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CONTINUA ARBITRARY PRODUCTS OF WHICH DO

NOT CONTAIN NONDEGENERATE HEREDITARILY
INDECOMPOSABLE CONTINUA

Michel Smith

Let X = [0,»), let BX be the Stone-Cech compactifi-
cation of X, and let X* = BX - X. (See [w], [S1] for
background information.) The author has shown [S2] that
if k is a cardinal then the topological product agKX* does
not contain a nondegenerate hereditarily indecomposable
continuum. This result is surprising in view of Bellamy's
result [Be] which implies that every nondegenerate sub-
continuum of X* contains a nondegenerate indecomposable
continuum. Also in the metric case Bing [Bi] showed that
every two dimensional continuum contains a nondegenerate
hereditarily indecomposable continuum. Therefore every
product of two nondegenerate metric continua contains a
nondegenerate hereditarily indecomposable continuum.

It is the purpose of this paper to generalize the
author's original result. Let X denote a locally compact
o-compact metric space. We define the property of uni-
formly subdecomposable and show that if compact subsets of
X have this property then X* does not contain a heredi-
tarily indecomposable continuum. Futhermore if X is a
locally compact oc-compact metric space so that X* does not
contain a nondegenerate hereditarily indecomposable
continuum then agKX* also does not contain a nondegenerate

hereditarily indecomposable continuum.
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Definitions and Notation

If X is a space and H C X then ClX(H) denotes the
closure of H in X and BdX(H) denotes the boundary of H in
X. If Y= aEKX is a product space and n € k then
Tt Y > X is the natural projection of Y onto the nEl
coordinate space. The set of positive integers is denoted
by N. If X is a metric space then the space BX will be
identified with the space of ultrafilters of closed sub-
sets of X [W] and the points of X will be identified with
the fixed ultrafilters in BX. If 0 is open in X then
BX(0)
{u € BX|0 contains a set in u}. The subscript BX may be

RgnBX(O) denotes the open set in BX defined by Rgn

omitted for notational convenience. If X is a locally
compact metric space and H is a closed subset of X then

the spaces H* and X* N Cl XH are homeomorphic and are

B
sometimes identified. If G is a collection of subsets of
X so that if G' is a finite subcollection of G then some
member of g is contained in NG' then G is called a filter
base of subsets of X.

If X is a space then K(X) denotes the space of com-
pact subsets of X with the standard hyperspace topology
(see [N]), and C(X) denotes the subspace of K(X) consisting

of the elements of K(X) which are subcontinua of X. If X

is compact (metric) then so are K(X) and C(X).

We now wish to define a general class of metric spaces
whose remainders will not contain hereditarily indecomposable

continua.
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Definition. The metric space X is uniformly subdecomposable
if and only if in each closed (with respect to the Hausdorff
metric) collection Z of subcontinua of X a closed collection W
of subcontinua can be inscribed so that each member of Z contains
a member of W and the members of W admit a decomposition into two
subcontinua A(I) and B(I) so that non-empty subcompacta a(I) can
be chosen in A(I) - B(I) with a(I)N U{B(J)|J € W} =g and

analogous compacta b(I) can be chosen in B(I) - A(I).

Definition. Suppose that G is a set each element of
which is a collection of subsets of the space X. Then
let Ls(G) = ﬂ{c1BX(Ug) |g € G}. Note that p € Ls(G) if
and only if p € BX and every open set in BX containing p

intersects a set in each element of G.
The following lemma follows easily from the definition.

Lemma 1.1. If G is a set of collections of subsets

of the space X then Ls(G) is closed in BX.

Assume in the following lemmas that X is a locally

compact metric space.

Lemma 1.2. Suppose that K is a subcontinuum of X*,
P and q are two points of K and U is an open set in X so
that there is an element Hp € p and an element Hq €q so
that Hp C U and Hq cXxX - ClXU. Then ClBX(BdU) NK#4g.
Proof. Assume ClBX(BdU) NK=g@g. LetV=X- Cle.
Then K C Rgn(U) U Rgn(V) because ClBX(BdU) N K= g. But
P €Rgn(U) and ¢ €Rgn(V), and Rgn(U) and Rgn(V) are disjoint

open sets in BX. This contradicts the connectedness of K.
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Lemma 1.3. Suppose that J is a set of collections of
subsets of X which is a filter base and for each j € J, J
is a collection of continua. Suppose further that M is a
collection of closed subsets of X which is a filter base
such that if j € J then Uj contains an element of M, and
that u 78 an ultrafilter in BX that extends M. Further-
more for each j € J and H € u let
£(j,H) = {I €3|I NH # @} and let F = {£(j,H)|] € J,

H € u}. Then Ls(F) <is a continuum in BX which contains u.

