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THE SUBCONTINUA OF B[0,*) - [0,)

Michel Smith

If we let A = [0,») then it has been shown by Bellamy
[B] that the remainder gA - A of the Stone-Cech compactifi-
cation of A is an indecomposable.continuum. Also it has
been shown by Smith [Sl] that RA - A does not contain non-
degenerate hereditarily indecomposable continua. Thus
BA - A contains decomposable continua. We are interested
in studying the structure of A - A by examining the pro-
perties of the subcontinua of RA - A. We show that there
are at least six different decomposable subcontinua of
BA - A. Each such continuum admits a monotone decomposi-
tion into an arc and has a dense set of points of local
connectivity which are also P-points of that continuum,
These continua have been studied extensively by Mioduszewski
[Mi]. We state a number of his results which we will use,
Also we will point out a humber of corollaries to his work
to give us a more complete picture of these continua.
Mioduszewski also used the ordering "<" defined below.

It was pointed out by S. Baldwin to the author that
the set Au defined below is used as a model for non-standard
analysis. (But with [0,1] replaced by (-=,») in the con-
struction.) So we are interested in the topological pro-
perties of these models.

It was learned by the author that some of these results
were discovered independently by Eric van Douwen (related

in conversation, Topology Conference, April 1986, Lafayette,
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Louisiana.) In particular van Douwen was aware of the
upper semi-continuous structure of the subcontinua of A*

and knew of five different subcontinua of A*, It was also

2 denotes the Euclidean

plane then there are 2€ different subcontinua of BE2 - Ez,

shown by van Douwen [vDl] that if E

this is a generalization of a result of Winslow [Wi] who
used homological techniques to show that BE3 - E3 has 2€
different subcontinua where E3 denotes 3-dimensional
Euclidean space. Whether A* has 2% different continua or
not is still an open question.

In the second portion of this paper we examine the
structure of some of the indecomposable subcontinua of A*,
It was shown by M. E. Rudin [R] that the continuum hypothe-
sis implies that A* has 2€ composants. It was suggested
by Mioduszewski [Mi] and it was proven by Blass [B&] that
the near coherence of filters axiom implies that A* has
only one composant. We show that there is a certain class
of indecomposable subcontinua of A* any one of which has 2¢
composants under the continuum hypothesis and has only one

composant under the near coherence of filters axiom.

Definitions and Notation

If X is a completely regular space then the Stone-Cech
compactification BX can be identified with the set of
ultrafilters of zero sets of X [GJ]. If X is a metric
space then BX can be identified with the set of ultra-
filters of closed sets of X. If x € X then x is identified

with the ultrafilter that contains {x}. A basis for the
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topology of BX is the collection to which J belongs if and
only if there is an open set R in X so that J = {u € BX|R
contains an element of ul. Elements of this basis are
called regions of BX and if U is open in X let Rgn(U) denote
{u € BX|U contains an element of u} which is the region
determined by U. If Y < X then ClX(Y) denotes the closure
of Y in X. Let X* = BX - X. Let Z(X) denote the collec-
tion of zero sets in X; so Z(X) is the collection to which

K belongs if and only if there is a continuous function

f: X » [-1,1] so that K = f_l

(0).

Let N denote the positive integers. For the remainder
of the paper let X = [0,1] X N. Then X is homeomorphic to
a subset of A; so X* is homeomorphic to a subset of A*.

{n} U’
= X . =
Let In [0,1] n}; we have X n=lIn'
Let 2 denote the set of sequences of numbers in [0,1],

o

2= {{s ] -

:=l|sn € [0,1], n € N}. Suppose that s = {sn}
€ @ and u is an ultrafilter is N*., Then define AN(u,s) =
{{(sn,n)lne H}|H € ul. Since {(sn,n)}:=l is homeomorphic
to N, then AN(u,s) is an ultrafilter of {(sn,n)):=l. Let
A(u,s) = {H € Z(X)|there exists H € AN(u,s) such that

H c H}. Then A(u,s) is an ultrafilter in X*.

Suppose H € X or H © BX then define D, = {n|H N I, ¥ gl.

H

Suppose that x € X*. Then define u = {DH|H € x}.
Following are some theorems which we wish to use which

are due to Mioduszewski [Mi] and we will state most of

them without proof. The theorems which are labeled M- are

due to Mioduszewski, though the notation may be slightly

modified.
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Theorem M1, If x € X* then u, € N*,
Suppose u € N*, Then define L(u) = cle({A(u,s)Is € Q)).

Theorem M2. The set L < X* is a component of X* if

and only if L = L(u) for some u € N¥*,

Theorem M3. If x € X* and u € N* then x € L(u) <f and

only <f u, = u.

Definition. Let u € N*. Then let o, = A(u,{O}:=l) and
let lu = A(u,{l}:=l). There is a natural order induced on
each of the components of X* by the order on [0,1]. Suppose
n € N, Ac In and B < In' Then A g B means that if
x = (a,n) € A and y = (b,n) € B then a < b. Suppose u € N*
and x and y are points of L(u) then x a y means that there
exists H € x, K € y, and D € u so that H n In E K n In for
all n € D. The subscripts n and u in "E" and "ﬁ" will be
omitted if it is clear from the context what is meant. As
we will see not all points of L(u) can be related by "6".
However, the points of {A(u,s)|s € Q} are linearly ordered

by llall.

Although Theorem M4 follows from work in [Mi] we include

a proof with our notation for completeness.

