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IRREDUCIBLE SPACES AND PROPERTY bj

dJ. C. Smith

1. Introduction

In an unpublished paper [8] J. Chaber introduced a
topological property which he called property bl. Chaber
showed that this property plays an important role in the
study of metacompact and §-refinable spaces. Since these
classes of spaces are irreducible, it is natural to investi-
gate the relationship between property bl and irreduci-
bility. A topological space X is <rreducible if every open
cover of X has an open refinement which is a minimal cover
of X. Studies of irreducible spaces have been made by
R. Arens and J. Dugundji [l1], J. Boone [3,4], U. Christian
{[9,10], the author [17,18,19], and J. Worrell and H. Wicke
[21].

In this paper we investigate property bl and its
natural variations. 1In particular we show in Section 2
that property bl is actually stronger than the notion of
weakly 6-refinable but a weaker version of property bl is

‘implied by weakly B-refinable. Also in Section 3 we show
that another weaker version of property bl always implies
irreducibility. Application of these results are given in
Section 4 where several unanswered questions are solved.
A number of new problems are also included.

The following notions and definitions are included

for the benefit of the reader.
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Notation. Let F = {Fa: a € A} be a collection of

subsets of a space X. We will denote y Fa by u7.
o €A

Definition l.1. A space X is called weakly 6-refinable
provided every open cover § of X has a refinement “?:191
satisfying:

(i) each 91 = {G(a,i): o € Ai} is a collection of open
subsets of X,

(ii) for each x ¢ X, there exists an integer n(x) such

that 0 < ord(x,§ < o

n(x)) ’
(iii) if x € X, then x ¢ G; for only finitely many i,
* =
where G¥ = UG, .
Naturally, a cover U?=1§i satisfying (i)-(iii) above is
called a weak f-cover. Spaces satisfying only (i) and (ii)
are called weakly 68-refinable and were introduced by Bennett

and Lutzer [2].

Definition 1.2, A space X is called 6-refinable if
every open cover § of X has a refinement U:=19i where each
§i is an open cover of X and property (ii) above is satis-

fied.

The following property was introduced by J. Chaber
in an unpublished paper [8]. This property was shown to
play an important role in the study of 6-refinable and

metacompact spaces as stated in the next theorem.

Definition 1.3. A space X is said to have property
b1 if each open cover ([ of X can be refined by a cover

7 = u5_,7. such that,
i=1"1
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]n is a locally finite collection of closed sets

in.X - U [U]k].
k<n

Theorem 1.4. (1) A space X is metacompact i1ff X is
almost expandable and has property b;.
(2) A space X is O-refinable i1ff X is almost B-expanda-

ble and has property bl'

Properties of almost expandable and almost §-expandable

spaces are discussed in [8,13,14,16,17,20].

Definition 1.5. A collection F = {F,: a ¢ A} is
called hereditarily closure-preserving (HCP) provided for

every B € A and every collection {HB: B8 ¢ B}, where

HBS FB,we have that U H, = U
€

H, .
BB °  BeB P

B
Definition 1.6. A space X is said to have property
B(D(resp. LF, HCP),a) if each open cover (/ of X has a re-

finement U ]s’ such that for each s < a
s<o

(1) 74 is a discrete (resp. locally finite, HCP) col-

lection of closed sets in X - u [u?_,1.
s'<s
(2) U [UF_,] is closed in X.
s'<s s

Remark. Note that property B(LF,mO) = property bl
according to Chaber [8]. It should be clear that property

B(D,a) = property B(LF,a) = property B(HCP,a) for each a.

Definition 1.7. A collection V is a "partial” refine-
ment of a collection (/ provided each member of V is contained
in some member of /. (It need not be the case that

UV = ul.)
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2. Property B (D, wg) and Weakly §-Refinable Spaces

In order to begin our study it is interesting to note
that property B(D,mo) is stronger than the property of

weak f-refinability.

Theorem 2.1. If a space X has property B(D,wo) then
X is weakly 6-refinable.

Proof. Let U be an open cover of X. Then {/ has a
refinement Uz=1]i satisfying (1) and (2) in Definition 1.6
above. We now construct the sequence {§i}z=l satisfying
properties (i)-(iii) of Definition 1.1 above.