Proof. Assume the hypothesis of the lemma and let
j €J and H € u. Then there is a set ﬁ € M so that
ﬁ C U j., Then ﬁ N H # # and ﬁ NHCU3Jj, So some element
I of j intersects ﬁ NH, So I € £f(j,H). Therefore for
each j € J and H € u we have £(j,H) # #.

Assume that u & Ls(F). Then there is an open set 0
containing u and an element f(j,H) € F so that
(U f(j,H)) N0 =g@g. Since u € 0 there is an element
H' € u such that H' C 0 N X. By hypothesis there is an
element H" €M so that H" C U j. Therefore H N H' N H" € u.
But H N H' NH" C0 NX and HN H' N H" C U £(j,H) which
is a contradiction. Therefore u € Ls(F).

Suppose that Ls(F) is not a continuum. Then Ls(F) is
the union of two disjoint compact sets A and B, and assume
u €A. Let Uy and Ug be disjoint open sets containing A

and B respectively. Then Ls(F) C UA Uuu For each point

B
X € BX - UA v UB there is an open set 0x and an element

f(jx,Hx) of F so that (U f(jx,Hx)) N 0, = g. Some finite
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subcollection 0 , O, "*°, 0 of {OXIX €ERX - U

U u,l
1 %2 n B

A

covers BX - UA Uu Let H be an element of u with

B
let j be an element of J which is a subset of

HC Upr
A 4
Ix

N***Nj_ ,and let H=HNH_ N """ NH_ .
2 Xn X1 Xn

Jxl

But then (U £(j,H)) N (ug 0. ) = g and so each element

=1 X,

~ ~

of f£(j,H) intersects H and cannot intersect U?:l 0x and
i

hence cannot intersect BX - UA v UB' Furthermore each
element of f(j,H) is connected and intersects UA‘ There-

fore U £(j,H) C UA' Therefore Ls(F) C UA which is a

contradiction.

Theorem 1. Let X be a locally compact o-compact space
so that every compact subspace of X is uniformly subdecom-
posable. Then X* does not contain a nondegenerate
hereditarily indecomposable continuum.

Proof. Let K C X* be a nondegenerate continuum. Let
P € K, U be an open set in X so that p € Rgn(U), K £ CleU,
and let H € p be such that H C U. Since X is o-compact
there exists be a sequence of compact sets Hl'Hz’
Hi € p. Let

... with

. NH, =g if i 5, U7 i %
Hl HJ g if i # 3, U1=l Hl C H, and U1=l
* be a sequence of open sets in X so that

Ul' U2,

Hi C Ui c ClXUi C U and Clx(Ui) is compact for all i and

U, and let
1 i

Cl . U. NC Uu. = g if i # J-. et U denote U,

X i X L 1=

H denote (O H..
]—_l 1

Let Q = Cl,,Bd(U). By Lemma 2, Q N K # 4.

B
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Let G be the set to which the collection g belongs
if and only if g is an open set in RX which contains K.
If g € G then let Tg be the collection to which I beiongs
if and only if I is a subcontinuum of Clx(a) which inter-

sects both Q and H and which lies in ClX(X ng).

Claim 1. Tg # @ for all g € G.
Proof. Suppose g € G and Tg = #. Let d be an open

set in BX such that K Cd C Cl xd Cg. Let W= XnN4d.

B
Let H' C H be such that H' C W and H' € p. Let

Hi' = Hi N H'. Then by assumption no subcontinuum of

N . i ! . .
ClXW Clel intersects both Hl and Q So Cle N ClXUl
is the union of two disjoint compact sets Ai and Bi with
Hi - Ai and Q@ N (ClXW N Clei) - Bi. Furthermore since
BdUi C Q we have Ai C Ui' Then Ai V] Bi C g for all i.

