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ON THE INVARIANCE OF CYCLIC ELEMENTS
UNDER POINTWISE ALMOST PERIODIC
TRANSFORMATION GROUPS

Jean-Marie P. Pages

1. A continuum is a compact connected Hausdorff space.
A closed subset A of a continuum X is a nodal set if Fr (A)
contains at most one point. A subcontinuum C of X is a uni-
versal subcontinuum (USC) of X if C N A is a continuum for each
subcontinuum A of X. A nodal set is a USC. The intersection
of arbitrarily many USC's is a USC. X is semi-locally con-
nected {(s.l.c.) if each point of X has arbitrarily small neigh-
borhoods whose complements have a finite number of components.
A locally connected continuum is s.l.c. A point x € X separates
y from z if X - x = U|V with y € U and z € V. We write
E(x,y) = {x,y} U {z: =z separates x from y}. A point e is an
endpoint of X if e has arbitrarily small neighborhoods whose

closures are nodal sets.

1.1. LEMMA: Let X be a continuum.

(a) Let o be a collection of USC of X. o has the finite
intersection property 1f any two elements of o meet. Then if
C is a subcontinuum of X, o U {C} has the finite intersection
property iff C meets each member of a.

(b) If A and B are USC of X which meet, then A U B is a

Uusc.

The proof of (a) is obtained by modifying the argument
of [3], Lemma 1. (b) is proved in [6], where a USC is called

a semi-chain.

1.2. THEOREM: Let X be a s.l.c. continuum, and X, y, and
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(a) If x ¢ E(y,2), ¥ and 2z lie in a continuum C < X-X.

(b) Each component of X-x is open.

(e) If X is a non-cutpoint, x has arbitrarily small neigh-
borhoods whose complements are connected.

(d) Each USC of X is s.l.c.

(e) If C is a USC of X and x, y, 2 € C are such that z

separates x from y in C, then z separates x from y in X.
The proof is left to the reader.

By 1.2(a), the set E(x,y), is closed; order E(x,y) as
follows: x is the least and y is the largest element. If
z, w € E(x,y), then zZ <W if z € E(x,w). i_is a total order,
called the separation order on E(x,y). The order topology on

E(x,y) is the same as the subspace topology.

2. Cyclic element theory for metric spaces is found in
[8]. We will consider non-metrizable continua, so we will
develop certain results in cyclic element theory which will be
needed later. Certainly not all the results of this section are
new, but the proofs seem to be new.

In this section X is a s.l.c. continuum. A true cyclie
element of X is a subcontinuum C of X which is maximal with
respect to containing no cutpoint of itself. Any connected sub-
set of X which contains no cutpoint of itself is contained in
a true cyclic element. Two points x, y € X are conjugate,

X ~y, if E(x,y) = x Uy. We write: C(x) = {y € X: x . y}

Any two points of a true cyclic element are conjugate.

2.1. THEOREM: Let X be a s.l.c. continuum and X € X.

(a) C(x) <8 the intersection of all nodal sets A such that
X € Int A.

(b) If x 28 a non-cutpoint for which C(x) is degenerate,

then x is an endpoint.
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(e¢) If C(xX) is non-degenerate, C(X) is the union of all
true cyclic elements of X which contain x; C(x) can have no
cutpoint except, possibly, x; 1f R is a component of C(X)-X,
then R is a true cyclic element.

(d) If two distinct cyclic elements meet, they meet in a

cutpoint of X.
The proof is left to the reader.

A cyclic element of a s.l.c. continuum X is an endpoint,
cutpoint, or a true cyclic element. If C is a true cyclic
element of X, and x, y are distinct points of C, then
C =c(x) N Ccly), so a point z ¢ C can be conjugate to at most
one point of C. If X is metrizable, each true cyclic element
contains a non-cutpoint of X [8]. The following example shows

that this is not so in general.

2.2. EXAMPLE: Let S' denote the unit circle. For each
Xx € 8', let lx = [0,1] and Y = H{lX: x € S'}. Let P Y > 1
be the x-th projection. Let: X = {(x,f) S' x ¥Y: f(y) = 0 for
y € S'-x}. X is closed in the product S' x Y, hence is com-
pact. Certainly X is connected. Each point (x,f) € X for
which f(x) <1 is a cutpoint. Finally X is locally connected.