Theorem M4, Let u € N*, If s € Q and A(u,s) ts
netther Ou nor lu then A(u,s) is a cut point of L(u) which
separates 1u from Ou in L(u).

Proof. Let s = {Sn}:=l € Q be such that A(u,s) is
neither Ou nor lu' So there exists J € u such that 0 < sh

< 1 for all n € J. Let P be the set to which x belongs if
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and only if x € L(u) and x ﬁ A(u,s) and let Q be the set
to which y belongs if and only if y € L(u) and A(u,s) S Y-

Clearly P U Q < L(u).

Claim 2.1. PN Q=4

Suppose that P N Q # ¥ and x € P n Q. Then x < A(u,s)

and A{(u,s) < X. So there exist Wl € X, W2 € x and Jl € u,
J2 € u so that
wl n In < sn for all n € Jl = le
w2 n In > srl for all n € J2 = Dw2.
But then W, N W, n I < s and W, n W, n I > s for all
1 2 n n 1 2 n n
n € Jl n J2 # @, and Wl n W2 € x. This is a contradiction.
Clatim 2.2. P U Q = L(u) - {A(u,s)}.
Suppose x € L(u) - {A(u,s)}. Then u, =u by corollary

1.1. Since x # A{(u,s) there exists W € x and K € AN(u,s)
so that Wn K = @, That is K is chosen so that there is a

set J € u so that K = {(Sn,n)|n € J}. Since Dy € u and

J € u then Dw nJ € u., So K = {(sn,n)ln € Dw nJ} € A(u,s).

Also W n ({I_|n € D, n J}) € x. Let W, = U{Wn ([0,s ) x

W
{n})|n € D, N J} and WQ = U{W n ((sn,l] x {n}|n € D, N J}.
So wP U WQ € x and both WP and wQ are closed in X. There-
fore either wP € X or WQ € x. If wP € x then x € P and
if WQ € x then x € Q.

Claim 2.3. P and Q are mutually separated.
Suppose p € P. Then there exists W € p and H = Dw € u
so that W n In < s, for all n € H. The set W n In is

closed so there exists an open set On c In in X so that
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W n In c On and On < sy for all n € H. Thus W < UngHon'

Also p € Rgn(unE”On) and if x ¢ Rgn(uneﬂon) then there
exists K € x so that K n In c On < sy for all n ¢ H.
Therefore x € P. So no point of P is a limit point of Q.
Similarly no point of Q is a limit point of P.

From the definitions of P and Q it is easy to see
that Ou € P and lu € Q.

From the proof of theorem M4 we can make the following

definitions: if s € @ and u € N* then let

P(u,s) = {x € L(u)|x 5 A(u,s)},
Q(u,s) = {x € L(u)|A(u,s) < x},
P(u,s) = P(u,s) v {A(u,s)}, and
Q(u,s) = Q(u,s) U {A(u,s)};

and notice that
P(u,s) and Q(u,s) are mutually separated,

L(u) - A(u,s) = P(u,s) U Q(u,s),

P(u,s) n Q(u,s) = {A(u,s)},
P(u,s) = ClBX(P(u'S))' and
Q(u,s) = Cle(Q(u,S)).

Furthermore P(u,s) and Q(u,s) are both continua (see [M]

or [K]).

Since L(u) is defined to be Cl x(A(u,s)]s € ) then

B
{A(u,s)|s € @} is dense in L(u). A continuum I is <rre-
ducible from the point P to the point Q means that P and Q
are points of I and no proper subcontinuum of I contains P
and Q. If the continuum I is irreducible from the point

P to the point Q then the end of I from P denoted by

End(I,P) is the set to which x belongs if and only if I is
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irreducible from P to x. The set E is called an end of I
if it is an end of I from some point of I. Ends of con-

tinua are complements of composants of continua.

Theorem M5. Let u € N* and s € (. Then the continuum
P(u,s) is irreducible from Ou to A(u,s), and the continuum
Q(u,s) is irreducible from 1, to A(u,s).

Proof. Suppose that I is a proper subcontinuum of
P(u,s) containing 0, and A(u,s). Then by the observation

that {A(u,r)|r € Q} is dense in L(u) there exists a point

A(u,r) € P(u,s) - I. So there exists J € A(u,r) such that
DJ € uand J n In < sn for all n € DJ. But L(u) - A(u,r) =

P(u,r) U Q(u,r) and by the definitions of P(u,r) and Q(u,r),
Ou € P{(u,r) and A(u,s) € Q(u,r). But A(u,r) ¢ I so either

I ¢« P(u,r) or I ¢« Q(u,r) which contradicts the connected-
ness of I. Similarly Q(u,s) is irreducible from Iu to

A(u,s).

Following are some corollaries to Mioduszewski's work

which we will need.

Corollary M6. Suppose u € N¥, sl and 52 are elements
of Q, and A(u,sl) < A(u,sz). Then {y € L(u)|A(u,sl) <y <

A(u,sz)} 1s a subcontinuum of L(u) <rreducible from A(u,sl)

to A(u,sz). Furthermore this continuum 18 P(u,sz) n Q(u,sl).
Proof. The second conclusion follows from the defini-

tions of P and Q. The argument for the corollary is

exactly like the argument for theorem M5 but with A(u,sl)

replacing Ou'
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Corollary M8 should read: Let u € N*. If y € A,

and O is an open set in BX containing y then there exist

1 2

s” and s in Q so that A(u,sl) <y < A(u,sz) and

L(u) - (P(u,sY) U Q(u,s2)) < 0 n L(u),

equivalently P(u,sz) n Q(u,sl) c 0N L(u).