Let UA and UB be disjoint open sets in X so that

CleA N ClXUB =4dg,

o ~
Ui=l Ai c UA C ClXUA C U and

U;_; B, C UB.C g.
So CL,W N ClU; C U, U Uy, Clg (W N U) CClgUy UClg,Up.

Let K' be the closure in BX of the component of

K N Rgn(U) which contains p. By construction ClBXUA C

Rgn(a) and CleUA NQ=@g. However Q N K Cd C g and K'
must intersect Bd(d N Rgn 6). But K' C d so K' intersects
BA(RgnU), hence XK' N Q # #. By Lemma 1.2, Clg, (BAU,) N K’
# @#. Let q € BdBX(Rgn(UA)) N K'. There exists J € q so
that J C 6 and J C W, so J C Clxa s ClXW, so

o
U, . UU,
Al i=

i=1 B; € q, so either J N (U,_, A;) € qor

1
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J N (U§=l Bi) € gq. 1In either case q ¢ Bd(Rgn(UA)) which

is a contradiction and Claim 1 is verified.

Claim 2. {Tg|g € G} is a filter base.
Proof. Let 9; and 9, be elements of G and let g € G
be 9, n 9y Then
Tg C Tgl N Tg2.

So the claim is easily verified by finite induction.

Claim 3. Tg 18 a closed subset of C(X) for all g € G.
Proof. Suppose that Tg is not closed in C(X) and
that Il’ Iz, “** is a sequence of elements of Tg which
converges to a point I € C(X) and I & Tg. Without loss
of generality we may assume that there is an integer k so

that In (@ Clek for all n. Therefore I must also lie in

Cl,U furthermore since In C ClX(X N g) for all n we

Xk’
have I C Clx(X N g). Since H and Q are closed and

QN In # @ and H N In # @ for all n then I NH # g and

INQ# @. Therefore I € Tg and so Tg is closed.

Note that since each element of Tg intersects both Q
and H it follows that each element of Tg is nondegenerate.

Let g €G. Let T = {I € Tg|I C Cly (U )}. Then

Tg = U:=l ™ and ™ C C(Cl,U ). So by hypothesis for

each n there exists a subset W' of T and mappings
A%, B": W' > c(Cly(u ) a”, b W' > K(CL,(U))) which

satisfy the definition of uniformly subdecomposable. Let

Ww=U_ W' and let A, B: W > C(X); a, b: W » K(X) be
. _ o n e n _ n
defined by A = Un=l A", B = Un=l B, a = Un=l a , and
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b = U:=lbn. These are well-defined maps since the domains
of the unioned maps are disjoint compact sets.

Let S: W - K(X) be defined by S(I) = A(I) N B(I).
It is not difficult to verify that S is also continuous.

Let G = {g € G|g C g}. For each g € G let Wg = {J € W|

there exists I € Tg so that J C I} and let Eg = U{S(J) |

J € Wwgl. Thus Eg is a closed subset of X. Let & =

{Eg|g € 8}. Since {Tg|g € é} is a filter base then so is
{Wg|g € é} and hence so is E. Therefore there is an ultra-
filter u € X* which extends E, so E C u.

For each g € G and L € u let

{A(I)|I eWg and I N L # @}

25 (9,L)

QB(g,L)

{B(I)|I eWwg and I NL # g}.

Claim 4. 2,(9,L) # £ and 25(g,L) # 4.

Proof. Let g € é and L € u. Then since u extends E
we have L N Eg # #. So there is an element I € Wgqg so that
S(I) NL # @, but S(I) CA(I) CI, so I NL # @#. Thus
A(I) € 2x(g,L). So &,(g,L) # @# and similarly

2p(g,L) # 9.

Define FA

{»QA(gIL) 'g € G, L € u}

FB {QB(g,L)|g €G, LEuU.
Then by Lemma 1.3 Ls(FA) and Ls(FB) are continua in BX

which contain u.
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Claim 5. Ls(FA) C K and Ls(FB) C K.
Proof. 1If z & K then there is an element g € G so
that z & c18x(g). Let L € u. But Ls(FA) C C1sx(u La(9,1))

c ClBX(g) which is a contradiction. Similarly Ls(FB) C K.