Now for each a € A and each n < Wy choose U(a,n) ¢ U
such that F(a,n) € U(a,n) where F(a,n) ¢ }n'

Define G(oa,n) = U(a,n) - U F@,n) - U [U]k] for each
B #a k<n
o € A and n < wg and let
§h = {G(a,n): o € A}.

It is clear that each 95 is a collection of open subsets
of X. Furthermore if x € X choose n(x) to be the first

integer for which x belongs to some member F(o,n(x)) of

}n(x)' Then x belongs to only G(a,n(x)) ¢ 9h(x) and x
belongs to no member of gk for k > n(x). Therefore

“?=195 satisfies properties (i)-(iii) in Definition 1.1

above so that X is weakly 6-refinable.

Remark. The author conjectures that property B(D,wo)
and weakly f-refinability are not equivalent. In fact,
the author conjectures that there is a space X which is

weakly f-refinable and has property B(D,m0+l) but does not
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have property B(D,mo). Such examples however appear to be

somewhat complicated.

Theorem 2.2. FEvery weakly B-refinable space has
property B(D,(mo)z).

Proof. Let U?=19i be a weak 6-cover of X where

9i = {G(a,i): o € A}. Let Gﬁ = ng for each k and
G* = {Gﬁ}i=l’ Define for each i > 1 and j > 1,
P(i,j) = {x € X: ord(x,¢* < i or ord(x,§® =i

and 0 < ord(x,gk) < j for some k}
We show that for each (i,j) there exists a sequence of
collections {]k}z=l such that ]k is a discrete closed
collection in X - P(i,j). Since X = Uz=lU§=1P(i’j) and
P(i,j+1) = P(i,3) u [U:=1[U]k]] the proof will be complete.
Let i and j be fixed.

Define, Hi = {x € X: ord(x,§*) < i}.

B, = {Bch: Bl =3 +1}.
S = {x € X: 0 <ord(x,4,) <3j + 1}.
Now for each k and each B ¢ Bk let F(B,k) = [ n G(a,k)] N

a€B

[Gi n H; N s, 1 and }k = {F(B,k): B € Bk}.

k

We assert that ]k is a discrete closed collection in
X - P(i,j). Let k be fixed and x ¢ X - P(i,j). Then
ord(x,§¢* > i.

(1) If ord(x,g*) > i, then X - Hi is a neighborhood
of x which intersects no member of }k’

(2) Suppose ord(x,¢*) = i.

Case I. If x ¢ G, then x belongs to exactly i other

members {G* : 2 = 1,2,--<i} of ¢*. Hence n,_,G* is a
o, =1 oy
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neighborhood of x which misses Gﬁ n Hi and hence intersects
no member of ]k'

Case II. Suppose x € G*. 1If ord(x,gk) > j + 1 then

k
X belongs to at least j + 2 members of §k, say G(al,k) for
- Vs j+2 - j+2
2 1, j+2. But ﬂ2=lG(a2,k) n Sk ¢, so nl:lG(ul'k)

intersects no member of }k'
Finally if ord(x,gk) = j + 1 then x belongs to exactly
j + 1 members of 9k’ G(al’k) for & = 1,2,+++j3+1. Then

j+1
n

=1G(a2'k) intersects only F(B,k) where B = {al,az,---aj+l}.

It is easy to see that P(i,j+1) = P(i,j) u [U;=1[U}k]]
so that the proof is complete. Hence X has property

2
B(Dr ((A)O) ).

Remark. It is important to note that in the construc-
tion above, the families ]k cover all points which have

finite positive order with respect to some 9k'

Lemma. If l be an open cover of a space X and C a
closed subset of X. Suppose that F = {Fa: a € A} is a
partial refinement of U such that

(1) each member of F is closed in X - C and

(2) 3 is locally finite on X - C.

Then there exists a sequence of open collections {9i}:=l
which partially refined U, such that each x ¢ [UF] - C has
finite positive order with respect to some 9k' (In fact,

ord(x,gk) = 1 for some k.)

