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SUBGROUPS, QUOTIENT GROUPS AND
PRODUCTS OF R-FACTORIZABLE GROUPS

MICHAEL TKACENKO

1. INTRODUCTION

Given a compact topological group G and a continuous func-
tion g : G — R, one can find a second-countable topological
group H, a continuous homomorphism 7 : G — H and a con-
tinuous function A : H — R such that ¢ = A - 7 (see Example
37 of [21]), i.e., a compact topological group is R-factorizable
in the sense of Definition 1.12 of [29]. The conclusion remains
valid for every pseudocompact topological group G, a result
due to W. W. Comfort and K. A. Ross [11].

How far can one generalize the assertions above? The fol-
lowing results were obtained in this direction.

A. Every Lindelof topological group is R-factorizable (see
Assertion 1.1 of [29] and Assertion 10 of [28]).

B. Every (not necessarily closed) subgroup of a Lindelof
Y- -group is R-factorizable (Corollary 1.13 of [29]).

The definition of a Lindeldf 3"-group can be found in [31,29],
where some useful properties of these groups are established.
We recall only that the class of Lindelof ) -groups contains
all o-compact groups and is closed with respect to countable
products, passing to closed subgroups and to continuous ho-
momorphic images. Since the completion of a totally bounded
topological group is compact, the statement B implies that ev-

ery totally bounded group is R-factorizable (see Theorem 3.8
of [27]).
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One of our aims is to show that the assertions A and B can
not be improved simultaneously, as Example 2.1 shows.

A topological group G is said to be Ro-bounded provided
that for each neighborhood V of the identity there exists a
countable subset K C G such that KV = G (see [15,4] ).
In [15] I. I. Guran characterized Ro-bounded groups as sub-
groups of Cartesian products of second-countable topological
groups. Since Rp-boundedness is inherited by arbitrary sub-
groups and every Lindelof topological group is No-bounded,
Example 2.1 below shows that Rp-bounded groups need not
be R-factorizable. Thus we answer a question of M. Husek in
the negative. Note that every R-factorizable topological group
is Ro-bounded (see the comment after Definition 1.12 of [29]).
Another connection between these notions is established in As-
sertion 2.2, which implies that the class of Ro-bounded groups
coincides with the class of closed subgroups of R-factorizable
‘groups.

The question on monotonicity of the dimension function dim
in the class of topological groups is considered at the end of
Section 2. It is well-known that the dimension dim can increase
when passing to a (closed) subspace of a Tychonoff space [13].
Our Theorem 2.7 states that the inequality dimH < dimG is
valid for any R-factorizable subgroup H of an arbitrary topo-
logical group G. This result generalizes Theorem 2.2 of [23], in
which a subgroup H is assumed to be totally bounded. Addi-
tional information on the problem of monotonicity is contained
in the papers of D. B. Shakhmatov [23,24]). Other dimensional
properties of R-factorizable groups were investigated in [30].

In Section 3 we discuss some delicate properties of R-factor-
izable groups. It is proved that every locally connected, R-
factorizable group is pseudo-w;-compact (Theorem 3.8). How-
ever it is an open problem whether the assumption of local con-
nectedness in the theorem can be omitted. Also we prove that
the R-factorization property is preserved by quotient groups
(Theorem 3.10). The section contains a number of problems
concerning R-factorizable groups.
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The behavior of the R-factorization property under the prod-
uct operation is considered in Section 4. The main problem is
the following one: must a product of an R-factorizable group
with a compact group be R-factorizable? We prove in Theo-
rem 4.3 that the answer is ‘yes’, if the first factor either has
countable cellularity, or is No-stable, or is locally connected.
More restrictive requirements on the first factor are necessary
if the second factor is assumed to be pseudocompact (see The-
orem 4.13). It is also shown that the product of an Ro-stable
Lindelof group and an arbitrary subgroup or a Lindelof -
group is R-factorizable (Theorem 4.16). This implies that the
product of a Lindel6f P-group with a totally bounded group is
R-factorizable as well (Corollary 4.18).

Theorem 4.8 seems to be somewhat surprising: it asserts
that every k-group has countable o-tightness. This result is
used in the proof of Theorem 4.13.

In the end of the paper we introduce the notion of a weakly
Ro-stable group and prove that a product of an R-factorizable
group with this property and a compact group is R-factorizable
(Theorem 4.20). This is the most complicated result of the
paper which generalized Theorem 4.3 (modulo Theorem 3.8).