Let = a(W)

U{a(I)|I € W}, and

o oo
"

b(W) = U{b(I)|I € W}.

Claim 6. Ls(FA) N Cl,.(a) # # and Ls(FB) N Clsx(;) # 0.

BX

Proof. If Ls(FA) N ClBX(a) = g then there is a

covering 01, 02, tect 0n of ClBXa and a set of elements of

n
FA, {QA(gi,Li)}i=1 so that

n -
{Oi}i=l covers ClBXa and

0, N 2a(9;,L;)) = 4.

Vel n

= M, . L = N, .
Let g i=1 94 and let L =1 Ll Then

Lalg,L) N (U?=l 0;) = # but this is a contradiction since

by the definition QA(g,L) contains an element which inter-

sects a. Similarly Ls(FQ) N ClBX(b) # 4.

Claim 7. Ls(FA) N C1l xb = g and Ls(FB) N Clea =g.

B
Proof. If RA(g,L) € FA then U QA(g,L) =

U{A(I) |I € wg} € {A(I)|I € W} and by condition 3 in the
definition of uniformly subdecomposable we have

b N (U{A(I) |1 € w})

~

gx?

g. So Ls(FA) N Cl

g.

Bxb = #. Simi-

larly Ls(B) N Cl1

So Claims 5, 6, and 7 show that Ls(FP) and Ls(FQ) are

two intersecting continua neither one of which is a subset



of the other. Therefore Ls(FA) U Ls(FB) is a nondegenerate
decomposable subcontinuum of K.

It is not difficult to verify that locally compact
subspaces of some nice spaces such as the sin % continuum,
the Knaster U continuum, or a solenoid satisfy the hypo-
thesis of Theorem 1. For example if Y is a solenoid and
X is a proper subspace of Y which is locally compact and
Z is a compact subset of C(X) then let W = 2 and define
A, B, a, and b as follows. Let Y be embedded in R3 with
the standard embedding with a "clockwise" orientation
assigned to it. Then for each I € W, I is a rectifiable
arc iniR3, let C: denote the midpoint of I and let Pr
and Q; be the end points of I with [PI,QI] having a
clockwise orientation. Then let A(I) be the arc [PI,CI]’
B(I) be the arc [Cj,QI], a(I) = {PI}, and b(I) = {QI}.

Then it can be seen that X is uniformly subdecomposable.

Also included among locally compact spaces which are
uniformly subdecomposable are those which have finite
rim type.

A theocrem due to H. Cook [C] is needed for Theorem 2.
Although the theorem was first proven in the metric case

it is also true in the non-metric setting.

Definition. If X and Y are topological spaces and
F: X + Y is a function then f is said to be confluent
provided that if C is a continuum in Y then every component

of f_l(c) is mapped onto C by f.



TOPOLOGY PROCEEDINGS Volume 13 1988 147

Theorem C [C]. Suppose that X and Y are continua,
f: X > Y is a mapping of X onto Y and Y is hereditarily

indecomposable. Then f is confluent.

Definition. The space X satisfies condition C means
that for each nondegenerate subcontinuum E of X we have:
L =H UK is a subcontinuum of E where H and K are proper
subcontinua of L, points P € H = K and Q € K - H, open
sets U, R, S, and V in X, a hereditarily indecomposable
continuum M, an open set D in M, and mappings h: X - M
and g: X > M such that:

1) HCUand K CV,

2) P € R and ClXR cu-yv,

3) Q € S and ClXS'C v-u,

4) h(P) € D and g(Q) € D,

5 hl(p) cRrRand gl cs,

6) h(U) Nh(s) = @ and g(V) Ng(R) = #.

Observe that if X is a nondegenerate continuum which
satisfies condition C then X does not contain a nonde-

generate hereditarily indecomposable continuum.

Theorem 2. Suppose that X is a compact Hausdorff
space which satisfies condition C. The if k is a cardinal,
no nondegenerate subcontinuum of ang 18 hereditarily in-
decomposable.

Proof. Suppose that the theorem is not true
and that X is a compact Hausdorff .space which
satisfies the hypothesis of the theorem,

that ¥ = g X and that I is a nondegenerate
j=g
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hereditarily indecomposable subcontinuum of Y. Let
n € J be chosen so that nn(I) is nondegenerate. Let
E = nn(I). Then there exists L = H U K as described in
they hypothesis and there exists points P € H - K and
Q € K - H, open sets U, V, R, and S in X, a hereditarily
indecomposable continuum M, an open set D in M and mappings
h and g satisfying conditions 1 - 6.