Proof. Now if r, = {B: B <A, |B| = n}, define
H(B) = n FB' for each B € Pn. Note that H(B) < U(B) for
B€B

some U(B) € (/. Let gn {G(B): B € I}, where
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G(B) = [U(B) - C] - UY{H(B'): B' € T and B' # B}. Clearly
96 is a collection of open sets for each n. Furthermore if
x € [ufl - C, then ord(x,¥) = k for some k; so x belongs to
ecactly Fa 'Fa ,---,Fa . Therefore x € G(B) only when
1 2 k

B = {ul,---,ak}. Hence ord(x,§k) = 1.

Theorem 2.3. If a space X has property B(LF,(wo)z),
then X 1s weakly 6-refinable.

Proof. Suppose X has property B(LF,(wo)z) and ( is
an open cover of X. Then there exists a collection of

families {}s: s < (wo)z} such that

(i) each member of }s is closed in X - u tut.,1,
s'<s 5
(ii) U [UJS.] is closed in X for each s,
s'<s
(iii) 7. is locally finite in X - u [ur..1.
s s'<s s

By the previous lemma, there exists for each s, a sequence
{gi}z=l of open collections such that each point x ¢ [U}s]

- U [U]s.] has finite positive order with respect to 9?,
s'<s

for some k. Without loss of generality we may assume
that each 9; is a partial refinement of (/. It is easy to

see that { u U 29?} is a weak 6-refinement of {/,
i<w0 s<(w0)

and hence X is weakly 6-refinable.

Remark. It should be noted that Theorem 2.3 above
remains true for any countable ordinal B. The proof is

similar.

Summary. Property B(D,w)) = weakly 6-refinable =
property B(D,wo)z) = property B(LF,(wo)z) = weakly

6-refinable.
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3. Property B (HCP, a ) and Irreducibility
In [17] the author obtained the following result.

Theorem 3.l1. Every weak 8-refinable space is irre-

ducible.

Since property B(D,mo) = weakly 6-refinable, every
space with property B(D,mo) is irreducible. Here we can
obtain the stronger result, that every space with property
B(HCP,a) is irreducible.

The following lemmas are straightforward, and hence

their proofs are omitted.

Lemma 3.2. Let H € X and let (/ be a collection of
open sets in X which covers H. If (|H has a minimal open
(in H) refinement then there exists an open (in X) collec-
tion V whieh partially refines ( and covers H, such that

V is a minimal open cover of uyl.

Lemma 3.3. Let X be a topological space and H = {( H
s<a
where UH , Zs a closed subset of X for each s < a. Let
s'<s

{/ be a collection of open subsets of X which covers H.
If for each s < a, W; 18 a collection of open subsets of

X which partially refines U and covers H - 1] [UWS.]
s'<s

minimally, then there exists a collection V of open sub-
sets of X which partially refines [, covers H, and is a

minimal open cover of ul.

Theorem 3.4. Let (| = {Ua: o € A} be a collection of

open subsets of a space X and H = {Ha: a € A} a hereditarily
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closure preserving collection such that Ha c Ua for each
o € A. Then U has an open partial refinement which covers
UA and is a minimal open cover of its union.

Proof. Suppose that # = {Ha: a € A} is a hereditarily
closure preserving collection with Ha c Ua for each a ¢ A.

We assume that A is well ordered. For each o € A choose

X €H - UH when H - UH, # ¢,
o o 8 <a B o 8 <o B
and let A' = {0 € A: H - U HB # ¢}. Since X is T, and
g <a

# is hereditarily closure preserving {xa: a € A'} is a
discrete closed collection in X. Define
Wa = Ua - U{XB: B € A' and B # a} for each o € A.

Clearly W = {Wa: @ € A'} is a minimal open cover of UA.

We now can obtain the following.

