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BOXES OF COMPACT ORDINALS

Scott W. Williams

If {Xn: n € w} is a family of spaces, then E%wan,
called the box product of those spaces, denotes the cartesian
product of the sets with the topology generated by all sets
of the form Hn G_, where each Gn need only be open in the

€w n

_ w
factor space Xn' If Xn = X V n€y, we denote Dnwan by I X.
M. E. Rudin [5] and K. Kunen [3 and 6, pg. 58] have shown

that CH implies U, w(xn + 1) is paracompact for every counta-

€
ble collection of ordinals {An: n € w}l. At the 1976 Auburn
University Topology Conference I demonstrated [7] that the
paracompactness of uw(m + 1) is implied by the existence of

a Ak-scale in ww, a set-theoretic axiom which is a consequence
of, but not equivalent to, Martin's Axiom, and hence CH. 1In
addition, I proved uw(wl + 1) is paracompact iff um(a + 1)

is paracompact V countable ordinals o. If this is coupled

with E. van Douwen's (3 a A-scale in “w) = is para-

ne win
compact for all collections {Xn: n € w} of compact metrizable

spaces [1l], we have L%, + 1) is paracompact if 31 a

1

h-scale in “w. However, none of the proofs generalize to

higher ordinals (uw(w2 + 1), for example). We conjecture:
If Dw(w + 1) Zs paracompact, then uw(A + 1) Zs paracom-

pact Y ordinals at

lIt is unknown whether it is consistent for Dm(w + 1) not to

be paracompact; however, 3 compact spaces Xn such that
unewxn is not normal. Moreover, irrationals x(uw(w + 1))
is not normal [6, pg. 58].
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Toward this conjecture we show:

Suppose A is an ordinal for which Lﬁew(kn + 1) is para-
compact whenever An < AvVn € w, then uw(x + 1) if either of
the following holds:

(1) cf£(A) # w (Theorem 1).

(2) cf(A) = w and 3 a A-scale in “w (Theorem 2).

Now suppase {Xn: n € wl} is a family of sets and for each

£ e IInGw n’

E(f) = {g € Hnewxn: (Im € wyn > m =g(n) = £(n)},

then {E(f): £ €I } forms a partition of I %, and the

nEan €w n

If S <1 X

resultant quotient set is denoted by anan' < Ten¥nr

we let E(S) denote its -image in vnEan'

Lemma (Kunen [3 and 6, pg. 58]1). Suppose X, 18 a compact
Hausdorff space for each n € w and Vnwan has the quotient

topology induced by UnGan, then

(1) Gg-sets in V . X are open

. . , R R 2
(i1) UnGan is paracompact iff vnewxn 18 paracompact

(i11) Every open cover of vnewxn has a subcover of car-
dinality < c (the cardinality of the continuum)
whenever Xn 18 scattered V n € w.

For A, B € P (w) define A < B if A - B is finite; A = B
if A < B and B < A. Observe that = is an equivalence relation
on P(w). Suppose A is an ordinal and f € Y\, for each
A € P(w), we define in V(A + 1), (A,£) =E(I A (n)),

where

2With (i) VnGan is paracompact iff every open cover has a

pairwise disjoint clopen refinement.
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[f£(n) + 1, Al if n €A
Af(n) =
[0, £(n)] if n £ A.

{(a,f) : A ¢ P(w)} forms a clopen partition of V¥ (A + 1)

since A = B iff {(A,f) N <B,f) £ 0.

Theorem 1. Suppose A is an ordinal with cf£(\) # w, then
for uw(x + 1) to be paracompact it is necessary and sufficient
that U (o + 1) be paracompact ¥V o < A.

Proof. Necessity is obvious so we prove sufficiency only.

Without loss of generality, we assume A is the supremum
of an increasing sequence {na: o < cf(A\)}. Let R be an open
cover of Vw(k + 1). For each 1 < Wy and d € Tc we construct
inductively Vv(d), W(d), 6(d), and A(d) to satisfy:

(1) v(d) and W(d) are clopen subsets of vw(x + 1), 3 U €R>
v(d) cU, v(d) U W(d) cw(dlo) Vo<1, and if o < T is
a limit ordinal, then W(d [o) = np<0W(d [o).

(2) If 0 < T is an odd ordinal>, then

{v(e): dom(e) < o} U {W(e): dom(e) = o}

is a pairwise-disjoint covering of vWir o+ 1),

(3) A(d) is an infinite subset of w and if ¢ < 7 is a non-
limit ordinal, then A(d o) < A(d [p) V p < O.

(4) If E(x) € W(d) and ¢ < A < A(dlo) va < 1, then E({y:
x(n) < y(n) < A if n € A, y(n) = x(n) if n ¢ A}) < w(d).