Let a € I be a point such that a = nn(a) € H N K.

By Theorem C,h| I~+M

I > M and g|”n(1) o mfy:

°T|'|:
ﬂn(I) I

A
and m = 7_|

are confluent. Let h = h|TT (1)’ g = gln (1)’ n'1*
n n

Let CH denote the component of (h o n)_l(h(H)) that contains a

and let CK be the component of (g o w)—l(g(K)) that contains a.

Claim. %(cH) AR # 8.

Proof. By condition S,h_l(D) C R and by confluence

h o n(C.) = h(H). Since h(P) € D we have h(H) N D # g,

H

so there is an element x € CH so that h ° 7(x) € D. But

h_l(D) C R so m(x) € R.

Similarly we have w(CK) NS # @g. Let Xy (S CH be a

point so that ﬂ(XH) € R and let x, € CK be such that

K

w(xK) € S. Suppose x,, € CK then n(xH) € n(CK) and since

H
g(n(CK)) = g(K) we have g(n(xH)) € g(K). By condition 6,
g(V) Ng(R) =gand K C V. So g(K) N g(R) = @ which
contradicts n(xH) € R. Therefore Xy & Cyge Similarly

Xy & CH' Therefore Cx Z CH’ CH z CK, and CK n CH # @8

so'CH 6] CK is a decomposable subcontinuum of I. This

establishes the theorem.
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We need the following lemma which was proven in [S2].

We include the proof of the lemma for completeness.

Lemma 3.1. Suppose X = [0,2), M is a pseudo-arc in
the plane and A is a pitecewise linear ray disjoint from M
that limits down to M, His a nondegenerate subcontinuum of
X*, P e H and Q e X* - H. Suppose that U, R, and S are
open sets in BX so that HC U, P€ R, Q € S, CleR cu,
cl <Y ncl

B Bx°
Dp and Dq are closed circular discs in the plane with p

= @. Suppose further that p € M, g € M,

and q in their respective interiors so that no vertex of
A intersects Bd(Dp v Dq), and Dp N Dq = @g. Then there
exists a mapping h: X* - M so that:

1. h(P) € Dp,

2. h(s N X*) C Dq

3. h“l(Dp NM) CR, and

4. h(U N X*) N h(sS N X*) = 7.

Proof. Suppose that X, H., P, etc. are as in the
hypothesis. We will construct a mapping h: X »- A so that
the extension to BX when restricted to X* will have the
desired properties. Leth denote M U A. Since A is
piecewise linear, no vertex of A intersects Bd(Dp U Dq)
and Dp and Dq are discs then no component of A N (Dp U Dq)
is degenerate and these components can be listed in order
along A. Let Bl’ Bz,
listed in order along the ray A. Let Cl, C2, .+« be the

be the components of A N Dp

components of A N Dq listed in order along A. Since

CleU N cCcl = @, there exist countable sequences

8xS

o © . .
{Vi}i=1 and {Si}i=l of open intervals in X so that



0o 00
Cly(x N U) C Y-y Yy Cly(x N's) C Yizy Siv
o0
Clx(U

e o3
i=1 Vi) N ClX(Ui=1 Si) =@, and V, < 8, < V_, < §, <

1 1 2 2

along X. Let {Vni}i=l denote the subsequence of {Vi}i=l

each element of which contains a component of R N X.

Without loss of generality we can assume Vn =V and

’
1 1

B1 < c1 along A.
-] o . .
Let {Bi}i=1 v {Ci}i=l be listed in order along A:

