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NOTE ON PARACOMPACTNESS IN PRODUCT
SPACES

AKIHIRO OKUYAMA

1. INTRODUCTION.

In the theory of product spaces one of the most interesting
parts seems to investigate topological properties (P),(Q) and
(R) in theorems of the following type:

Let C be a class of all spaces with the property (R). The X
is a space with the property (P) if and only if X x Y has the
property (@) for any space Y in C.

In view of this point, there are two excellent theorems, as
follows:

Theorem T (H. Tamano [5]). Let X be a completely regular
Hausdorff space. Then X is paracompact if and only if X xY
is normal for any compact Hausdorff space Y.

Theorem M (K. Morita [1]). Let X be a topological space.
Then X is a normal ( Morita ) P-space if and only if X x Y

is normal for any metrizable space Y.

For a cardinal number m, X is called a P(m)-space, if for
a set Q of cardinality m and for any family

{Glan,... o) :a1y... ,0,€EN: 1€ N}

of open subsets of X such that
(1) G(ea,... ,a;) C Glay,... ,qpaiqy) forag.... ,ai,aip1 €
Q; ¢ € N, there exists a family

{Flaay... ) :1,...,a; €ES; i € N}
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of closed subsets of X satisfying two conditions below
(ii) F(eq,...,qa) C G(eq,...,0) for ay,...,0; € Q; ¢ €
N;

(i) X = UR,F(aq,...,0) if X = UR,G(e,...,0) for
any sequence {a;}, where N denotes the set of all natural num-
bers.

X is said to be a (Morita) P-space, if X is a P(m)-space for
any m.

The purpose of this note is to give another theorem of similar
type as above theorems: that is, for the class C of all K-analytic
spaces.

In this note all spaces are assumed to be completely regular
Hausdorff.

2. THEOREM.

Definition 1. A map F from a space Y to the power set of a
" space X is said to be upper semi-continuous, if for each point

y of Y and each open subset G of X containing F(y), there is
a neighborhood U of y with U{F(y') : ¥’ € U} C G.

A space X is called a K-analytic space, if there exists an up-
per semi-continuous map F from NV to the non-empty com-
pact subsets of X with U{F(£): ¢ € NV} = X.

Compact spaces and complete separable metric spaces are
all K-analytic ( cf. [3]).

Definition 2. We say that a space X is a weak P(R)-space,
if for any family

{G(n1,...,ni):nq,...,n; € N; i € N}

of open subsets of X such that
(1) G(nyy...,n) C G(ny,... ,niniq) forng, ... yninig €
N; 1 € N;
(2) UL,G(n,,...,n;) = X for any sequence {n;} in N, there
exists a family
{F(ni,...,ni):nq,...,n; € N; i€ N}
of closed subsets of X satisfying two conditions below:



NOTE ON PARACOMPACTNESS IN PRODUCT SPACES 121

(3) F(ny,-..,n) C G(ny,... ,n;)forny,... ,n; E N;1 €N
(4) UR,F(n,,...,n;) = X for any sequence {n;} in N.

Clearly, every P(R¢)-space is a weak P(Rg)-space; however,
we do not know whether they coincide or not.?

Proposition 1. Let X be a paracompact, weak P(R,)-space
and Y a K-analytic space. Then the product space X x Y is
paracompact.

Proof. By the assumption for Y, there exists an upper semi-
continuous map ¢ from NV to the set of non-empty compact
subsets of Y with U{p(¢) : ¢ e NN} =Y.

Let U be an arbitrary open covering of X x Y. We are going
to find a o-locally finite open refinement of U.

Fix a point ¢ = (ny,ny,...) of NN. Since ¢(£) is compact
and X is paracompact, there exists a locally finite open cov-
ering {V;o : @ € A¢} of X and for each a € A there exists a
finite family W, , of open subsets of Y satisfying the following
conditions:

(1) Vea X 9(€) C Vio X (UW) for each a € Ag,

(2) {(VeaxW:W e W} <U.

Since ¢ is upper semi-continuous, for each a € A¢ there exists
k¢o € N such that Up(T(€|kea)) C UWe o, where for E
(n1,n2,...) € NV £|k denotes the finite sequence (n1,n,..

ni) and T(¢[K) = {1 € NV : ]k = €|k},

Let N* be the i-fold product of N. For each (n,...,n;) €
N* and a natural number j with j < i, put

G'(n1,y...n5) =U{Vea t kea = 7, &l7 = (n4,... ,n;), a € A}
and
G(ny,... ,n;) = U{G'(ny,...,n;) 1 j=1,2,...,i}.

Then we can easily see that for each ¢ = (ny,n,,...) € NV
the family {G(ni1,...n;) : ¢ € N} is an open covering of X.
Furthermore, the family {G(ni,...,n;) : ny,... ,n; E N, 1 €

1Professor S. Watson pointed out that they are distinct; that is, there
exists a weak P(Ro)—, non-P(Rg)—space.
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N} satisfies the assumption (1) for X being a weak P(Ro)-
space.

