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1S 0“(w + 1) PARACOMPACT?

Scott W. Williams

If {Xn: n € p} is a family of spaces, O Xn’ called the
new
box product of those spaces, denotes the Cartesian product of

the sets with the topology generated by all sets of the form
T G_, where Gn need only be open in each factor space Xn. If
in= X ¥ neé€ w, we denote 0O X_ by 0%x.
new

Box products have generated considerable interest during
the past ten years, as first as "counter-example producing
machines," later, as mathematical objects in their own right.l
Yet, except for a few surprising counter-examples there have
been no non-trivial absolute results. As corollaries to more
general results, M. E. Rudin and K. Kunen have proved that if
the Continuum Hypothesis (CH) is assumed, then Dw(wl+l) is
paracompact; however, in [6,8] they question what occurs when
CH is false. Kunen [6] has proved that if Martin's Axiom (MA)
is assumed, then 0O Xn is paracompact whenever each Xrl is com-
pact first countagig; however, as stated in [2], the really

interesting case occurs when []w(w+l) when both CH and

MA 4+ TJCH fail, as they do in the "random real" models of

Solovay [10]. We prove:

Theorem 1: If 0% (a+l) is paracompact ¥ & <wq, then
Dw(wl+l) 18 paracompact.

Theorem 2: If there exists a A-scale in ww, then []w(w+l)

18 paracompact.

Suppose that for each n € w Xn is a set, then for each

l“Box Products" is the title of Chapter X of [9] where all the

results attributed by this author to others may be found, if
not referenced here.
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x € 1 Xn’
new
x={ye IX:d3m€E w3 n>m = y(n) = x(n)}
new O
defines an equivalence relation on X and the ensuing quotient

set is denoted by V X, and called the reduced Frechét product

new
[6]. If V Xn is given the quotient topology from 0O Xn’ then
ncw ncw
Gg-sets are open; therefore, V Xn is paracompact if, and only
new

if, every open cover has a pairwise-disjoint open refinement.

Kunen first observed [6] that when each Xn is compact, 0O X

n
is paracompact if, and only if, ¥ X is paracompact. new
new
Proof of Theorem 1:
We suppose J is a basic open covering of Vw(ml+l). For
each @ <w; and A € w define
A(a) (n) = [a+l,wl] if n €A
[0,a] if n ¢ A,
A(a) = T A(a)(n), and A{a) = {x: x € A(g)}. The sets A(qy) are

new
clopen and form a partition of Vw(wl+l) since A(qg) # B(a) iff

(A - B) U (B - A) is infinite.

We construct for each a <w, a collection ¥(a) satisfying
(1) 6 € F(a) = G is clopen and contained in a member of ¥,
(2) U JF(o) is clopen and J (q) is a pairwise disjoint col-

lection,
(3) B<a<w; = F@B) = Fla),
(4) U{TF): a <w;} is a cover of Vw(wl+l).
There is a first A € wy such that w(A) is contained in an ele-
ment of ¥, let ¥ (0) = {w(X)} and suppose that for a <wp we
have constructed J (B) ¥ B <o to satisfy (1), (2), and (3).
If o is a limit ordinal, then let

Fla) = U{F): B<al}-

If o is a non-limit ordinal, suppose A < w and let

T(A) = (¥ € Al@: v T(wy) = A}
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Since T(A) is homeomorphic to Vw(a+l)2 we may find a pairwise
disjoint basic open covering S (A) of T(A) to satisfy
(i) W€ &(A), n, m € A — infW(n) = infW(m) is a successor
ordinal >a + 1.
(ii) W€ §(a) = dce FaWca.

By choosing only one representative A for each equivalence
class A{a), we let

Fa) = Fa-1) U{W - U Fla-1): W SR, A c u)
In order to show ¥ (a) satisfies (1), (2), and (3) we need only
show U &(A) is closed for each A C w. So we suppose

X € Ala) - U &)

and y € T(A) such that

y(n) = [x(n) if n & A

wy if n € A,
Now choose W € &(A) such that y € W and define
Vx(n) = [W(n) if x(n) € W(n)
[a+l,infW(n)) if  x(n) & W(n).
From (i) x € Vg < A(a); moreover, if U € §(A) and U # W, then

we may assume

(T Um N ( I wWn) =4g.
_ ncw-A ncw-A
Thus, U N v, = @. Clearly, A(a) - U 8&(A) is open and our

induction is completed.