2. SUBGROUPS OF LINDELOF AND R-FACTORIZABLE
GROUPS. MONOTONICITY OF THE DIMENSION dim.

Example 2.1. There exists a Hausdorff Abelian topological
group G such that the completion G of G is a Lindeldf group,
but G is not R-factorizable.

Construction. Let Z; = {0,1} be a discrete group. Con-
sider the Cartesian product II = Il <., G4, Where G, = Z,
for each o < w;, and endow II with the Ro-box topology 7,
the base of which consists of the sets of the form pal(z) with
a < w; and =z € II, = llgcaGg; here p, : II — II, is the
projection. One can easily see that IT = (II,7") is a Hausdorff
Abelian topological group, each Gs-subset of which is open. In
other words, II is a P-group.
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For every g € II denote supp(g) = {a < w; : 7,(g9) = 1},
where 7, is the projection of Il onto G,. Let G* be a weak sum
of the groups G,,a < wy, i.e., G* = {g € Il : | supp(g)| < No}.
Consider G* as a subgroup of II. Obviously G* is a P-group,
and hence G* is zerodimensional. By the result of Comfort [9],
the group G* is Lindelof. Let 0 and 0, be neutral elements
of the groups G* and II, resp., @ < wjy. The family 7(0) =
{p71(0,) N G* : @ < w;} constitutes a base of G* at the point
0, consequently x(G*) = X,. Since | G* |= R,, we conclude
that w(G*) = R,. Hence there exists a base B = {0, : a < w,}
for G* consisting of clopen sets.

The group G will be defined as a dense subgroup of G*. Fix
an element ¢* € G*\{O} and define by recursion a sequence
{H, : @ < w1} of countable subgroups of G* and sequences
{Us:a <wi},{Va:a<uw} of clopen subsets of G* satisfying
the following conditions for each a < w; :

(1) HoNOg #0, if B < a;

(2) Us NV, =0;

(3) Hs C Hoy,Us C UL, Vs C V,,if B < o5

(4) Ha C Ua1 U Vayy;

(5) pa(HaNUa)Npa(HaNV,) # 8, if a is a non-limit ordinal;

(6) g ¢ HLUU,UV,.

The construction is based on the following easy observation:

(*) for every non-empty open subset O of G* and every
countable subgroup H C G*\{g*} there exists an element
g € O such that ¢* ¢ H+ < g >, where < g >= {0,g}.

Note that < g > is a subgroup of G*, and H+ < g > is
also. Assume that a countable subgroup H, € G" and the
sets U,, V, satisfying (1)-(6) are defined. Since | H, |< Ro,
one can find disjoint clopen subsets U1, Vog1 of G* so that
Uy C Upyr, Vo € Voyr and H, C Uyyq U Vg Obviously, the
sets U,41 and V,4; can also be chosen to satisfy the conditions
9" & U1 UVoyq and T = pay1(Uat1) N Pat1(Vasr) # 0. Pick
a point ¢ € T. The set U’ = U,41 N p;11(t) is open and non-
empty; hence (*) implies that there exists an element a, € U’
such that ¢* € H,+ < a, >= HJ. Apply assertion (*) once
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more to find an element b, of V41 N p3i1(t) such that g* ¢
H!'+ < b, >= H/. Finally, there exists an element ¢, € O,
such that ¢* € HY+ < co >= Hay. It is easily seen that
Hgo41,Uqsy1 and Vo satisfy the conditions (1)-(6).

At a limit step a < w; put Hy, = UpcoHp, Uy = UpcaUp
and V, = UpgcaVp. Thus, we have defined a dense subgroup
G = H,, of G* (see condition (1)) and disjoint open subsets
v="U,,V =YV, oG Clearly, G C U UV (see condition
(2)).

Let f be a function on G defined by the rule: f(z) = 0 for
each z € UNG, and f(z) = 1 for each z € VNG. Obviously, f
is continuous. Let 7 : G — H be a continuous homomorphism
of G to a metrizable group H. Then the kernel of 7 is of
countable pseudocharacter in G, consequently, one can find
a < w; such that p;},(0,41) N G C ker 7. The condition (5)
implies that p,41(G NU) N pay1(GN V) # B, which in turn
‘implies 7(GNU)Nx(GNV) # 0. Hence there exist points
z € UNG and y € VNG such that m(z) = n(y), whereas
f(z) = 0 and f(y) = 1. This means that the group G is not
R-factorizable.