Theorem 3.5. Every space X space with property
B(HCP,a) is irreducible, for any ordinal a.
Proof. Let (/ be an open cover of X. Then { has a

refinement U }s satisfying properties in Definition 1.6
s<a

above. By induction we construct a sequence of {Vs}s<a of

open collections such that for each s < a,

(i) Vs is a partial refinement of {(/,

(ii) U VS, covers U [U}s,]
s'<s s'<s

(iii) U V_, is a minimal open cover of its union.
s'<s S

(1) For s = 1, ]1 is a hereditarily closure preserving
collection of closed subsets of X. By Theorem 3.4 above
there exists an open partial refinement Vl of {/ such that

Vl is a minimal open cover of U]l.
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(2) Assume that Vs' has been constructed satisfying

(i)-(iii) above for s' < s. Define F* = {(F - U [uV_,1:
S s'<s S

F € }S} so that }; is a hereditarily closure preserving
collection in X. By Theorem 3.4 again there exists an
open partial refinement Ws of {/ such that Ws covers U]:
and is a minimal open cover of its union. Now define

Vs ={wWw- U [U]S.]: W ¢ W }. It is easy to check that
s'<s s
V satisfies properties (i)-(iii) above and the induction

is complete. As in Lemma 3.3 U Vs is a minimal open
s<o,

cover of X and refines (/. Hence X is irreducible.

Corollary 3.6. Every Bl-compact space with property

B(HCP,a) <s Lindeldf, where a is any countable ordinal.

Theorem 3.7. Let f£f: X - Y be a closed continuous map.
If X has property B(HCP,oa), then Y has property B(HCP,a)

and hence i1s irreducible.

Proof. The proof follows from the fact that closure

preserving collections are preserved under closed maps.

4. Applications and Shrinkability

Definition 4.1. An open cover {Ga: o € A}l is
shrinkable if there exists a closed cover {Fa: a € A}

such that F, €6, for each a € A.

In [19] the author obtained the following result.

Theorem 4.2. A space X is normal iff every weak

6-cover of X is shrinkable.



TOPOLOGY PROCEEDINGS Volume 5 1980 197

A generalization of this result can now be proved using

the notion of property above.

Theorem 4.3. Let ¢ = {Ga: a € A} be an open cover of
a space X. If k is any countable ordinal, and G has an

open refinement Vs where Vs = {V(a,s): o € A} satisfies,
s<k
(1) V(a,s) < Ga for each o ¢ A,

(2) U V(a,s) s a cozero set in X for each s,
0€A

then G ig shrinkable.

Proof. Define V; = | V(a,s) for each s < k so that
a€A
{V;: s < k} is a countable cozero cover of X. Then
{V;: s < k} has a locally finite open refinement
{W;: s < k} such that W; = V; for each s < k. Define
H(a,s) = W; N v(o,s) for each o € A and each s < k, and
Ha = U H(a,s). It should be clear that ﬁ& c Ga for each

s <k
o € A and {Ha: o € A} covers X. Hence § is shrinkable.

Theorem 4.4. Let X be a normal space. For any
countable ordinal k, every open cover with property
B(HCP,k) Zs shrinkable.

Proof. Let ¢ = (G : a € A} be an open cover of X with
property B(HCP,k) where k is any countable ordinal. Then

¢ has a refinement U J_ where,
s<k

(1) 7 = {F(a,s): o ¢ A} is HCP and closed in
X - v [udg.d.
s'<s
(2) F(a,s) < G, for each o ¢ A.
We show by transfinite induction that there exists

for each s < k, an open collection Vs = {V(a,s): a ¢ A}

satisfying
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| (1) v(a,s) < v(a,s) < Ga for each o € A,

(2) U V{a,s) is cozero in X for each s.

€A
| (3) U VS covers U J_ for each s.
s'<s s'<s

Assume Vs' with the above properties has been constructed

for all s' < s. Define H(oa,s) = F(o,s) - Ul U Vs] so
s'<s

that H(a,s) = H(a,s) < G, for each a € A. Since
# = {H(a,s): o € A} is closure preserving and X is normal,
there exists an open collection Vs = {V(a,s): o € A} such
that /_ is a partial refinement of §, and

(1) H(a,s) < V{a,s) € V(a,s) < G, for each a ¢ A,

(2) U V(o,s) is a cozero set in X.

o€A
Clearly [V} Vs' covers U }s and the construction is
s'<s s'<s

complete. By Theorem 4.3 above, § is shrinkable.