Corollary M1l0, proof, line 4 should read:

L(u) - (P(u,st) U Q(u,s?)) c0n L(u).

Corollary Ml2: "t < s" should read "A(u,t)

in lines 2 and 3.

< A(u,s)"
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Corollary MT7. Let u € N*, s € Q, and A(u,s) £

{Ou,lu}. Then {A(u,s)} is an end of P(u,s) and of Q(u,s).
Proof. Let us first consider P(u,s) and suppose

y € P(u,s) and y # A(u,s). Then there exists W € A(u,s),

wy € y, and Il € u so that W = {(sn,n)]n € H} and wy n In < s

for all n € H and H = D Then let r € ) be chosen such

W
y

that wy n In < r, <osy for all n € H. So P(u,r) is a sub-
continuum of P(u,s) containing y and Ou, and A(u,s) € P(u,r).
So if E is the end of P(u,s) from Ou then y € E. Therefore
E = {A(u,s)}. Similarly {A(u,s)} is the end of Q(u,s) from

1.
u

Suppose u € N*, Then let Au denote the set {A(u,s)]

s € Q}.

Corollary M8. Let u € N*, If y € A, and O is an open
set in BX contianing y then there exist sl and 52 in { so

that A(u,sl) <y < A(u,sz) and

1 2
L(u) = 0 c L(u) = (P(u,s”) U Q(u,s“)).

Proof. Let y € Au' so y = A(u,s) for some s = {Sn}n=l
€ Q. Let U be a region containing y and lying in O. Since
y € U then J = {n](sn,n) € U} € u and {(sn,n)|n € J} € vy.
For each n € J let Un be the component of U n In which
contains (sn,n). Let sl and 52 be elements of  so that

sl < s_ < 52 and sl,s2 €U
n n n n’"n n

for all n € J. It is easy to verify that sl and 52 are the

required elements of Q.
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torollary M9. Let u € N* and let sl and 52 be elements
of Q. Then {y € L(u)|A(u,sl) Y g A(u,sz)} 18 connected
and 1s P(u,sz) n Q(u,sl).

Proof. The fact that P(u,sz) n Q(u,sl) = {y € L(u)|
A(u,sl) Y g A(u,sz)} follows from the definitions of P
and Q. By corollary M6 and corollary M7 it follows that

each two points of P(u,sz) n Q(u,sl) lie in a proper sub-

continuum of that set, hence P(u,sz) n Q(u,sl) is connected.

Let us introduce some notation. If u € N*, and sl and
2) denote P(u,sz) n

s, are elements of Q then let Ju(sl,s

2

Q(u,sl) and Ju(sl,sz) denote P(u,sz) n Q(u,sl). Note that

g% (st,s%) = ClBXJu(sl,sz) = g%t s?) U (au,st),a(u,s%)).

Corollary M10. Let u € N*, then L(u) is locally con-
nected at each point of A

Proof. Let O be an open set containing y € A, Then
let sl and 52 be elements of Q so that as in corollary M§,

A(u,sl) <y < A(u,sz) and

L(u) - O « L(u) - (P(u,sl) U Q(u,sz))-

Since P(u,sl) and Q(u,sz) are compact then L(u) - (P(u,sl) U

Q(u,sz)) is open in L(u) and contains y. Furthermore,

L{u) - (P(u,sl) u Q(u,sz)) = Ju(sl,sz) which is connected

by corollary M9.

Theorem M11l. Let u € N*, Q' < Q, H = nS€Q,P(u,s$ and

E=HN ClBX(L(u) - H). Then H is <irreducible from Ou to

each point of E and E is the end of H from 0,
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Corollary M12 . Let u € N*, Q' < Q, H = Ng ,P(u,s)

€
and K = n{ﬁTu,t)]t < s for all s € Q'}. Then End(H,Ou) =

1]

Hn K End(K,lu) = n{n{P(u,s) n Q(u,t) |t < s for all

s € Q'}|s €'},

Corollary M13. Let u € N*, suppose x € L(u) 1s a cut

point of L(u), and y € L(u) - {x}. Then either y a X or

X <y
Proof. Let u, x and y be as in the hypothesis and
suppose y £ x and x £ y. Since x is a cut point of L(u)
then L(u) - {x} 1is the union of two mutually separated
point sets P and Q containing Ou and lﬁ respectively.
Assume y € P. Let 0 be a region in gX so that O n L(u) < P,

y € 0 and Cl,XO no=g¢g. Let M= y{P(u,s)|A(u,s) € 0}.

B

Claim 6.2.1. x ¢ M.

Suppose X € M. Then x € P(u,s) for some s € Q, so

x € Q(u,s), so Q(u,s) « Q, and hence A(u,s) € Q which is a

contradiction.

Claim 6.2.2. y € M.
Suppose y € M, Then y € P(u,s) for some s € 2 and by
the previous claim x ¢ P(u,s). So x € Q(u,s) and hence
y < A(u,s) < x

which contradicts our original assumption.

Therefore since y ¢ M and Cl XO N L(u) is a subset of

B

ClBXM it follows that y € Cl

y is a limit point of M it follows that y € N

BxM. Therefore since y ¢ M and

sEQ.Q(u,s)

where Q' = {s € Q|A(u,s) € 0}. Let H =N Q(u,s). It is

seEqQ’
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easy to verify that M = L(u) - H., Let E = H n CngM'

Then by corollary M12 H is irreducible from lu to each point

of E and ClBXM is irreducible from Ou to E.