The only true cyclic element of X is S' x 0. This space
has only endpoints and cutpoints, but is not a tree. Wallace
[6] points out that such spaces exist, but does not give an

example.

2.3. THEOREM: If C is a true cyclic element of a s.l.c. continuum
X and x § C, some point of C separates a point of C from x.
Proof: Suppose the theorem is false. Choose y € C for
which y & C(x). Then E(y,x) contains a point w for which
y <w <x, where < is the separation order on E(y,x). Choose

Z € C-y. Then y cannot separate z from x, so z U x is contained
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in a subcontinuum D < X-y. Then E(x,y)-y < D, hence y ¢ E(X,y)-Y.
Since E(x,y) is a compact ordered space, there is a first ele-
ment w € E(y,x) following y.
Let R be the component of X-C containing x. Since R UC
is a continuum we have E(y,x) c R U C, and this means w € R.
Now if y ~ w, we cannot have z . w, for otherwise w € C.
But since z ~y and w ~ y, we must have y € E(z,w), i.e.
X-y - U|V, where U is the component of X-y containing z, and
w € V. Then RcV and y € E(a,x) which is impossible. If
y 4 w, then E(y,w) - (v Uw) # @, and this contradicts the

choice of w. The proof is complete.

2.4. THEOREM: Let C be a true cyclic element of a s.l.c.
continuum X. Then the components of X-C are open sets with one
point boundaries.

Proof: Let R be a component of X-C and choose x € R. By
2.3, we can find y € C and a separation X-y = U|V where U is
a component of X-y with C N U # # and x € V. ThenCc U Uy
and R V. Thus R is a component of V, hence of X-y.

Let X be a s.l.c. continuum and A < X. The convex hull
of A, H(A), is the union of A and all points which separate a
pair of points of A. H(A) contains A and contains E(x,y)
whenever x,y € H(A), and is the smallest subset of X with

these properties.

2.5. LEMMA: Let X be a s.l.c. continuum and A be a closed
subset of X. If x is not in the convex hull of A, A lies in a
subcontinuum of X not containing X.

Proof: Choose a neighborhood U of x which does not meet
A, and whose complement has finitely many components. Let
Cl, e, Cn be those components of X-U which meet A. Since x
separates no pair of points of A, by 1.2(a), we can link Ci

and Ci+l with a continuum Ki lying in X-x, i=1, <++, n-1. The
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desired continuum is Cy U K, uc, U.+. U K Uc..

2 -1 n

2.6. COROLLARY: The convex hull of a closed subset of a

semi-locally connected continuum is closed.

2.7. THEOREM: Let F be a closed non-degenerate subset of
a s.l.c. continuum X. Suppose x ¢ H(F) and x is conjugate to at
most one point of H(F). Then there is a nodal set A with F < A
and x ¢ A,

Proof: Suppose x lies in a true cyclic element C of X.
Then C contains at most one point of F, so F meets a component
R of X-C. Let y = RNl C. Let S be the union of all components
of X-y which lie in X-C and meet F. If F meets a component Rl
of X-C with El Nc=2z#y, thenx .y, x . zand y U z c H(F),
and this is impossible. Suppose y # x. Then C contains no
member of F other than y, for otherwise y would be in H(F).
Thus S U y is the required nodal set. If y = x, then S is a
component of X-x (because x ¢ H(F)) and F< S. If x lies in a

true cyclic element C, of §, we repeat the above argument with

1
S replacing X and find a point Yy and the union Sl of the com-

ponents of §Fy1 which meet F and lie in §-C This time

1-
X # Y,y since S is connected, and Sl U ¥y is the required nodal
set. If x lies in no true cyclic element of S, replace X by
S in the following argument.

Suppose C(x) = x. By 2.5, F lies in a continuum C < X-x.
Using l.1(a) and 2.1(a), we find that C fails to meet a nodal
set A with x € Int A. Then X-A is the required nodal set.

If M is a closed subset of X let A(M) be the intersection

of all nodal sets containing M. M is an 4A-set if A(M) = M.

