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EXPANSIVE MAPPINGS

W. R. Utz

1. Introduction

In this paper we indicate, in Section 2, how certain
primary results for expansive homeomorphisms follow from a
theorem proved by modifying the proof of a known theorem.

In Section 3 we compare the property of a compact disconnected
space carrying an expansive homeomorphism to its being, topo-
logically, a subset of the Cantor discontinuum. Finally, in
Section 4 we prove a theorem giving a sufficient condition

for a homeomorphism to be expansive on a space if it is ex-
pansive on each of two subsets forming a decomposition of

the space.

A self-homeomorphism, T, of a metric space X is said to
be expansive ([5], wherein the original term "unstable" was
used) if there exists a §(X,T) > 0 such that corresponding to
distinct x,y € X, there is an integer n(x,y) for which

o (T (x), T (y)) > 8.

If X is a metric space and if T is a self-homeomorphism
of X, then the orbits of the distinct points x,y € X are said
to be positively (negatively) asymptotic under T if

lim o (1% (%), T (y)) = 0
n -+
(n » -=)

Let X be an infinite compact metric space, T an expansive
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self-homeomorphism of X, A © X be closed and invariant under

T and let X' be the derived set of X.

Theorem 1. If A < X' # ¢, then there exists a point
of A whose orbit is asymptotic in at least one sense to an

orbit of a point of X.

This theorem includes Theorem 2.1 of [5] (let A = X),
Lemma 2.3 of [5] (A is a fixed point) and Theorem 2.4 of [5]
(A is a periodic orbit). 1In both [5] and Sol Schwartzman's
improvement [2, p. 87] of Theorem 2.1 of [5] it is assumed
that X is dense-in-itself. That X only be a non-trivial com-
pact metric space was assumed in Schwartzman's thesis [4].
Schwartzman's theorem gives no advantage, however, in examples
such as the following one wherein one may take A = {0}, for

instance.

Example. Let

= = l i = * e 0
X = {0} u{1} U {x;|%; = g7, i = 1,2,3,---} U
{x;|x; = (2 -1y/2%, i = 2,3,4,+++}
where T: X - X is defined as T(0) = 0, T(1) = 1, T(xX) is a

shift to the right by one element of X if x # 0,1 (§ = % - &

for any € > 0). One may take A as any one of the three sets

{o}, {1}, {o,1}.

Proof of the Theorem. The proof may be had by modi-
fying the proof of Theorem 2.1 [5] as follows. X2 =X x X
becomes P = X x A and D = {z|z = x x x,x € X} becomes
D = {z|z = a x a,a € A}. The sequence of points {zi} P -D

for which z, >z € D may be had as follows. Let a € A N X'

and consider a sequence of distinct elements {xi} c X for



TOPOLOGY PROCEEDINGS Volume 3 1978 223

which X; > a. Then, since each x5 # a, x; xa £ D and one
has z, =x;, xa+axa € D where each z, € P -D (it is

possible, of course, to have x5 € A).

3.
It is well-known [3] that subsets of the symbol space

E(C) based on a finite set of symbols, C, is homeomorphic to
the Cantor discontinuum. It is also well-known [5] that the
shift homeomorphism on E(C) is expansive. In the theorem

of this section we show a close relationship between the pro-
perty of a compact disconnected space carrying an expansive
homeomorphism and its being a subset of the Cantor discon-

tinuum.

Theorem 2. If X is a compact metric space, T(X) = X is
an expansive homeomorphism with expansion constant § and if
X can be expressed as a finite sum of disjoint closed sets
each of diameter less than 8§, them X is topologically con-
tained in the Cantor discontinuum.

Proof. Suppose that X is the union of the disjoint,
closed sets Al’AZ""'Ak‘ Consider the space, E(C), of all
mappings of the integers, I, into the set, C, of symbols

{1,2,+++,k} with metric

= 1
" Ttmax[m[£(1) = g(i) for [i] < m]

T(flg)

for £, g € E(C), m € I+, i € I. This space is homeomorphic
to the Cantor discontinuum [3].