Claim 6.2.3. X € ClBXM'

Suppose x g Cl XM. Then by theorem 6 there exists

B8
A(u,s) such that x € Q(u,s) and Q(u,s) n M = g. But then

y € P(u,s) so y < A(u,s) < x which contradicts our original
assumption.

Therefore x € ClBXM - Mandy € ClB
M1l x and y are elements of E. By claim 6.2.1 x £ M and

XM - M by theorem

Ou € M and M is connected so M « P. Cl xM - {x} is con-

B
nected so ClBXM - {x} <« P. By theorem M1l O intersects
Lu - CleM so there exists A(u,r) € 0 n (Lu - ClBXM)’ Thus
A(u,r) > z for all z € CleM. So x £ Q{u,r), for otherwise

Yy < A(u,s) < x. But then Q(u,s) U (ClBXM - {x}) is con-
nected and contains Ou and lLl which contradicts the fact

that x is a cut point of L(u).

Corollary Ml4. Let u € N* and let G be the collection
to which E belongs if and only if there is a subset Q' of

Q so that E is an end of N P(u,s). Then G is an upper

seEqQ’
semi-continuous decomposition of L(u) and the decomposition
space L(u)/G is a Hausdorff arec.

Proof. The fact that G is upper semi-continuous can
be seen by noticing that {Ju(s,r)ls,r € Q} forms a basis
for the decomposition space (with appropriate modifications
made for the endpoints Ou and lu.) If El and E2 are elements

of G then define E. < E, if and only if there exists

1 2
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X1 € El and x2 € L2 so that Xy ﬁ Xgye It is not difficult

to verify that "<" is a linear order on G. Furthermore,
since L(u) is a continuum it follows that L(u)/G is a
continuum. Since the sets {{E|A(u,r) < E < A(u,s)}|r € @
and s € Q} forms a basis for L(u)/G (again with appropriate

modifications for the endpoints) then L(u)/G is a linearly

ordered continuum so it is a Hausdorff arc.

Theorem M15. Let u € N* and {wl};’= be a sequence of

1
elements of Q so that
+
Alu,w™) < Agu,w" ).

Let £ = (07_Q(u,w™) 0 (0(PTE,w|alu,w™) < AW for

all n € N} = End(n:=lQ(u,wn),1u). Then E is a nondegenerate

indecomposable, continuum.

Definition. If X is a space and x € X then x is a
P-point of X means that if {On}:=l is a countable collection
of open sets each containing x then x lies in the interior
of n:=

lon'

Theorem 1. Let u € N*, [Then every point of Au is a

P-point of L(u).

o1 € Q.

Proof. Let y = A(u,s) € Au and s = {sn}
Suppose {On}:=l is a countable sequence of open sets each

containing y so that y ¢ Int )(n:=lon). Then y is a limit

L(u
point of U:=1(L(u) - Oi). So y is a limit point of either
P(u,s) N (U _;(L(u) = 0;)) or of Q(u,s) N (u;_,(L(u) - O;)).

Let us assume without loss of generality that y is a limit

point of P(u,s) N (U:=1(L(u) - Oi)). By corollaries M7-M14
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we can construct a sequence of points A(u,sn) with s" € Q
so that
n n
P(U,S) - ﬂl=101 c P(uls )
n+l

and A(u,s™) < A(u,s ). Suppose z is a limit point of
{A(u,sn)}:=l. Then A(u,sn) < z for all n € N. Also since
z € P(u,s) we have z < y. Let r € Q be such that

z < A(u,r) <y, then Q(u,r) is an open set in L(u) which

contains A(u,s). Furthermore since A(u,sn) < A(u,r) for

all n € N we have Q(u,r) N P(u,sn) = g so Q(u,r) n (P(u,s) -
n?=10i) = @§. Therefore A(u,s) is not a limit point of
P(u,s) n (U:=1(L(u) - Oi)) which is a contradiction. So

the only limit point of {A(u,sn)}:=l is y but this contra-
dicts the fact that X* does not contain a convergent sequence.

Therefore y lies in the interior of n:=10.

i and hence y is a

P-point of L(u).

* oo L=
Lemma 2.1. Let u € N* and let {xi}i=l and {yi}i=l be
sequences of elements of L(u) so that
Xy < Xjq < yj+1 < yj for all i,j € N.
Then there exist s,r € Q so that
X < A(u,r) < A(u,s) < yj for all i,j € N.
Proof. Let u, {xi}i=l and {yi}i=l be as in the
hypothesis. From the definition of "ﬁ" it follows that
of elements of Q

there exist sequences {rn}:= and {sn}:

1 =1
so that
i .
%, < A(u,r7) < X541 for all i € N
j .
and yj+l < A(u,s”) < Yy for all j € N.

By induction construct a sequence of sets {Hn}:=l of u so

that
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a) o< rp+l < s9+1 < s for all i € Hn,
i i i i
b) Hn+l c Hn and

c) n°°=lH“ =g.

Let r and s be elements of Q so that for each k € H" - Hn+l

we have

Claim 2.1.1. A(u,rk) < A(u,sk).