2.8. THEOREM: If M is a closed subset of a s.l.c. continuum
X, then BA(M) is the union of H(M) and all true cyclic elements

of X which meet H(M) in at least two points.
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Proof: 1If B is a nodal set containing M then B contains
H(M) and any true cyclic element of X meeting H(M) in at least
two points.

If x £ H(M) and x is not in.any true cyclic element meeting
H(M) in two points, then x can be conjugate to at most one point
of HM): if x ~y and x ~ z with y, z € H(M) and y # z, then
x Uy and x U z lie in true cyclic elements E and F of X. Now
E = F is impossible and E # F implies x = Efl F so x € H(M),
which also is impossible. Hence there is a nodal set B with

M c B and x ¢ B. This means x ¢ A(M) and the proof is complete.

2.9. THEOREM: If M is a closed nonempty subset of a s.l.c.
continuum X, then A(M) <8 the union of cyclic elements of X.

Proof: We show that if x € A(M), then there is a cyclic
element C of x with x € C < A(M). If x is an endpoint or a
cutpoint, this is obvious. Otherwise, x is a non-cutpoint other
than an endpoinf. If B is a nodal set with M < B, then x € Int B,
so by 2.1(a), C(x) © B. Thus C(x) < A(M), and by 2.l(c5, C(x)

is a true cyclic element.

3. Our terminology for transformation groups comes from
[2] , except our groups act on the left.

Let (X,T) be a transformation group, where X is a continuum,
X is T-irreducible if no proper subcontinuum of X is invariant.
If X is T-irreducible, then no proper USC of X can contain a
nonempty invariant set I. For otherwise, the intersection of

all USC of X containing I would be invariant.

3.1. THEOREM: Let (X,T) be a transformation group, where
X 28 a s.l.c. continuum which is T-irreducible and contains a
cutpoint.

(a) X contains at least two endpoints.

(b) If e is an endpoint of X, then e € Tx for each x € X.
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(e) (X,T) is almost periodic at each endpoint of X, and
X contains exactly one minimal orbit closure.

(d) If (X,T) 1s pointwise almost periodic, then X is a
minimal orbit closure.

Proof: To prove (a), we will show that if z is any non-
cutpoint of X, then X contains an endpoint different from z.

We first observe that if X-x = U|V, then neither U U x
nor V U x can contain the orbit Tx, so both contain a cutpoint
of X (see the remarks preceding 3.1).

Let E be the set of cutpoints of X. For each X € E write
X-x = R(x)|S(x) where R(x) is the component of X-x containing
z. Nowy € S(x) N E implies S(y) — S(x): For R(x) is connected,
meets R(y), and y € R(x), so R(x) € R(y). A similar argument
then shows that S(y) < S(x).

Order the collection {S(x): x € E} by inclusion and extract
a subcollection {S(y): v € Y} which is maximal with respect to
being totally ordered by inclusion. Let S = N{s{y): y € Y}.
We prove that S contains no cutpoint of X. For if x € S is a
cutpoint of X, then x € S(y) for each y € Y-x so S(x) < S(y)
for such y. Now S(x) contains a cutpoint p of X and S(p) © S(x).
Then {S(y): y € Y} is not maximal, which is a contradiction.

Since S is a USC and contains no cutpoints of X, 1.2(e)
implies that S has no cutpoints of itself, and by contruction,
S is maximal with respect to this property. By 2.3, each true
cyclic element contains a cutpoint of X, so S is an endpoint.
This proves (a).

(b) Suppose e is an endpoint and e ¢ Tx for some x € X.
Then there is a nodal set A with e € Int A and A — X-Tx, whence
Tx < X-A. Thus X is not T-irreducible.

(c) By {2, 4.06] X contains an almost periodic point, and
(X,T) is almost periodic at each point of Tx [2, 4.09]. Thus

the first reading of (c) follows from (b).
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Distinct minimal orbit closures are disjoint; thus the
second reading of (c) follows from (b), and [2, 2.12].

(d) If (X,T) is pointwise almost periodic, the orbit
closure of each point is minimal. Now use (c).