(5) 6(d) € “Xx is a constant function with values in {nu:

a < cf(A)} and if ¢ < T is even, then

6(d Po) (0) > 6(d p) (0) V p < 0.

30 is an odd ordinal when ¢ = 9 + 2n + 1, where 0y = 0 or

is a limit ordinal and nfw. If ¢ is not odd it is even.
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(6) If ¢ < T is odd, then W(d[o) < (A(dlo), 6(dl o)) ,
(7) If 0 < T is a non-limit even ordinal and p = ¢ - 1, then
3 a clopen subset G(d lo) of Vada(al o) (804 Fo)(n) + 1)
such that
V(d[o) =wW(dlo) n (Ad[p), 6(dl o)) and
W(d lo) = {E(x) € W@lp): E(xPw - A@[p)) € G(ATo)}.
Now suppose our objects V(d), W(d), 6(d), and A(d) have
been constructed to satisfy (1) through (7) vdele vt < wg .
If E(x) £ u{v(t [1): tewlc, T < w;} then by (1) and (2) we

may find for each 1 < w dTGTc such that E(x)EW(dT). Again

ll
from (1) and (2), if 0 < T is odd and de%c such that d # dT [o,
then E(x) £ W(d); therefore, o < 1 = d0 = dT fo. From (5)

we may find the first even ordinal p < w, such that for every

1
n,

x(n) > e(dp)(O) = x(n) > suprwle(dr)(O).
From (6) 3y € 0“(A+ 1) 3 E(y) = E(x) and

A(d = {n: y(n) > 9(dp+l)(n)}.

p+l)

From (7) E(y) € v(d a contradiction. Therefore,

p+2)’
vt P1): t ¢ wlc, T < wl}
is a cover of vw(x + 1) and we are done, so we should begin
ouxr. construction.
Let A(9) = w, W(¢) = V¥(A + 1), and a be the first
ordinal such that E(Hw[na,x]) is contained in some U € R.
Let 6(¢)(n) = o,V n€w and V(¢) = <A($),0(e))

Suppose for an ordinal p < w, we have constructed Vv(d),

1
w(d), 6(d), and A(d) to satisfy (1) through (7) vde

Tc V T < p. Our construction at p needs three cases:
Case 1. p is an odd ordinal

Let T = p - 1 and 6(e) = 6(d) if ecc and e 'T = d. TLet
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{Afe): ecPc, et = d}
be a listing of exactly one element chosen from each equiva-
lence class of elements of

{A: ¢ <A <A@ Po), o < 1}

pc we let

For each e€
W(e) = We 1) N {ale), 6(e))d
If dETc, then W(d) n (¢, 6(d) > is a clopen subset of
E(I¥{0, 6(d)(0)1); therefore, by the lemma (ii) and (iii) we
may find a pairwise-disjoint clopen refinement of R
{vie): ec’c, e 't = d} whose union is W(d) n (¢, 8(d)) .
Clearly (1) through (7) are satisfied.
Case 2. p is a non-limit even ordinal.
Let T = p - 1 and A(e) = A(d) if ec’c and e Pt = d. If
da€'c and w(d) = ¢, we let W(e) = V(e) = ¢ and
6(e) (n) = o if 6(d) (n) = ng-1 Vv n€fw
If d€'c and W(d) # ¢, let

1

Y*(d) = {g: g ~(A) = A(d), E{g) € W(d)}.

We will wish to cover Y*(d) by
u{w(e): e It = 4d}.
From (4), Y(d) = {g fw - A(d): g€ Y*(A)} # 4.
In Voga(q) (0(d) (m) + 1), let
R(d) = {E(I

U(n)): E(I__ U(n)) ¢ some U € R,

nfa(d)
E(IU(n)) n Y*(d) # @}.

€

From (5) of the induction hypothesis and the lemma, (ii) and

(iii), 3 a pairwise disjoint clopen refinement {G(y): y < c}
of R{d) whose union is E(Y(d)). 1If eEpc, eft =4, e(t) = v,
then let

W(e) = {E(x)eW(d): E(x Pw-A(d))eG(y)}.
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For each y we may find () > 6(d) (0) such that
{E(x)€EW(d): E(x Pw-A(d))eG(y) and x(n) > o (y) v but finitely
many n € A(d)} < some U € R.
Let 6(e) (n) = 0 (y) V n€w and V(e) = W(e) n (A(d), 6(e)) .
Certainly (1) through (7) are satisfied.

Case 3. p is a limit ordinal.