Let H = Hl then if k € H there exists m € N so that
m m+1
k € H - H . Then ry < sk. Therefore rk < sk for all

k € H. So A(u,r) < A(u,s).

claim 2.1.2. A(u,r") < A(u,r) for all n € N.

n

By condition ¢ if k € H' there exists m > n so that

k € Hm - Hm+l. Now k € " so rm

k < Tk’
m m-1 m-1 m
k € H < H SO I < Ty
m m-2 m=2 m-1
E € H < H so rk < rk ’
k € H" < " so finally we have
o< rn+l < eee < rm—l <M<
k k k k k*
Therefore rﬁ < rk. Thus rg < rk for all k € H". Therefore

A(u,ri) < A(u,r).

Claim 2.1.3. A(u,s) < A(u,s") for all n € N.

The proof is similar to the proof of claim 2.1.2.

From claims 2.1.2 and 2.1.3 and the definitions of
n, o

}

n, o
{s n=1 and {r }n=l we have

Xy < A(u,rl) < A(u,r) < A(u,s) < A(u,sj) < Yj

for all i,j € N.
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Lemma 2.2. Let u € N* and {wn}:=l be a sequence of

elements of Q so that A(u,wn) < A(u,wn+l

) for all n € N.
Let H = n:le(u,wn) and E = End(H,lu) then no point of E is
a limit point of a countable set of cut points of H.

Proof. From above E = H n (n{ﬁTUTWTlA(u,wn) < A(u,w)
for all n € N}). Since E is an end of H no point of E is
a cut point of H. Also every cut point of H is a cut point
of L(u). Suppose that {zi}:=l is a countable sequence of
cut points of H which have a limit point y in E. Since no
point of {zi}:=l is in E we can construct by induction a

n

sequence {(A(u,rn)}:= so that A(u,r") € H, A(u,r’) < z,

1 i

for all i € N with i < n, and y < A(u,rn) for all n € N.
Let X; = A(u,wl) and y; = A(u,rl) for all i € N. Then the
sequences {xi}i=l and {yi}i=l satisfy the hypothesis of
lemma 2. So there exist r € Q so that

X < A(u,r) < ' for all i € N.
But since X; = A(u,wl) < A(u,r) and E contains no cut point
of L(u) (theorem M15) then P(u,r) is open in L(u) contains
y and no point of {yi}i=l and hence no point of {zi}i=l'

So E contains no limit points of {zi}?_l.

Theorem 2. Let u € N*, Then there are at least eight
non-homeomorphic subcontinua of L(u).
Proof. The eight continua are as follows:

Let C, denote a degenerate subset of L(u).

1
Let {wn}:=l be a seugence of elements of Q@ so that
Aa,w?) < a(u,w™) let H = n?_10(u,w") and let B = End(H,1).

Then by Theorem M15 E is a non-degenerate indecomposable

continuum. Let C2 = E.
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It has been shown that there are three different types
of ends; an end which is a singleton points set (corollary
M7), an end which is non-degenerate and contains a limit
point of a countable collection of cut points (theorem M11)
and an end which is non-degenerate and contains no limit

point of a countable collection of cut points (lemma 2.2).

Let C3 = L(u),
C4 = H = n:le(u,;ﬁy, and
Cg = Clgy (UF_ P (u,w")).
Let {rn}:=l be a sequence of points of @ so that
A(u,rn+l) < A(u,rn) < A(u,wl)
and let H = Clgy (up_j@(u,x™) .

Let C6 = ﬁ n C5.

Let {sn}:zo be a sequence of elements of Q so that
A(u,so) € C4 = H and A(u,so) < A(u,sn+l) < A(u,sn) for all
n € N.

Let C, = H n (n_;P(u,s™).

Let Cg = H N (N _ Plu,s™).

The continua {Ci}?=l are pairwise non-homeomorphic
because C, and C, are non-homeomorphic indecomposable con-

1 2
tinua and Ci is decomposable if i € {3, 4, 5, 6, 7, 8}. The

continua {Ci}§=3 are pairwise non-homeomprphic because their

end structures are different.

Definition. Suppose that X is a continuum and p € X.
Then the composant of X at p is the set to which x belongs
if and only if there is a proper subcontinuum of X contain-
ing x and p. A composant of X is a composant of X at some

point of X. It is well known [M,K] that the composants of
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an indecomposable continuum are disjoint, and that a non-

degenerate indecomposable metric continuum has c composants.

Remarks. There are some set theoretic axioms which
will give additional continua different from the ones con-
structed above. For example the axiom of near coherence of
filters NCF yields that A* has only one composant [Bl1,Mi].
Bellamy [Be] showed that A* can be mapped onto every metric
continuum. Let C be a non-degenerate indecomposable metric
continuum and let f: A* - C be an onto map. Then there is
a subcontinuum D of A* so that D is mapped by f onto C but
no proper subcontinuum of D is mapped onto D. Then D is
indecomposable and must have at least c composants. So
under NCF, A* and D are non-homeomorphic non-degenerate
indecomposable continua.

It follows from the above remarks that it is consis-
tent that there exist non-degenerate indecomposable sub-
continua of A* with different numbers of composants. We
conjecture that the continuum hypothesis CH implies that
every non-degenerate indecomposable subcontinuum of A* has 2€

composants. Rudin [R] has shown that A* has 2€ composants.