Every Gs-subset of the Lindelof group G* is open, so G* is
complete. Since G is dense in G*, the completion of G coincides
with the Lindelof group G*.

Example 2.1 shows that (dense) subgroups of R-factorizable
groups need not be R-factorizable. The result does not change
when passing to a closed subgroup.

Assertion 2.2. Every Ro-bounded Abelian group G embeds
in some R-factorizable Abelian group H as a closed subgroup.

Proof. Being Ro-bounded, G embeds in a product of second-
countable groups, say K, as a subgroup [15]. Denote II =
112 ,K,., where K, = K for each integer n. Let o be the weak
sum of the groups K,’s, i.e. the subgroup of II consisting of all
points which coincide with the neutral element of II on almost

all coordinates. Obviously, o is dense in II provided that II is
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endowed with the Tikhonov topology. Consider the mapping
¢ of G to II defined by the rule: 7,i(g) = g for all ¢ € G and
n € N, where 7, is the projection of II onto K. It is clear that
¢ is a topological monomorphism of G to II, and H = i(G) + o
is a dense subgroup of II. The group K is a product of second-
countable groups, and so is II. Being dense in II, the group H
is R-factorizable by Corollary 1.10 of [29] (another way is to
apply Theorem 2 of [5]). From the definition of H follows that
for every point p € H\i(G) there exist integers m and n such
that m,(p) # 7m(p), and hence i(G) is closed in H. It remains
to identify G with (G).

A similar method was applied in Theorem 2.4 of [12] to show
that the torsion subgroup of the circle group (in fact, every
totally bounded group) embeds in some pseudocompact group
as a closed subgroup. With the help of a little modification of
the previous proof one can show that a non-Abelian version of
Assertion 2.2 holds (define H as the minimal subgroup of IT
containing i(G) and o).

We omit an easy proof of the following result which show
that some subgroups inherit the R-factorizable property.

Assertion 2.3. Every C-embedded subgroup of an R-factor-
izable group is R-factorizable.

It was mentioned in the introduction that the covering di-
mension dim is not monotone in the realm of Tikhonov spaces.
What can one say about monotonicity of dim in the class of
topological groups? The question seems to be surprisingly
difficult: no example that raises the dimension of a subgroup
is known (see Problem 2.1 of [23]). A positive answer to this
question was given by D. B. Shakhmatov in the special case
of a totally bounded subgroup (announcement [23, Th. 2.2],
proof is in [24]). Here we strengthen this result by showing
that the inequality dimH < dimG remains valid for each R-
factorizable subgroup H of a topological group G. The proof
of this theorem requires three lemmas, the first of which is
folklore.
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Lemma 2.4. The following conditions are equivalent for a com-
pletely regular space X :
(1) dimX < n;
(2) for every continuous mapping f of X to a separable
metrizable space Y there ezist a separable metrizable

space Z and continuous mappings g : Z = Y,h: X —
Z such that f = gh and &imZ < n.

The proof of Lemma 2.4 can be found in [30, Section 2]. In
what follows the phrase “a uniformly continuous metric (func-
tion) on a group G” means that one should consider the left
group uniformity *V on G and a metric (function), which is
uniformly continuous with respect to *V.

Lemma 2.5. For every uniformly continuous function f : G —
R on R-factorizable group G there ezist a second-countable
group H, a continuous homomorphism n : G — H and a uni-
formly continuous function h : H — R such that f = ho .

Proof. Since f is uniformly continuous, for each n € N* one
can find a neighborhood U, of the identity eg such that | f(z)—
f(y) |< 1/n whenever 2! - y € U,. Being R-factorizable, the
group G is Rg-bounded. This fact and Corollary 1 of [15] imply
that for every n € N* there exist a continuous homomorphism
7, of G onto a second-countable group H, and a neighborhood
V.. of the identity of H, such that #;1(V,) C U,. Denote by
7 the diagonal product of homomorphisms 7,,n € N*, and
put H = 7(G). Then H is a subgroup of the product II =
I, en+ Hy; hence H is second-countable. Use the definition of =
and H in order to find, for every n € N*, an open neighborhood
W, of the identity ey such that #=1(W,,) C U,. It is clear that
there exists a function A : H — R such that f = ho . Let us
verify that A is uniformly continuous.