To see (4) we observe that x € Vw(wl+l) — either X = 51
or d a first a >

a >sup{x(n): x(n) # w;}.

In the first case x € U F(0), and in the second case x € U F(g).
Therefore, our proof is complete.

If X is an ordinal, a A-scale in ®y is an order-preserving
injection ¥: X ~» o 2 given any x € Yy d o<t with x(n) <v(a) (n)

for all but finitely many n € w. It should be clear that there

2T(A) may actually be a singleton; however, this causes no dis-
turbance.
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can be no w-scales in ww; however, it is a fact, probably due
to Hausdorff, that

CH = d an wl—scale in Yu.
However, in the random real models for |CH, with the ground

model "satisfying" CH, there is an w,-scale in “s [4]. Booth's

1
theorem [9, pg. 40] says
MA = 3 a 2“-scale in “u.
In Cohen's original model for ~|CH there is no A-scale in ww_
In [4] S. Hechler has shown that given cardinals ) and N and a
model M of ZFC in which
w<cE(A) <A<min(2¥,c£(R))
then one can "extend" M to a model N in which R = 2% and ww
has a A-scale.
van Douwen [1l] and Hechle; [3] have examined a number of
topological cardinal functions which are implied by or are
equivalent to the existence of a A-scale. Kunen [5] proved
(a) di-scale in Wy = Ax[]w(w+l) is not normal,
(b) d2"-scale in “u = Ax[]w(w+l) is normal for any
ordinal A such that cf(A) # 2%.
Recall [7] that a space Y is A-metrizable for an ordinal
A, cf£(X) >w, whenever each y € Y has a local base {B{(y,a): a <A}
satisfying
(i) B <a = B(y,a) < B(y,B8)
(ii) y € B(z,a) = z € B(y,a)
(iii) y € B(z,a) = B(y,qa) < B(z,a).

It is well known that A-metrizable spaces are paracompact.

Our original proof of Theorem 2, presented during this
conference, was similar to the proof of Theorem 1 and made use
of:

If there is a A-scale in ww, then the intersection of less

than cf()) open sets of Vm(m+l) is open.
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We give thanks to Brian Scott who has provided us with the "if"

part of the Lemma from which our theorem 2 is immediate.

Proof of Theorem 2:
Lemma: Let X be a regular cardinal. Then V®(w+l) is
A-metrizable if, and only if, there is a A-scale in Y.
Proof: Suppose {Ba: a <A} is a well-ordered decreasing
local base at w. It is easy to find
6 a<rlc (B, a <A} and {xa: a <Al e Yo

such that whenever o <R <A,

G, I [x,(n),w] € G, and {G : g <A} is a local base
B = ne B = "o o
_ w
at w.
If ¥(a) = X then ¥: A » “y is a A-scale in “y.

Conversely, suppose Y: A > ®y is a A-scale in “y. For
each X € VW(wtl), let d(X,X) = A, and if y # X, let
d(x,y) = inf{a<X: |{n € w: inf(x(n),y(n)) <¥(a) (n)
and x(n) # y(n)}| = w}.
We see that d: Vm(m+1) x Vw(w+l) + XA + 1 satisfies the criterion

of [7, Theorem 4.8(B)], and hence V”(w+l) is A-metrizable.

The previous lemma establishes that the \-metrizability of
Vw(w+1) is independent of the axioms of ZFC whenever cf()) > w.
In answer to one of the questions we presented at this confer-
ence, Eric van Douwen has recently shown3 that Vw(w+l) in the
previous lemma may be replaced by V Xn’ whenever each Xn is a
compact metrizable space. In answgfmto another of our questions,
Judith Roitman has proved:

In a model of set theory which is an iterated CCC extension
of length X, cf(A) >w = nZ xn is paracompact if each xn is

w

regular and separable. Furthermore, if ) is regular and )\12“’

in the ground model, then V Xn is paracompact whenever each xn
new

3Presented at the Ohio University Conference on Topology, May
1976.
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is compact first countable.

The following questions are outstanding:

Is Dw(w+l) always paracompact or normal?

Is le(m+l) normal in any model of ZFC?

Can there be a normal non-paracompact box product of compact
spaces?

Is the box product of countably many compact linearly

ordered topological spaces paracompact?
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