We will now examine the structure of some of the
indecomposable layers of the continua L(u) for u € N*,
If f: N > N is a mapping then Bf denotes the unique exten-
sion Bf: BN » BN. We will use the symbol CH to indicate
the continuum hypothesis. The near coherence of filters,
which we will denote by NCF, is equivalent to the following

statement [BR], the near coherence of filters axiom (NCF):
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If u and v are two ultrafilters in N* then there exists a
non-decreasing finite to one map f: N » N so that gf(u) =
Bf(v). The assumption of NCF has been shown to be inde-
pendent of the axioms of set theory by Blass and Shelah
[BS].

By a map is meant a continuous function. We will
assume that all spaces are completely regular.

The following theorem follows from a theorem of

Bellamy and Rubin [BR].

Theorem A. Suppose {In}:=l is a sequence of Hausdorff
continua so that for each n € N, with n > 1, In 18 irre-
ductible from In—l to In+l’ In n Ik # @ if and only if

n-k| <1, and W = u” 18 locally compact and not
< n p

compact. Then W* is an indecomposable continuum.
The following theorem was proven in [S2].

Theorem B. Suppose that {In}:_l 18 a sequence of

Hausdorff continua so that for each n € N, with n > 1,

I, ts irreducible from In—l to In+l’ In n Ik # @ 1f and
only if |n - k| < 1 and W = U:~1In 18 locally compact and
not compact. Then CH implies that W* has 2% composants.

Lemma 3.1. Let X be a locally compact Hausdorff space,
X € X*, H € x, and let {Mt|t € '} be a collection of sub-

continua of X so that H < U . Furthermore i1f J < X

tEYMt

let Mj denote U{Mt|Mt nJ # @}, Then M = p{Cl |3 € x}

BXMJ
18 a continuum which contains x.

Proof. Suppose J € x and J <« H. Then since each

point of J lies in some element of {Mt|t € I'} we have
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J < MJ. So ClBXJ c ClBXMJ.

X € ClBXMJ' Therefore x € ClBXMJ
Suppose that M is not a continuum. Then M is the

But x € ClBXJ‘ Therefore

for all J € Xx so X € M.

union of two disjoint compact sets A and B. Assume x € A.

Let Uy and Uy be disjoint open sets in BX with disjoint

closures containing A and B respectively.
For each y € BX - UA U UB’ y € M. So there exists

an element H € x and an open set R_ so that cl M

y € Ry, and (ClBXMH ) N Ry = . By compactness some finite

subcollection {R_ }.

Y
n
Y 1=

p of {Ry|y € BX - Uy V UB} covers

_ n ~ ~
X - UA U UB' Let J = nileyi, let J be such that J € x

~

z ) _— 1
and J < UA’ and let J' = J n JdJ., Then J' € x. So CleMJ,

B’ BXMJ" So MJ,
intersects both UA and UB' Let z € MJ, n UB' So z € Mt

¢ nJ' #g@g. So Mt intersects

both Ua and UB' But since Mt c MHy for all i € {1,2,+-+,n}

intersects both UA and U because A U B « Cl

for some t € T such that M

i

we have Mt n Ry = g for all i € {1,2,«++,n}. So Mt c
i

UA U UB. So Mt is not connected. This contradicts the

original hypothesis. So the lemma is established.

Theorem 3. Suppose {In}:_l is a sequence of irreducible

continua so that for each positive integer n > 1, In s

irreducible from I,_p tol

0
|n - k| <1, and X = Un=lIn

n+l® In n Ik # @ i1f and only if
is locally compact and not
compact. Then NCF implies that X* has only one composant,

Proof. For each n € N let wn be a zero set in X such

that I < Wn and won wk # # if and only if |n - k| < 1 and
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let 2 be a zero set in X such that 2 < I ~-1I , U e

and wn n Zk # § if and only if n = k. Let p and q be two

points of X*. We will construct a proper subcontinuum of X*

containing p and q. Since p and q are ultrafilters of zero

o

sets there exist i, j € {0,1,.++,6} so that Un=lw7n+l € p
and Ui=lw7n+j € g. There exists an integer ¢ € {0,1,2,...,6}
such that |i - ¢| > 2 and |j - 2| > 2. Let Jn = I7n+1+1 ]
I7n+2+2 U oo U I7n+£+6' Then Jn is a continuum and for
each n € N the continuum I7n+2 intersects neither Uz___lw7k+i
nor U;=1w7k+j' Therefore {Jn}:=l is a sequence of disjoint
subcontinua of X and p and q are both points of ClBX(U:=lJn).

Without loss of generality let us assume that ¢ = 0. Note

that W7n+i U w7n+j < Jn' If L € X then define HL =‘{n|L n

. . . =
Jn # @}, and if x € X* define u {HL c N[L € x}.
Claim 1. If x € X* and U”_ u

(W ) € X then

1WMonei Y Woney

u, is an ultrafilter in N*.
Proof. Suppose H € uy and K « N is such that H < K.

Then there exists L € x such that HL = H., Let L =L U

{Zn|n € K -~ H}. Since L and U{Zn|n € K - H} are both zero

sets it follows that L is a zero set and since L is a zero

set and L <« L we have L € x. Therefore H£ € u, and Hi = HL U

{n|jn € K - H} = K so K € u .

Suppose “l and H2 are elements of u, . Then there exist

Ll and L2 in x so that HLl = Hl and HLZ = H

L = Ll n L2 € x. Consider HL. If n € HL then there exists

z € L, NL, NnJ_ and we have n € H N H . Therefore
n Ll L2

€ x so by the previous

2° Then

2

H < H N H , but H
Ll L2 LlﬂL2
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argument HL n HL €u,. Therefore we have established that
1 2
u, is a filter.