Fix a positive integer n and elements z,y € H with z71 .
y € W,. Pick elements z,,y; € G such that n(z;) = z and
7(y1) = y. Then n(z7'-v1) = 27! -y € W, and the choice
of W, implies that z7! - y; € U;. Therefore, |f(z1) — f(11)| <
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1/n,i.e., |h(z) — h(y)| < 1/n. Thus h is uniformly continuous
on the group H.

Lemma 2.6. Let H be an R-factorizable subgroup of a topo-
logical group G. Then every uniformly continuous real-valued
function on H extends to a continuous function on G.

Proof. Suppose that a function f : H — R is uniformly contin-
uous. Apply Lemma 2.5 to find a continuous homomorphism 7
of H onto second-countable group K and a uniformly continu-
ous function A on K such that f = hox. Let B = {V, : n € N}
be a countable base at the identity of K. Obviously, there
exists a sequence {U, : n € N} of open symmetric neighbor-
hoods of the identity e such that U, N H C =~}(V,) and
U2,, C U, for each n € N. Set P = N U,. Then P is a
closed Gs-subgroup of G, and PN H C ker 7. Denote by p the
quotient mapping of G onto coset space G/P, p(z) = zP for
each z € G. By Theorem 3 of [14], there exists a continuous
left-invariant pseudometric d on G with the following property:

(i) the implications 27! -y € Upy1 = d(z,y) < 27" =
z7'.y € U, hold for each n € N and z,y € G.

The property (i) implies that the equality d(z,y) = 0 is
equivalent to z71 - y € P; hence one can define a metric d
on G/P by the rule d(p(z),p(y)) = d(z,y) for each z,y €
G. Obviously, this metric is well-defined. Endow G/P with
the topology generated by the metric d. The mapping p :
G — G/P remains continuous. Put A = p(H). Note that,
if r,y€e Hand z7'-y € P,thenz7!-y € PN H C kern,
and hence 7(z) = 7(y). Consequently, there exists a mapping
j : H > K such that = = jp|y. We claim that j is uniformly
continuous with respect to the metric d. Indeed, let n € N
and y.,y, € H satisfying the condition d(y;,3,) < 2™ be
chosen. It is sufficient to show that j(y;)™! - j(y2) € Vi. To
this end, pick elements z,,z; € H so that p(z;) =y;, 1 =1,2.
Then d(z1,z2) = d(y1,¥2) < 2™, and hence (i) implies that
z7! - 23 € Uy. In turn, this fact and the choice of U, together
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imply that 7(27'-z2) € Vo ie. , ®(z1)~1-7(z2) € V,. Evidently,
m(z:) = jp(z:) = j(y:), 1 =1, 2, 50 j(41)" ' (y2) € V.

Consider the uniformly continuous mapping 9= hj of H to
R and extend g to a uniformly continuous mapping §: F' — R,
where F is the closure of H in G/P (apply Theorem 8.3.10 of
[13]). Since the space G/P is metric, § extends to a continuous
function ¢g* : G/P — R. It is clear that the function f* = g*p
is the required extension of f. The diagram below clarifies the
proof.

He——G
f w| . plm 2
h j R
R K Hce———G/P
] N g / . |
g
Figure 1.

Theorem 2.7. If H is an R-factorizable subgroup of an arbi-
trary topological group G, then dimH < dimG.

Proof. Let f be a continuous mapping of H to a separable
metrizable space Z. Since the group H is R-factorizable, one
can find a continuous homomorphism 7 of H onto a second-
countable group H* and a continuous mapping ¢ : H* — Z
such that f = ¢ o 7. By Theorem 3 of [14], the topology of
the group H* is generated by some left-invariant metric d. Ev-
idently, d is uniformly continuous on H*. Let {z, : n € N}
be a countable dense subset of H*. For every n € N define
a real-valued function v, : H* — R by the rule ¥,(z) =
d(z,z,), * € H*. We claim that the functions ¥,, n € N,
are uniformly continuous. Indeed, let n € N and ¢ > 0. Put
V = {z € H* : d(z,e) < €}, where e is the identity of H*.
Then | n(2) — $a(y) |=| d(z, 2n) — d(y,2a) |< d(z,v); and if
z71.y €V, then d(z,y) = d(e,z7'y) < e.