If e€Pc, let A(e) = w, V(e) = ¢, and find the first
o <w 3~ > 6(e f1)(0)y ¥ T < p. We choose 6(e)(n) =
N V n€w. To satisfy (1) through (7) we observe that (i) of
the lemma allows

Wie) = n Wl M)

to be clopen.

The proof to Theorem 1 is completed.

1f Yo is ordered by £ < g if {n: g(n) < £(n)} £ ¢, then
for an ordinal A, a A-scale is an order-preserving injection
s: A+ “u such that {s(a): o < A} is cofinal in “w. Recall

[2,7] that CH = 3 an w,-scale; MA = 3 a c-scale; an

1
w-scale; 3 a k-scale and [-scale = cf(k) = cf({); for every
model m with regular ordinals 4 and { with cf(A) # w # cf({)
and A < [, there is a model n = m with a A-scale in “y and

c = /; and 3 models m of ZFC without A-scales for any k.

Theorem 2. ( 3 a k-scale in “w). Suppose cf(A) = w,
then for LA + 1) to be paracompact it is necessary and suf-

fieient that 3 {Yn: ncw} < A > sup = Xand L- (v, + 1)

nEan n

is paracompact.
Proof. Necessity is obvious so we prove sufficiency.
WLOG assume Yh < Yh+l VY n€w, cf(yn) =1 V n€w, and

{s(a): o < A} is a h-scale in “u for a regular A. Let R be
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an open cover of V¥(A + 1). For each T < 4 and d€'c we con-

struct inductively V(d), W(d), 6(d), and A(d) to satisfy:

(1) v(d) and W(d) are clopen subsets of Vw(A + 1), 3 UER >
V(d) c U, V(d) UW(d) wW(dlo) vo<rt, and if 0 < 1
is a limit ordinal W(d o) = ﬂp<ow(d fo).

(2) If 6 < 1 is an odd ordinal, then

{v(e): dom(e) < o} U {W(e): dom(e) = o}
is a pairwise-disjoint covering of (A + 1).

(3) A(d) is an infinite subset of w and if ¢ < 1t is a non-
limit ordinal, then A(d o) < A(d Pp) Vv p < 0.

(4) 6(d) (n) = Ys(a) (n) Vv PEW and some o < 4; and if o < T is
even, then

{n: 8(d[o)(n) < 6(d[p) (M)} = ¢ Vp <o.
(5) If 0 < 1 is odd, then W(d o) < ¢ A(d Po),0(d Po)> and
(V(e): ec’c,elo -1 =d o - 1} = {¢,6(ATa)d n
W(@po - 1).
(6) If 0 < T is a non-limit even ordinal, then
v(d Po) =w@lo) n ¢(A@ PMo - 1),0(d Po - 1))
Now suppose our objects Vv(d), W(d), 6(d), and A(d) have
been constructed to satisfy (1) through (6) v d€'c v 1 < A.
For x€I“ (A + 1) define
# .{0 if x(n) = A
x"(n) =
x(n) otherwise.

We may find the first o > {n: ¥y < xf(m)} = ¢. If

s(a) (n)
a = o, + m, where ag = 0 or is a limit ordinal and m€w, let

T

Il

Gg * 2(m + 1). From (2), (4), (5), and (6) we have
E(x) € y{V(e): dom(e) < T}.
Therefore, {V(d): dGTc, T < A} is a pairwise-disjoint clopen

refinement of R covering V¥ ()X + 1). So we must complete our
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construction.

Let A(9) = w, W(¢) = YA+ 1), and o be the first ordinal
such that E(HnEw[Ys(u)(n)’A]) is contained in some U € R. Let
9(¢) (n) = Ys(a) (n) 7 n€w and V(¢) = < A(¢),0(¢) ) .

Suppose for an ordinal p < A we have constructed V(d),
W(d), 6(d), and A(d) to satisfy (1) through (6) Vv de'c Vv
T < p. Our construction at p needs three cases:

Case 1. p is an odd ordinal.

Let T = p - 1 and 6(e) = 6(d) if ecPc and e Pr = d. Let

{a(e): e€fc, e M1 = d}
be a listing of exactly one element from each equivalence
class of elements of

{a: ¢ <A <A@lo), o <1}

p

For each e€"c we let

W(e) = W(e Pt) n (A(e), 6(e) ).
If dGTc, then W(d) n (¢, 6(d)) 1is a clopen subset of
E(Hnéw[ol 6(d) (n) 1)
and HnEw[O' e(d)(n?] is a clopen subset of a subproduct of
Hnéw(yn + 1); therefore, by the lemma (ii) and (iii) we may
find a pairwise-disjoint clopen refinement of R,{V(e):
ecPc, e Mt = d} whose union is W(d) n (¢, 6(d) ) . Clearly,
(1) through (6) are satisfied.
Case 2. p is a non-limit even ordinal.
Let T = p - 1, and A(e) = A(d), and W(e) = W(d) if ecPc
and e Pt = d. 1If dcTc and W(d) = ¢, we let W(e) = V(e) = ¢
and