Suppose now that u is not an ultrafilter. Then there
exists a set K « N such that K ¢ u but K n I # g for all

H € U Let Wn = and let M = U{wn|n € K}.

w7n+i v w7n+j
-  ~

By hypothesis W = Un=lwn € x so if L € x then L = L N W is

an element of x and Hi € ux. Then Hi N K # @ so there

exists m so that m € Hi n K, so L n Jm # @ but i < W so
E n &m # @g. But wm < M so i NM4#@. Therefore M is a

zero set which intersects every element of x so M € x and
since HM = K we have K € Uy Therefore u, is an ultrafilter

and the claim is established.

Therefore up and uq are both ultrafilters in N*, By
NCF there exists a function f: N » N so that £ is non-
decreasing and finite to one and so that Bf(up) = Bf(uq) = w,

For each integer n let

r, = Mln{k|f(k) = n}
s, = Max{k|[f(k) = n}
and let K_ = U{I |7r_ + 1 < k < 7s_ + 6}. Then since f is
n k n - - n

finite to one Kn is a subcontinuum of X.
Let M = n{ClBX(U{Kn{n € E}|E € w}). By lemma 3.1 M is
a subcontinuum of BX and since w € N*¥ we have M < X*, Note

-1
that U{J, [k € £ "(n)} < K_.

Claim 2. p € M and g € M.
Proof. We will prove that p € M, the proof that q € M
is similar. Suppose E € w. Thus f-l(E) € up (since

Bf(up) = w). Therefore there exists L € p such that
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P - 0™ 0
HL =f "(E) and L ¢ W = Un=lwn' Suppose t € L, then
t € J for some integer n and n € f_l(E). So f(n) € E.
Let m = £(n); so
r <n<s
m— " = °m
Jn = I7n+l U eee U I7n+6' and

7xr_ + 1 < 7n + 1 < Tn+ 6 < 7s_ + 6, so
m - - = m

J, € K. and t € Km. Therefore L < U{Km|m € E}, and so

p€Cl Lc ClBX(U{KmIm € E}).

RX
So p € ClBX(U{Kmlm € E}) for all E € w and hence p € M.

This establishes the claim.

Claim 3. M is a proper subcontinuum of X*,
Proof. Let H c N be such that H ¢ w and let G = f_l(H).

There exists H € w so that H n H = g, Let G = f_l(H).

Then G N G = g. For each k € H let t, € f'l(k) and let

k
Xy € &tk. Let A
a, = Max{j € G|j < tk} and
b, = Min{j € éltk < jl.
So ay < tk < bk' Since f is nondecreasing we have f(ak) <
f(tk) < f(bk). So by definition of Kk and since f is non-
decreasing &tk n (Kf(ak) V] Kf(bk)) = @ and so &tk n Kn =g

for all n € H., Therefore {xklk € H} n (U{Knln € H}) = ¢

and ClBX({xklk € HH) n ClBX(U{Knln € H}) = ¢ and hence

ClBX({xk|k € H})N)M = @g. This establishes claim 3.
Therefore M is a proper subcontinuum of X* that con-

tains p and q.

Definition. The subspace W of the space Y is said

to be C*-embedded in Y if and only if whenever f: W » (-«,®)
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is a bounded continuous function then f extends to a
bounded continuous function %: Y > (~w,) .

If Y is a space and H and K are two subsets of Y then
H and K are said to be completely separated in Y if and
only if there exists a map f: Y » [0,1] such that
f(H) = 0 and £(K) = 1.

The following two theorems which relate these con-

cepts will be needed.

Theorem C. (Urysohm's extension theorem, see [GJ].)
If Y is a space then the subspace K of Y ts C* embedded
in Y 1f and only if any two completely separated sets in

K are completely separated in Y.

Theorem D. (See [GJ].) A subspace S of the space
X 15 C* embedded in X if and only if gS is homeomorphic

to ClBXS’

Theorem 4. Suppose X 1s a locally compact separable
metric space and K 1s a g-compact subset of X*. Then K
is C* embedded in X and hence CleK 15 homeomorphic to gK.
Proof. We will use theorem C to establish that K is
C* embedded in BX. So let £ and ﬁ be arbitrary sets which
are completely separated in K. Let f: K - [0,1] be a map
such that f(£) = 0 and f(ﬁ) = 1 and let L = f-l(O) and

M= £ 1(1). Then L and M are closed in K. Let {Ji}:=l be

a sequence of compact sets such that K = u"j‘_’_lJi and

Jn c Jn+l for all n € N.

Since X is a locally compact separable metric space

we can find a sequence {Ui}°i°=l of open sets in X so that
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for each n, X - Un is compact and ClBXUn+1 c Un, and
*x = o . . o
X nn=lUn' By induction construct sequences {An}nzl and
©
{Bn}n=l of sets in gX so that for each positive integer n,

a) An c Un and Bn c Un’

b) M n Jn c An and L n Jn c Bn’

c) Cl An n Cl L =g and ClBXBn ncl M= g, and

BX BX BX
n-1 _
d) Cly. A n (Clgy Uy, _1B)) = # and
n
CluxBn 0 (Clgy Ug_gAy) = 4.

Condition c can be guaranteed because M n Jn is compact and

contains no limit points of L and because L n I is compact

o

and contains no limit points of M. Let A = Un=lAn and

<)

B = Un=an'

Claim. ClX(A nx)n ClX(B nx)=4g.
Proof. Suppose x € ClX(A n x)n ClX(B n x).