Since X is a normal, weak P(Ro)-space, there exists a family
{H(ny,...,ni) : ny,... ,n; € N,i € N} of open subsets of X
satisfying the following conditions:

(3) H(ny,...,n;) C G(ny,...,n;) for each ng,...,n; €
N; 1€ N,

1&4) U{H(ny,...,n;):1 € N} = X foreach ¢ = (ny,n;,...) €
NV

Since X is paracompact, for each (nj,...,n;) € N* there
exists a locally finite family V(n,,... ,n;) of open subsets of X
which satisfies the following conditions:

(5) U{V:V € V(ny,...,n;)} = H(ny,... ,n;),

(6) V(n1,y... ,n;) refines {Veo : ke < 2, €lkea = (n1,--- ,
nke_o)a € Ae}

According to (6), correspond each V € V(ny,... ,n;) to V¢, ay
with V C Vi a0 -

Now, we show that for each (ny,...,n;) € N’ the fami-
ly G(n1,...,n) = {VxW: V € V(n,...,ni), W €
We, .ay } is locally finite in X XY and it covers H(n,,... ,n;) X
(Ve(T(ny,...,n;))). Since V(n4,...,n;) is locally finite and
each W, o, is finite, G(n,,... ,n;) is locally finite in X x Y.
It remains to show that G(n,,...,n;) covers H(n,y,... ,n;) X
(Up(T(na, ... ,n:))).

Let < z,y > be an arbitrary point of H(ny,... ,n;) X (Up(T
(n1,...,1n;))). Since y € Up(T(ny,...,n;)), there exists n €
N¥ such that y € (1) and 75|i = (ny,...,n;). By (5) there
exists V € V(n,,...,n;) with £ € V and by choice of V;, 4,
we have V C Vi, o,. Let j = k¢, op. Then by (6) we have
j £ ¢ and &v|j = (n1,...,n;). By the choice of k¢, 4, We
have ¢(n) C Up(T(n1,...,n;)) C UWe, o, and hence, there
exists W € W, o, with y € W. As a consequence, we have
< z,y >€ V x W, which shows the remaining part.

Let G = U{G(ny,...,n;) : (ny,... ,n;) € N*, i € N}. Then
by (1), (2) and (6) G refines U/ and, hence, G is a o-locally finite
open refinement of U. This shows that X X Y is paracompact.
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Proposition 2. Let X x NV is paracompact, then X is a weak
P(Ro)-space.

Proof. Let {G(ny,... ,n;) :ny,... ,n; € N; i € N} be afamily
of open subsets of X, which satisfies conditions (1) and (2) in
Definition 2. Then

U={G(ny,...,n;)xT(n,...,n;):n1,...,n; € N; 1 € N}

is an open covering of X x NV. By the assumption, there exists
a locally finite open covering {Ly : A € A} of X x NV such
that {Ly : A € A} refines Y. For each (ny,...,n;) € N* and
A € Aput L(ny,...,n;;2) = U{W : Wis open in X and W x
T(n1,...,n;) C Ly}. Then {L(ny,...,n;A) x T(ny,...,n;):
ni,...,n; € N, 1 € N, A € A} is an open covering of X x NV,

Again, for each (nj,...,n;) € N° and A € A there exists
(my,...m;) € N7 such that L(n,,... ,n;;\) x T(ny,... ,n;) C
L, c G(my,... ,m;) x T(my,...,m;) holds. In this case, we
have j <t and ny = m; for k = 1,...,7 and, hence,
G(my,...,m;) = G(ny,...,n;) C G(n,... ,nj,...n;).

Put

M(ny,...,n; ) = U{L(ny,... ,n; : A) : 3 <4, L(ny,... ,nj;A)
C G(ny,... ,nj,...,n;)}. Then {M(nq,... ,n;;A) x T(ny,...,

n;) : ny,...,n; € N, A € A, i € N} is an open covering of

X x NV such that M(n,,... ,n;; A)x T(ny,...,n;) C Ly and

L(ny,... ,n;; A) C G(ny,...,n;) hold.

Finally, for each (ny,...,n;) € N' put F(ny,...,n;) =
U{M(ny,...,n;;A) : X € A}. Then F(ny,...,n;) is a closed
subset of X, because {L,; A € A} is locally finite and
{M(ny,...,n;;A) x T(ny,...,n;) : A € A} refines {L, : ) €
A}.
To complete the proof we show that {F(ni,... ,n;):ny,...,
n; € N,i € N} satisfies conditions (3) and (4) in Definition 2
for X x NN. By the construction, (3) is clearly satisfied. It
remains to show (4). Let < z,€ > be an arbitrary point of
X x NN, where { = (ny,ng,...). Since {L(ny,... ,n; : A) X
T(ni,...,n) :n1,... ,n; € N, i€ N, A € A} covers X x NN,
there exist A € A and m,,...m; € N such that < z,£{ >€
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L(m,,...my; ) x T(m,,... ,m;) holds. By € € T(m,,...my)

we have n; = m; for j < k and, hence, z € L(n,,... ,ni; A),
which is contained in M(n,,... ,nk; A). As a consequence, we
have z € F(n,,...,n;), which shows U{F(n;,...,n;) : ¢ €
N} =X.

As a consequence, we have the following theorem.

Theorem. For a space X, X is a paracompact, weak P(Ro)-
space if and only if X X Y is paracompact for any K -analytic
space Y.

3. COMMENT.

As for Theorem T in Introduction X x Y is normal for any
compact Hausdorff space Y if and only if X xY is paracompact
for any compact Hausdorff space Y. Also, as for Theorem M
in Introduction, if X is paracompact, then X x Y is normal for
any metrizable space Y if and only if X XY is paracompact for
any metrizable space Y, because for a paracompact space and
a metrizable space M the normality of X x M is equivalent
to the paracompactness of X x M (cf. [4]). Relating to these
fact, here is one question:

If X xY is normal for any K-analytic space Y, then is X XY
paracompact for any K -analytic space Y ¢
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