfori<j<kand
i) (a,b) € riy1 = (gii+1(a), giiv1(b)) € 1

81,2 82,3 83,4
G2 < G3 <

G1 <
If a € Gj, say deg(a) = i.
Let 1 = TG; topological product.

Il is complete, 0-dimensional, metric space.

Goo = lim(Gj, gi j)-

If x = é?(l),x(2), ...) €M then x € G iff gjjir1(x(i + 1)) = x(i) for
each /.

G is set of threads.
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Let gj: Goo — G; be ith coordinate projection.
If a€ Gjlet <a>={x€ Gy |x(i)=a} =g *(a)
{< x(i) >: x € G, =1,2,...} is basis of open and closed sets for Gu.

Proposition

Goo Is closed in Tl hence G, is topologically complete O-dimensional
metric space eg. if each G; is countable, G, is closed subset of irrationals.

Definition

Set x ~ y in Gu if (x(i),y(i)) € r; for each i.
~ is reflexive and symmetric relation on G.

Proposition

~ is closed in Goo X G .

~= (R where R; = {(x,y) € Goo X G | (x(i), y(i)) € ri}.
R; is closed since r; is closed in discrete space G; x G;. OJ
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Definition
Cells a € Gy, and b € G, are close if (gk.m(a), gk,n(b)) € ri for
k = min{m, n}.
Cauchy Sequence is a sequence of cells {u(j)} in UG; such that
iv) limdeg(u(j)) = oo and
v) u(i) and u(j) are close for all i and j sufficiently large.

Cauchy sequence {u(i)} converges to thread x € G if
x(7) and u(j) are close for all i and sufficiently large j.

Note. A Cauchy sequence may converge to different threads.
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Definition

A cell structure is an inverse sequence of graphs satisfying

vi) ¥ thread x € Goo, Vi, 3j > i st gi(st7 (x())) C sty (x(7))
vii) V thread x, Vi, 3j > i s.t gj j(str;(x(j))) is finite.

viii) each Cauchy sequence of cells converges

eg. Gi={1,2,...}, i=AU{(k,I)| Kk, > i} and g;;j = identity.

v

{((Gi, ri),gij)} satisfies vi) and vii) but not viii).

x = {x(i) = i} is Cauchy but does not converge.

Note. In general if vi) and vii) are satisfied and each set of mutually
adjacent cells is finite then viii) is satisfied.

Let (x) = {((Gi, ri),&ij)} be a cell structure. ~ is transitive by vi).
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Definition

For x € G let [x] = {y € G | X ~ y}. By vii) [x] is compact. Define
7. Goo — Goo/ ~= G*. 7 is perfect mapping.

G*, the space determined by the cell structure, is topologically complete
metrizable space.

| A\

Proposition

If (x) is cell structure then
{G*\7(G\ <A>)|ACG,i=1,2,...} is basis for topology on G*.

eg. G; = {pl0~' | p integer }
(x,y) € r; iff|x —y| < 107"

gij an order preserving retraction.
Gx =R.
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Theorem (1)

Each complete metric space is homeomorphic to a space determined by
some cell structure.

Proof.

X paracompact — 3{U;} sequence of locally finite open covers with
mesh U; < 1/i and U; 11 closed star refines U; .

Define gii11: Uiy1 — U; by giiv1(U) D cl(st(U, Uit 1))

Define p ={Ux V| U,V €ldjand UNV # &}.

{(Ui,ri),gij)} is a cell structure.

vi) follows from closed star refinement of ;11 in U;.

vii) is local finiteness of covers

viii) if {u(i)} is Cauchy sequence in | JU;, most pairs (u(i), u(j)) intersect
so form a Cauchy sequence in X converging to a point x in X. Choose
inductively v(i) in U; so x € v(i) and v = (v(1),v(2),...) C Gs. Then
{u(i)} converges to v.

Define ¢: U* — X by ¢([x]) = nx(i). O

| A\

v
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Cell maps. Let
) Go G...
ho,1 h12

) Ho H <« H,...

be cell structures where Gy and Hj are singletons and where r; and r/ are
the symmetric and reflexive relations on G and H respectively. Let 7
(resp. ') be the quotient maps of G, onto G* (resp. Hy, onto H*).

A function f: |J G; — |J H; is called a cell map of *) to *') if f takes
close cells to close cells and Cauchy sequences to Cauchy sequences.

80,1 81,2

Gy

Proposition

The composition of cell maps is a cell map.

E.D.Tymchatyn (University of Saskatchewan) Cell Structures July 26, 2013 16 / 20



Theorem (2)
Let f: |JG; — U H; be a cell map of cell structure *) to cell structure *’).
Then f induces a continuous function f*: G* — H* defined as follows.
For x, a thread in Go,  *(m(x)) = 7' (y) where y is a thread in Ha, such
that f(x) converges to y.

| A

Proof.

By applying vi) twice get f* is well defined. Continuity proved by
contradiction using : (Error estimation). If a € G; then
f*(m(<a>)) C 7r'(st,j/(f(a))) where j = deg(f(a)) O
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Let (X,d) and (Y, p) be complete metric spaces. Let {U;} and {V;}
sequences of locally finite open covers of X and Y respectively such that
mesh(U;) < 1/i, mesh(V;) < 1/i, U1 closed star refines U; and Vi1
closed star refines V; for each i and Uy = {X} and Vo = {Y'}. Then each
continuous function F: X — Y is induced by a cell map of | JU; to |J V.

Proof.

As in proof of Theorem 1 the sequences of covers {U/;} and {V;} define
cell structures U and V respectively. Let F: X — Y be a continuous
function. Define a cell map f: [JU; — |JV; by setting for U € U;,

f(U) € Vi such that F(st?(U)) C f(U) where j is as large as possible if
such j exists otherwise choose any j > /. If we identify &/* with X and V*
with Y then f* = F. O

v
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Some classes of spaces. Let {((Gj,r;),gi;)} be a cell structure.

1) If each r; = A then G* yield all topologically complete 0-dimensional
metric spaces.

If graphs G; are finite then G* yield all compact metric spaces.

)
3) If graphs G; are finite and connected then G* yield all metric continua.
) If all G; are finite trees then G* yield all metric treelike continua.

)

If all G; have each mutually adjacent set of cells of cardinality < n+1
then G* yield all at most n-dimensional complete metric spaces.

Proof of 5).

If each set of mutually adjacent cells in each G; has cardinality < n+ 1
then card([x]) < n+ 1 so by Hurewicz theorem dim(G*) < n. If

dim(X) < n then by Ostrand theorem there exist open covers

Ui =Vi1U---UVjpp1 of mesh < 1/i such that each V;; is discrete.
Hence, in each U; each collection of mutually adjacent elements has
cardinality < n+ 1. [

v
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THANK YOU
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