8 (e) (n) Vv nfw; where

= Ys(a+l) (n)
8(efMT)(n) = Ys () (n) VY REW-
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1f d€'e, W(d) # ¢, and

Y(d) = {glw - a@: y*

(M) = A(d), E(y) e w(d)} = 4.
In VnéA(d)(S(d)(n) + 1), let

R(d) = {E(ané(d)u(n)): E(l . U(n)) c some U € R,

ne

-1

3 E(g)€W(d) N E(M__ U(n)),g ~(A) = A(d)]}

€w
Since un(A(d)(e(d)(n) + 1) is homeomorphic to a clopen subset
of a subproduct of DnEw(Yn + 1), we may use the lemma, (ii)
and (iii), to find a pairwise disjoint clopen refinement
{G(8): 6 < c} of R(d) whose union is E(Y(d)). 1If ecc,

et =4d, e(t) = §, then let a(8) be the first ordinal > a(d),

where 6(d) (n) V n€w, such that

= Ys(a(d)) (n)
V(ie) = {E(x)€W(d): E(x[fw = A(d)) € G(8), x(n) >
€
s (a(8)) (n) 7 P
is contained in a member of R. Let 8(e) (n) = Ys (0 (8) (n) V néw.
Clearly, (1) through (6) are satisfied.
Case 3. p is a limit ordinal.
P = = =
1f e€"c, let Al(e) w, V(e) ¢, and 6 (e) (n) Ys(a)(n)
vV n€w, where
o = sup{B: 8(e P1)(n) = Y (2) (n) Vv nfw, T < pl}.
To see that (1) through (6) are satisfied, we must show
W(e) = mT<pw(e f1) is open.
However, if E(x) € W(e), then the induction hypothesis and
the definition of W(d) in Case 2 yields
E(I[x*(n), x(n)]) < W(e),
where
x(n) if cf(x(n)) =1
x*(n) =+40(e)(n + 1) if x(n) is a 1limit > 6(e) (n)

sup{6(e 1) (n): 8(e P1)(n) < x(n), v < p} + 1, other-

wise.
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This completes the construction and the proof of Theorem 2.

Remarks

A.

There are many models of ZFC, constructed via forcing,
in which there are no kA-scales [2]. However, J. Roiﬁman
[4] has shown that in some of these models, techniques
inadvertedly, in some sense, yield unwan paracompact V
compact metrizable Xn; specifically she has shown:
In a model m of set thecry which is a direct iterated
CCC extension of length A of a model n, cf(k) > w =
VnGan is paracompact if Xn is regular and separable.
A simple adaptation of her proofs will give the conclusion
of Theorem 2 in nm.
Suppose u

0
graphic ordered product of uy

is an ordinal and for n > 0 uy is the lexico-
-1 with itself. Let

u = supnewdn. It is unknown whether (3 a c-scale in
Yuy = Dw(u + 1) is paracompact when Uy = Wqi however,
our theorems show (3 a A-scale in ww) = Dw(un + 1) is
paracompact V n€w. It is unknown whether L (w + 1) is
paracompact = Dm(u + 1) is paracompact when ug = w; al-
though Dw(un + l)'is paracompact for each n.4 The simplest
question still unanswered is "Does there exist a model m
of ZFC in which 0%(A + 1) is not paracompact for some
ordinal A?" The hardest question asks that A = w.

We observe a recent result communicated to the author by
E. K. van Douwen: If Xn is compact V n€w, then DnGan

is pseudo-normal. The author gives much appreciation to

the referee whose suggestions for clarification of

4

v“’(ur1 + 1) may be embedded in V

w + 1
n (0 + 1).
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unnecessary technicalities in our proofs appear.

Added in proof

Recently, J. Roitman has proved that Dn is paracom-

ewxn
pact whenever each Xn is compact first countable and Yy fails
to have a cofinal family of cardinality less than the con-

tinuum. A corollary to this theorem and our theorems 1 and 2

yields ¢ = w =>0%, + 1 is paracompact. Independently, I

2 1

have shown the same corollary and, in addition:

Suppose, in theorem 2, (3 a k-scale in Yo) is replaced
by « is the least cardinal of any cofinal family in Yo and
Acp(w) with |Al =k, then

E({x € 0¥\ + 1: x_l(k) € A}) is paracompact.
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