We now extend some results of Ayres, [l], on pointwise al-
most periodic homeomorphisms to transformation groups. The

proof of the following theorem is to be found in [4] and [7].

3.2. THEOREM: Let (X,T) be a transformation group, where
X 18 a continuum. Suppose one of the following holds:

(a) T is abelian.

(b) (X,T) <s pointwise regularly almost periodic and X
18 8.l.c. Then T leaves invariant a subcontinuum of X which
containg no cutpoints of itself.

In [4], locally connectedness was assumed for (b), but

semilocal connectedness is actually sufficient.

3.3. LEMMA: Let (X,T) be a pointwise almost periodic
transformation group where X is a s.l.c. continuum for which
X = A U B where A and B are nodal sets with AN B = {x}. If
tA meets A and tB meets B for each t € T, then x is fixed under
T.

Proof: By l.1l(a), the collections {tA: t € T} and
{tB: t €T} have the finite intersection property. Let
c= N {tA: t €T} and D= N {tB: t € T}. Then C and D are
nonempty T-invariant subcontinua of X.

Assume x is not fixed. Choose t € T for which tx # x.
Suppose tx € B. Since A meets tA and does not contain tx,

A < tA. Then tB meets B and does not contain x, so tB < B.
Thus x £ D. Since tx £ A, we have tx ¢ C, hence x ¢ C. Thus
X separates each point of C from each point of D. Let

H= N{E(y,2): Yy €C, z € D}.
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Then H is T-invariant, and any E(y,z) induces a total order on
H under which T acts as a group of order isomorphisms. Since
X € H, we have Tx — H, and since Tx is a compact ordered space,
it contains a largest element which must be fixed under T. But
Tx is minimal, [2, 4.07], hence contains no fixed point. This

contradiction proves the theorem.

3.4. THEOREM: Let (X,T) be an almost periodic transforma-
tion group where X 1s a non-trivial s.l.c. continuum. If T
leaves an endpoint e of X fixed, then T leaves infinitely many
cutpoints of X fixzed.

Proof: Choose a neighborhood U of any x # e with e € U.
Let A be a syndetic subset of T for which Ax — U, and K be a
compact subset of T for which KA = T. Then Ax < U, and since e
is fixed under T, e ¢ KAX = Tx. Choose a nodal set B with
e € Int B and B < X-Tx. If y = Fr(B), by 3.3, y is fixed.
Since e is an endpoint, E(e,y) is infinite and 3.3 implies

that each point of E(e,y) is fixed under T.

3.5. THEOREM: Let (X,T) be an almost periodic transforma-
tion group where X 78 a s.l.c. continuum. Let I(T) be the union
of all invariant cyclic elements of X. If either T is abelian
or (X,T) is pointwise regularly almost periodic, then I(T) <s
a nonempty A-set.

Proof: That I(T) # # follows from 3.2. If I(T) is a point,
it is an endpoint or cutpoint, and we are through. Thus assume
I(T) is non-degenerate. We first show that if x € X separates
a pair of points of I(T), then x is fixed under T. Suppose
X-x = U|V where U and V meet I(T). Then U and V are open, hence
both meet I(T) and U U x and V U x both contain an invariant
cyclic element, so 3.3 implies that x is fixed.

Next we will show that if x € I(T), then x lies in an in-

variant cyclic element. This will prove that I(T) = I(T).
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Suppose x ~ y with y € I(T). Let C be a true cyclic ele-
ment containing x U y. We assume that x lies in no invariant
cyclic element of X. If I(T) € C, then the non-triviality of
I(T) implies that C is invariant, which is contrary to assump-
tion. Thus I(T) meets a component R of X-C. Let RN C = z.
Then z separates two points of I(T), and as we have seen, z
must be fixed. Let S be the union of all components of X - c
whose closures meet C in the point z and write X - z = S|U.
Then x € U so I(T) must meet U. Hence U contains an invariant
cyclic element A. Now A < C would imply that tC N C contains
two points, all t € T, and so tC = C, all t € T, and C would
be invariant. Thus A meets a component Q of X - C, and Q con-
tains an invariant cyclic element. If W= 0 N C, then W must
be fixed. Then C contains two fixed points, hence is invariant.
This contradiction shows that x must lie in some invariant
cyclic element of X.