Byr Byr weur Byv Cur Coreeer Oy v By 410 By ypr oo

?
2 1 1 3

B , C , C ! ve.r C 7 esecs Thus {a'}?_ and
a, b1+l bl+2 b2 i‘i=1
{bi}z=l are increasing sequences of integers so that

a,
every element of {B_1} i+l follows . and precedes

- b;
n—ai+l i

(o along A and every element of {C_} * follows
b.+1 n
i n=bi-l+l

Bai and precedes Bai+l along A. Let LP and LQ be

elements of the ultrafilters P and Q respectively so that

c n *
LP R N X and LQ cs X. Thus LP C U1=1 Vni and

We wish to indroduce some notation. Let M1 and M2

be two closed intervals in X. Then let [Ml,Mz] denote the

set {x|y < x < z for all y € M; and z € M,} UM, UM, and

let (Ml'MZ) denote the set {x|y < x < z for all y € M1
and z € M,}. Note that with this notation [M;,M,] is a
closed interval and (Ml'Mz) is an open interval in X. The
sets [Ml’M2] and (Ml’Mz) are similarly defined for open

intervals M; and M, in X, but in this case [Ml'MZJ is
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open and (Ml’MZ) is closed in X. We use the same notation

if M, and M, are intervals in A.

1 2
We will construct h: X - A inductively. Suppose
that h has been defined for all points of V U (v ,V_ )
n n n
1 1 k
so that:
1. h(s) C Lo form < n
* n i=1 ~i k'’
Q0
2. h(Vn) N Ui=lci = g for n < n,,

a

3. ntwXlpgycrn (. U W ,v )), and
i=1 71 n n n
1 1 k
fx-1
4. h(LP n (Vn v (Vn ’Vn M) C Ui=l By-
1 1 k
Now we will construct h for [V_ ,V ]. Notice by con-
n n
k k+1
struction that
(B /B ) ND_ = g and
a;tliras g
. +
(C ,C ) ND_ =g for all 1 €z .
bj+17™bi 4 P
Map V into (C ,C ) so that each B, for
n. bk—l bk_l+l i

+ 1 <1i<a is the image of a subset of R N X N Vn ,

a
k-1 "

k

[Ba +1784 ] is in the image of v, » and if

k-1 k k

# ok

nv g then h(L, NV_) C U~
nk P nk l_ak-l

L B,. Map

P +171i

b

k

(v_ .,V ) onto (B_ ,B ) so that h(s_ ) C U,
n, nk+l a, ak+1 ny. l_bk—l
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Map Vn +1 into (Cbk,Bak+l),
Sn¥+l into Cbk,
Vn;+2 into (Cbk,Bak+1)
Snk+g into Cbk
S“;+1’1 into Cbk.
Map Vnk+linto (Cbk,cbk+l) so that each B, for

ap +1 < i< Ay, is the image of a subset of

RNXNV , [B ,B ] lies in the image of V '
Nyl atliTay e+l
and if LP n Vn # g then LP nv is mapped into
k+1 Np+1
3x+1
Ui=a +lBi’ Furthermore require that: ClA(h(Vi)) N

k
ClA(h(Sj)) =g, ClA(h(Vi)) N Cj = g, and Bi n ClA(h(sj))

= g for all positive integers i and j. Then extend the

n
: k+1 .

map linearly over [Vnk'vnk+l] Ui=nk si U Vi. It is not

difficult to verify that h as defined above on [V_ ,V ]

B Pl

satisfies conditions 1 - 4 with k replaced by k + 1.
Therefore by induction there exists a mapping
h: X - A so that

C.

00 o
I1: h(U_; s;) c U, ¢,

12: h(Y_, V) n (U c) =9

13: h

i=1 Bi) C (R N X)
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14: h(Lp) CUJ_; By

A A *
Thus h extends to a mapping h: BX - Y so that hlx*: X - M
and from the above conditions we have:

~ % o
: N N N
J1l: h(s X ) C ClY(Ui= Ci) M C Dq M,

1
g2: h@wnx)Cy-o,
33: ﬁ‘l(op) C R, and
J4: By Ccly(Uf) B =D NY.
Conditions J1, J2, and J4 follow easily from conditions
I1, I2, and I4 respectively. Suppose that condition J3
is not satisfied. Then there exists a point z € BX - R

so that h(z) € DP‘ By condition I3, z & X.