We will now map X homeomorphically into E(C). If x € X,
define ¢: x - £ € E(C) by the requirement that f(s) = i,

s €I, ie€ec, if T(x) € Ai. To see that ¢ is one-to-one,
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we notice that if x # y, x,y € X, then, by the expansiveness
of T, p(T™(x),T"(y)) > 6 for some n and so ¢(x) # ¢(y).

If x € X and ¢(x) = £ € E(C), let N, a positive integer,
be given. Since X is the union of a finite number of closed
sets, A, each of these sets is also open. For any j €
{0,£1,+2,+++,+N}, if Tj(x) €A, for some i € {1,2,+--,k},
it is clear that there exists a neighborhood Vj of x such
that Tj(Vj) [ Ai' Now, let € be a positive number such that

U(x,e) = {y: p(x,y) < €} < n{vj: -N < j < N}
If p(x,y) < € and if ¢(y) = g, then £(j) = g(j) for all

j=20,t1,+2,+++,tN and so o(f,qg) < ﬁ%f' Thus, ¢ is continu-
ous.
Since X is compact, ¢ is a homeomorphism. This completes

the proof of the theorem.

4,

In the next theorem we show that if a homeomorphism is
expansive on each of two subsets of a metric space and if one
of the subsets consists of a finite number of orbits, then
the homeomorphism is expansive on the entire space. An ex-
ample is given to show the strength of the requirement that
the orbits be finite in number in one of the subsets. B. F.

Bryant [l] has given a similar theorem.

Theorem 3. Let Bl’ B2 be invariant disjoint subsets of

B = B, U B, under the homeomorphism T(B) = B. Suppose that

1 2
T is expansive on By and, also, expansive on B,. If B, con-
sists of the orbits of a finite number of points, then T is

expansive on B.
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Proof. Let 61 and 62, respectively, be expansion con-
stants for T on B, and B,. Let 6 = 61/3. Suppose that B,
consists of orbits of the s points XyrXy oo X For each
integer i in the interval 1 < i < s there can be at most one
y; € By such that

P (T™(xy) /T (y;)) < 0
for all m € I. To see this, suppose that Yy and z; are two
different points of Bl with this property. Then,
o (T (y;) /T (2;)) < o (T (y;) T (x;))
+ (T (%), T (2))) < 8
for all m € I which contradicts the expansiveness of T on Bl'

For each integer i in the interval 1 f.i < s, select oy
such that 0 < o; < p(xi,yi)‘where a companion Yy exists;
otherwise select oy = 61/3. Let B be any number for which
0 < B < min[min(ai),dzl.

We will now show that B is an expansion constant for T
on all of B. This is certainly clear for x,y € Bl or
x,y € B,. Suppose x € B, and y € Bl' There exists a q € I
for which T9(x) = X for some i on the interval 1 < i < s.

If D(Tq(x)),Tq(y)) > B, the proof is complete. If p(Tq(x),
Tq(y)) = p(xi,Tq(y)) < B, then because of the choices of ay
and B we have B < ay and so Tq(y) # ¥y- Thus for some N,

o(t" (x;), T 9(y)) > 6,/3 > 8. That is, T(TV(x),™(y)) > 8

for M = N + q to complete the proof of the theorem.

Theorem 3 is not valid if B2 contains an infinite number

of orbits. To see this consider the following subset B of

E3, let B, be the family of rays z = 0, y = ix for x > 0,

11
1'2‘1'3_1

1

i=1 +++, Let B, be the rays z = i, y = ix for x > 0,

2



226 Utz

,%,"'. Let T be a shift outward on each ray such that

N =

i=
if R denotes the origin (0,0,0) and if P € B, then p(R,T(P))
= 2p(R,P). Regardless of the § selected, there will be rays

of B, and B2 (near the x-axis) for which points are not

separated by 6.
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