Then x € Un—l - Un for some integer n. So x ¢ ClBXUn+l

and hence x ¢ ClBXAk and x ¢ ClBXBk for all k > n+l. So

X € Clx(Ai N X) and x € Clx(Bj n X) for some i < n and some
j < n. But this contradicts condition d. So the claim is
established.

Therefore C1l X(A n X) and ClBX(B N X) are also dis-

B
joint. Furthermore ClX(A N X) and ClX(B N X) are closed in
X so there is a map h: X + [0,1] so that h(ClX(A nx) =1
and h(ClX(B N X)) = 0. So h has a unique extension
gh: X - [0,1]. Since h(ClX(A n X)) =1 and h(ClX(B n X))
= 0 we have Bh(ClBX(A n X)) =1 and Bh(Cle(B n X)) = 0.
But M < U]_jA; © Clg, T_1A; = Clg (AN X), so Bh(M) = L.

~

Similarly Bh(L) = 0. Therefore L and M are completely
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separated in pX. The remainder of the conclusion follows

from theorem D.

Let X = [0,1] x N. By theorem M2 the set of compo-
nents of X* is in a 1l-1 correspondence with the points of
N* and L: N* » components of X* is this correspondence.
Recall the order "ﬁ“ on L(u) which was defined above.

The following theorem was first proven by Miodsuszewski

[Mi]. It also follows from theorems A and 4.

Theorem 5. (Theorem 19 [Mi].) Suppose u € N¥*,
{pi}i=l is a sequence of a cut point of L(u) with Pn § Phel

. . . ,
and I the subcontinuum of X* irreducible from P, t° Poiy

o - © - [=¥) i s . .-
for each n € N. Then J ClBX(Un=lJn) Un=lJn s an inde
composable continuum.

Proof., If n > 1 is a positive integer then 1 is a

cut point of L(u) which separates p from Ph-1 in L(u).

n+l
So Jn n Jk # # if and only if |k - n| < 1. Then by

N ) - u® .J_ and so

theorem 4 J is homeomorphic to B(Un=l n n=1"n

by theorem A J is indecomposable.

We can now apply theorem A and theorem 4 with theorem
4 of [S1l] and theorem A and theorem 4 with theorem 3 to

obtain the following:

Theorem 6. If J is as in the hypothesis of theorem
5 then CH implies that J has 2€ composants and NCF tmplies

that J has only one composant.

Corollary 6.1. If A = [0,») and U is an open set in

A* then CcH tmplies that U contains an indecomposable
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continuum with 2° composants and NCF implies that U con-

tains an indecomposable continuum with only one composant.

Remarks. Let A = [0,»). If we assume NCF then A* is
a one composant indecomposable continuum; also every non-
degenerate subcontinuum of A* contains a one composant
indecomposable continuum (by theorem 6, and the constructions
in [S1] which show that every subcontinuum of A* contains a
copy of some L(u).) We also know that every nondegenerate
subcontinuum of A* maps onto every metric continuum [Be].
Let Z be a nondegenerate metric indecomposable continuum
and let Y be a nondegenefate subcontinuum of A*, Then Y
maps onto Z and hence some subcontinuum K of Y maps
irreducibly onto Z (K maps onto Z but no proper subcon-
tinuum of K maps onto Z). Any such continuum K must be
indecomposable and have at least c composants. Therefore
NCF implies that A* contains indecomposable continua which
also have at least c composants. Such continua are clearly
not homeomorphic to A* and by theorem 6 they cannot be
positioned in A* like the continuum J in theorem 5. We
conjecture (even under ZFC) that A* contains indecomposable
continua which are not homeomorphic to A* and which are
positioned in A* differently than the continuum J described
in theorem 5. However we have not determined if this is

the case even under CH.

The following problems arise naturally from our

discussion.
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Ql. Does A* have 2c different subcontinua? It would
be of interest if A* can be shown to have at least

infinitely many different subcontinua.

Q2. If u and v are different types [F1l,F2] of points
of N* then are L(u) and L(v) non-homeomorphic? It is easy
to see that if u and v are points of the same types then

L(u) is homeomorphic to L(v).

Q3. Does CH imply that every non-degenerate inde-

. . c
composable subcontinuum of A* have 2~ composants?

Q4. Does A* have infinitely many nonhomeomorphic
indecomposable subcontinua? (Even under any extra set

theoretic axioms.)

Q5. If under some set theoretic axiom A* has K com-
posants, then does it follow that every continuum posi-
tioned in A* like the continuum J in theorem 5 also have

K composants?

Remark. E. van Douwen has asked in conversation
whether every cut point of L(u) is in the form A(u,s) for
some s € . We intend to show in a future paper that this
is not the case under some set theoretic assumptions.

If one is willing to assume some extra set theoretic
assumptions then some partial answers to these questions
can be made. It was pointed out to the author by Stewart
Baldwin that Martin's Axiom (MA) implies that if u € N¥*

there is a subset of Au which is well ordered by 6 and
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has cardinality c. Furthermore, MA + "c is weakly inacces-
sible" is consistent relative to the consistency of the
existence of an inaccessible cardinal (see (J}, [vD2]).
Therefore we can assume that there are c non-homeomorphic
subarcs of L(u)/G hence MA + ¢ is weakly inaccessible implies

there are at least c different subcontinua of L(u).
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