So z € X* and then there is a closed set L in z so that
LN (RNX) =g. But then h(L) N (U_;B;) = # so

h(L) N (ClY(UI=1Bi)) = @# and hence a(z) 3 Dp which is a
contradiction. Let g = ﬁlx*. By condition J4, g(P) € Dp.
By condition J1, g(S N X*) C Dp. By condition J3,

g'l(op N'M) CR. And g(U N X*) N g(S N X*) = g follows
from conditions J2 and Jl. Then g is the required mapping

and the lemma is established.

ll

Theorem 3. Let X be a locally compact o-compact
metric space so that X* does not contain a non-degenerate
hereditarily indecomposable continuum. Then X* satisfies

condition C.
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Proof. We wish to show that X* satisfies
condition C. Let z € X* be a point which lies in a sub-
continuum E of X*. Let Bl, Byr +en be a sequence of open

sets so that if n € N,

1. ClX(Bn) is compact,
2, ClX(Bn) c Bn+l’ and
o
3. Un=1Bn = X.
= - € i “
Let C = Cly(B)) B ., for all n €N. Either U _,C, €=z
o] . :
or Un=lc2n-l € z. Without loss of generality let us
assume that-Um_ C € z. For eachn €N let L CC be
n=1"2n n 2n-1
a closed separator so that X =- Ln is the union of two dis-
L s 1 2 s 2n-2 ©
U
joint open sets Xn and Xn containing =1 Ci and Ui=2nci
\ _ ol 2
respectively. Let Dn = Xn+1 N Xn, thus C2n C Dn' Let 0n
be an open set in X containing C2n such that
Con c 0n c ClXOn c Dn'
- ~
Let 0 = Ui=lon and let 0 = RgnBX(O). Note that
oo

Clx,on N ClXOm = @ for n # m, and L, N Ui=lConi = g for

all n. Then z € 8. Let L be a decomposable subcontinuum
of 8 which is a subset of E. Let H and K be proper sub-
continua of L so that L = H U K. Let P € H - K and let
Q €EK - H., Let U, V, R, and S be open sets in BX so that

HCUC Cleu co,

K CV CClgVCo,

P ER C ClBXR cu - ClBX , and

€s C
Q €8 ClB

XS cv - CleU.
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For each n € N let

u =u0nNno_,
n n
vV =vno_,
n n
= gl
Rn R On, and
S =S NOo_.
n n

For each n € N, let hn be a mapping hn: L Y D, P N e
[n,n+1] so that

-1 _
1. hn (n) = Lnl

-1 _
hn (n+l) = Ln+l’ and

N =

2. hn(CLX(Un) v Clx(Vn)) =n +

Let JP € P be such that JP C R C X and let JQ € Q be such

Q n P _ _P Q _ 1Q
Cs X. Let Jn =J N 0n and Jn J= n 0n for

that J
alln e N. If neNletg:CLVv - [0,1] be a map such

that

—
o
1]

devn V) clx(vn N Un) '
9n (%) = BdXSn’
g;l((%, 1) =s_, and

Q

-1 _
g (1) =J,

(where g is not onto whenever Sn = @ or Jg = fg).
If n e N let £ : CL,U [0,1] be a map such that:
-1 _
fn (0) = Bd(Un) U Clx(Vn N Un)’
-1,1, _
£.7(3) = BA(R),
£.5((3.1D) = R, and

-1,., _ P
£5(1) = 3.,
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Let z C E® be defined as follows: 2 = {x, )|y =0
and x > 0 or x = n + % for some n € N and -1 Ly < 1}.

Let h: X »- Z be defined as follows:

h(t) (hn(t)' 0) if t € Ln v Dn v Ln+ and t & Un U Vn

1

(hn(t), fn(t)) if t € v,

(hn(t), - gn(t)) if t € v
Since £ (Cly(U NV )) =g (Cl (U NV )) =0 then h: X + 2

is continuous. Note that R N X = h-l({(x,y) € z[% <yhH

and S N X = h-l({(x,y) € z|y <-%}). Let A = [0,®).
Let j: 2 + A be defined by
j(x,y) =x if y =0
1 1. 1
=n+ 7+ (l-y)z if x = n + 5 and y # 0.