H. where each

Theorem 4.5. Suppose that X = U;—1H

H; = ii has property B(D,mo). Then X has property B(D,wo).
Proof. Suppose each Hi has property B(D,wo) and ( is

an open cover of X. Then U/Hi has a refinement U;=13§

such that 3; is a discrete closed collection in H; = kgj}i.

Since Ji is a discrete closed collection in X for each i,
the natural diagonalization of the families U::l U§=13§
yields the desired collections satisfying property F(D,wo).

Theorem 4.6. Let f£f: XY be a perfect map.

(1) If X has property B(LF,a), then so does Y and
hence Y is irreducible.

(2) If X is weakly 6-refinable, then Y has property

B(LF,(mo)z) and hence is weak 0-refinable.
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Open Questions.

(1) Is weak B-refinability or weak 6-refinability
preserved under perfect or closed maps?

(2) Is metacompactness equivalent to weak 6-refinable,
almost expandable and orthocompactness?

(3) When are weakly 8-refinable spaces irreducible?
For example, is countably metacompactness enough?

(4) When does property B(D,(wo)z) imply weak
b-refinability?

(5) Is there a simple example of a space which has
property B(D,w0+1) but does not have property B(D,wo)?

The author would like to thank the referee for his

comments concerning this paper.

References

1. R. Arens and J. Dugundji, Remark on the concept of
compactness, Portugal. Math. 9 (1950), 141-143.

2. H. R. Bennett and D. J. Lutzer, 4 note on weak
0-refinability, General Topology and Appl. 2 (1972),
49-54.

3. J. Boone, On irreducible spaces, Bull. Austral. Math.
Soc. 12 (1975), 143-148.

4. , On irreducible spaces II, Pacific J. Math.
62 (1976), 351-358.

5. D. K. Burke, 4 note on R. H. Bing's example G, (Proc.
Va. Polytechnic Inst. and State Univ. Top. Conf.)
Lecture Notes in Math., vol. 375, Springer-Verlag,
New York and Berlin, 1973, pp. 47-52.

6. , R. Engelking, and D. Lutzer, Hereditarily
elosure preserving collections and metrization, Proc.
Amer. Math. Soc. 51 (1975), 483-488.

7. , Preservation of certain base axioms under
a perfect mapping, Surveys in Topology, Academic
Press, 1980.



200

10.

11.

12.

13.

14.

15.

le.

17.

18.

19.

20.

21.

Smith

J. Chaber, On 6-refinability of strict p-spaces, (lst
version) (unpublished).
U. Christian, 4 note on the relation between Lindeldf
and xl
215-217.

, Concerning certain minimal cover refinable
spaces, Fund. Math. 76 (1972), 213-222.

P. de Caux, A collectionwise normal, weakly 6-refinable

-compact spaces, Comment. Math. Proc. 16 (1972),

Dowker space which is neither irreducible nor real-
compact, Top. Proc. 1 (1976), 67-77.
H. Junnila, On submetacompactness (to appear).
Y. Katuta, On expandability, Proc. Japan Acad. 49
(1973), 452-455.

, Expandability and its generalizations,
Fund. Math. 87 (1975), 231-250.
M. E. Rudin, 4 normal space X for which X X I is not
normal, Bull. Amer. Math. Soc. 77 (1971), 246.
J. C. Smith and L. Krajewski, Ezpandability and col-
lectionwise normality, Trans. Amer. Math. Soc. 160
(1971), 437-451.
J. C. Smith, Properties of weak O-refinable spaces,
Proc. Amer. Math. Soc. 53 (1975), 511-517.

, A remark on irreducible spaces, Proc. Amer.
Math. Soc. 57 (1976), 133-139.

, Applications of shrinkable covers, Proc.
Amer. Math. Soc. 73 (3) (1979), 379-387.

, On B-expandable spaces, Glasnik Mat. Ser.
IIT 11 (31) (1976), 335-346.
J. M. Worrell, Jr. and H. H. Wicke, Characterizations
of developable topological spaces, Canad. J. Math. 17
(1965), 820-830.

Virginia Polytechnic Institute and State University

Blacksburg, Virginia 24060



	b4.pdf