Now suppose x } y for all y € I(T). Choose any y € I(T).
Then E(x,y) contains a point w € x U y. Arguing as above, any
such point is seen to be fixed. If E(x,y) contains a first
element w following x in its separation order then x ~ w and
this is not possible since w € I(T). Since the order topology
and subspace topology on E(x,y) coincide, x is a limit point of
fixed points, hence is fixed. If x is an endpoint or cutpoint
we are through. Otherwise C(x) is a true cyclic element, hence
is invariant. Thus I(T) is closed.

We have already seen that each cyclic element in H(I(T))
is closed. Now let C be a true cyclic element of X which meets
H(I(T)) in at least two points, say x and y. Then x and y lie
in invariant cyclic elements A and B, respectively. If A = B,
then A = B = C and C is invariant. Otherwise A N B = g:
for A, B, and C are USC of X, and A N B = @ would imply

ANBNC=g@gby l.l(a), scANc=BNc=aANBNC is a point.
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If A is non-degenerate, then A N C separates A - A 1 C from B,
so is fixed. In any case, Al C is a fixed point. Likewise,
B N C is a fixed point. Then C contains two fixed points, so
is invariant.

We have shown that each cyclic element of X lying in
A(I(T)) is invariant. By 2.9, this means that A(I(T)) = I(T),

and the proof is complete.

Note: In the above proof, the fact that I(T) is closed can
be deduced by use of Whyburn's H-sets. This direct proof seems

simpler, however.

3.6. THEOREM: Let (X,T) be a pointwise almost periodic
trans formation group, where X is s.l.c. and T is either abelian
or (X,T) Zs pointwise regularly almost periodic. If C is a
non-invariant cyclic element, A(TC) contains exactly one in-
vartant cyclic element of X.

Proof: A(TC) is an invariant non-trivial subcontinuum of
X, hence by 3.2 some cyclic element D of A(TC) is invariant.

If D is an endpoint of A(TC), 3.4 implies some cutpoint x of
A(TC) .is invariant and x is a cutpoint of X. If D is a cutpoint
of A(TC), then D is also a cutpoint of X. If D is a true cyclic
element of A(TC), then D is also a true cyclic element of X

(use 2.9). Thus A(TC) contains an invariant cyclic element of
X. If A(TC) contains two invariant cyclic elements, then 3.3
implies that some cutpoint x separating two points of TC is
fixed. Let {Ru} be the collection of all components of X-x
which meet TC. Since each Ra is open, each ﬁa meets TC, hence
each contains tC for some t € T (t depends on a). If Ra # RB'
let tC = R, and sC = Ry. Then st'lRoc = Rg. Since

A(TE) c U {Ra} U x, A(TC) contains no invariant cyclic

element other than x.
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As a final note we observe that there are dendrites which
are minimal orbit closures under their total homeomorphism groups.
One such example was constructed by Doyle and Hocking (Amer.

Math. Monthly, 1961). Thus pointwise almost periodicity of a
transformation group (X,T) with s.l.c. phase space is not suf-

ficient to insure the existence of an invariant cyclic element.

References

1. W. L. Ayres, On transformations having periodic properties,
Fund. Math. 33 (1945), 95-10C.

2. W. H. Gottschalk and G. A. Hedlund, Topological Dynamics,
Amer. Math. Soc. Collog. publ. XXXVI, Providence, 1955.

3. W. J. Gray, 4 fixed point theorem for commuting monotone
functions, Canad. J. Math. 21 (1969), 502-504.

4. , A note on group invariant continua, J. Austrl.
Math. Soc. 8 (1968), 310-312.

5. J. G. Hocking and G. S. Young, Topology, Addison-Wesley,
Reading, 1961.

6. A. D. Wallace, Monotone transformations, Duke J. Math.
9 (1942), 487-506.

7. , Group invariant continua, Fund. Math. 36 (1949),
119, 124.

8. G. T. Whyburn, Analytie Topology, BAmer. Math. Soc. Colloq.
publ. XXVIII, New York, 1942.

The Citadel
Charleston, South Carolina 29409



	c4.pdf