Then j is continuous. Therefore j ° h: X » A extends to
a function F: BX - BA and since (j o h)—l([O,n]) is com-
pact, F maps X* into A*,

For each n € N let

_ 1 1.1
Ui = {x €A|n + g <*¥<n+35+3gh
A _ 1 3
R = {x €Aln+ gz <x<n+ g},
- -1 - L
Vﬁ = {x € A|n g <x<n+1-73eh
A _ 5 . 7
S, = {(x €Aln + 3 < x <n + g}
Let U* = U:=1U2, R = 7 RE, VR - U:=1Vﬁ' s = U_;s}, and
A -1 S | A
Uu=F (RgnBAUA), R=F (RgnBAR ),
A -1 & -1 A
V=F (RgnBAVA) and S = F (RgnBAS ).

Then U, R, V, and S satisfy properties 1 - 3 of

condition C with respect to L, H, K, P, and Q.
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Furthermore by Lemma 3.1 there exists a pseudo-arc M in
the plane and functions o and y with o, y: A* > M and a
disc D in the plane so that:
il. a(F(P)) €D N MA
. A
N *
i2, a(RgnBA(S ) A*) CD

i3. o tionm c Rgn,, (R )

8A
4. a(Rgng, (UR) N A%) N a(Rgng, (%) nax) = g.
jl. y(F(Q)) €EDNM

. A

j2. v (Rgng, (R7) N A*) CD

. -1 A

j3. y (DN M) C RgnBA(S )

ja. Y(RgnBA(VA) N a%*) N Y(RgnBA(RA) N a*) = g.

Then by letting h = a o Fand g = Yy o F conditions 4 - 6

of caondition C are satisfied.

Corollary 3.1. If X is a locally compact g-compact
metric space so that X* does not contain a nondegenerate
hereditarily indecomposable continuum, then if K is a
eardinal agK X* does not contain a nondegenerate heredi-

tarily indecomposable continuum.

Theorem 4. Suppose that X is a continuum which
satisfies condition C and Y 18 a continuum which does not
contain a nondegenerate hereditarily indecomposable
continuum. Then X X Y does nat contain a nondegenerate
hereditarily indecomposable continuum.

Proof. Suppose that X and Y satisfy the hypothesis
and that I is a nondegenerate hereditarily indecomposable

continuum which lies in X x Y. Then since Y does not



158 Smith

contain a hereditarily indecomposable continuum wl(I) is
nondegenerate. Let m denote the projection

T X x Y » X and let E = 7(I). Then by condition C there

1¢
exists L C E so that L is decomposable L = H U K and there
exist points P € H - K and Q € K - H, open sets U, V, R,
and S in X, a hereditarily indecomposable continuum M,

and open set D in M, and mappings h and g satisfying 1-6

of condition C.

There is a point a € I such that a = (al, a2) and

a, = m(a) € H N K. From theorem C:
hln(I) o M|y : I ~Mand
g|ﬂ(I) eml; s I+M

A A

are confluent. Let h, g, and 7 denote hln(I)’ gln(I)’

and ﬂ|I respectively. Let C, and C, denote the
1

components of (h o 1) L(h(H)) and (g o 7) 1(g(K))

respectively that contain a.
By (5) of condition C, h_l(D) C R and by confluence
we have h o n(CH) = h(H). Since h(P) € D we have

h(H) N D # @, so there is a point x, € CH so that

H
h o n(xH) € D. Since h-l(D) C R we have n(xH) € R.

Similarly there is a point x, € CK so that n(xK) € s.

K
Suppose Xy € CK the w(xK) € w(CK), so since
g(w(CK)) = g(K) we have g(n(xK)) € g(K). But by (6) of
condition C, g(V) Ng(R) = g and K C V, so

g(K) N g(R) = @ which contradicts the fact that
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;(xH) € R. Therefore the assumption that Xy € CK is
false so Xy 3 CK' Similarly Xp & CH' Therefore

N . v is a
CK z CH' CH z CK’ and CH CK # g So CH CK
decomposable subcontinuum of I. This establishes the

theorem.

éorollary 4.1. If A = [0,») then BA x BA and B(A x A)
are not homeomorphic.

Proof. The space B{A x A) contains a nondegenerate
hereditariiy indecomposable continuum by Theorem 7 of [S3]
which is non-metric. However BA x BA = A x A UA* x A U
A x A* U A* x A* and by Theorem 4 none of these spaces
contain a nondegenerate non-metric hereditarily indecom-

posable continuum.

Question. What conditions on the space X guarantee
that X* does not contain nondegenerate hereditarily inde-

composable continua for X locally compact metric.
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