210 MICHAEL TKACENKO

One easily verifies that the diagonal product ¥ = A{¢, : n €
N} is a homeomorphic embedding of H* into RN. By Lemma
2.6, for each n € N the uniformly continuous function )\, =
¥, 0 7|y extends to a continuous function x, : G — R, and
we put x = A{xn : n € N}, the diagonal product of functions
Xn. Obviously, x|g = ¥ o 7|g. Lemma 2.4 implies that there
exist a separable metrizable space P and continuous mappings
€:G— P, n:P — RY such that x = no ¢ and dimP <
dimG. Put Y = ¢{(H),g = {|g and h = @ o ¥~ ygey 0 nly.
The definition of A is correct because 1 is a homeomorphism
of H* onto (H*). It is clear that ¢ and h are continuous,
f = hg and dimY < dimP < dimG (use the fact that the
function dim is monotone in the realm of separable metrizable
spaces, see Theorems 7.1.1 and 7.3.3 of [13]). By equivalence
of the conditions (1) and (2) of Lemma 2.4, we conclude that
dimH < dimG. Figure 2 clarifies the proof.

Figure 2.

We say that a topological group G is o-precompact, if G is a
union of a countable family of totally bounded subsets. By As-
sertion 1.15 of [29], every o-precompact group is R-factorizable.
Hence, Theorem 2.7 implies immediately the following.

Corollary 2.8. The inequality dimH < dimG holds for every
o-precompact subgroup of a topological group G.
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3. SOME POSITIVE RESULTS AND OPEN PROBLEMS

Now we can summarize a part of results of Section 2 in
the following way: R-factorizable groups constitute a proper
class in the variety of No-bounded groups and, in turn, Lin-
delof groups and subgroups of Lindeldf Y--groups are (proper)
subclasses of the class of R-factorizable groups.

It is easy to see that every topological group with the Souslin
property is Ro-bounded [15]. Moreover, if a topological group G
has countable cellularity (abbrev. G has c.c.c.), then for every
continuous real-valued function g on G there exists a closed
normal subgroup N of type G5 in G such that g is constant on
each coset on N in G [22]. The following problem arose as an
attempt to improve the previous result.

Problem 3.1. Is every c.c.c. topological group R-factor-
izable? What if a group is separable?

This problem remains non-trivial in a very concrete situa-
tion.

Problem 3.2. Let S be the Sorgenfrey line and A(S) the
free Abelian topological group over S. Is A(S) R-factorizable?

It is known that ¢(G) < 2™ for every Ro-bounded group G
[26, Th.2.8]. Hence, one may expect positive solution to the
following problem.

Problem 3.3. Let g be a continuous real-valued function
defined on an Ny-bounded group G. Are there a continuous
homomorphism 7 of G onto a group H of weight < 2% and a
continuous function h on H such that g = hox?

The problem below remains open for about ten years.

Problem 3.4. [A. V. Arhangel’skii]. Does every subgroup
of Z7 satisfy c.c.c. for each cardinal 77

Problem 3.5. . Is every subgroup G of Z" necessarily R-
factorizable?



212 MICHAEL TKACENKO

The answer to Problem 3.5 is “yes”, if G is dense in Z". To
see this, apply Corollary 1 of [6], or use Corollary 1.10 of [29].
The following problem seems to be important. Its solution will
help to answer some natural questions concerning products of
R-factorizable groups.

Problem 3.6. a) Must every locally finite family of open
subsets of an R-factorizable group be countable? b) Is every
R-factorizable group G weakly Lindelof (i.e., every open cover
of G contains a countable subfamily, a union of which is dense
in G)?

Here we give a positive solution to Problem 3.6, a) in the
case of locally connected, R-factorizable groups. First we need
to establish an auxiliary result.

Lemma 3.7. Let f : G — X be a continuous mapping of a lo-
cally connected, R-factorizable group G to a separable metriz-
able space X. Then there ezist a continuous homomorphism
7 : G — H onto a group H with a countable base B and a con-
tinuous mapping h : H — X such that f = hon and 7~1(V)
is connected for every V € B. In particular, H is locally con-
nected.

Proof. Note that the group G has a base at the identity e
consisting of open, connected cozero-sets. Indeed, let U be
an open neighborhood of e, and a sequence {U, : n € N} of
open neighborhoods of e can be chosen satisfying the conditions
Uy=U, U7 = U, and U2, C U, for each n € N. Then
the set U* = U{U;U,...U, : n € N} is a connected, open
neighborhood of e, which is a union of open connected sets.
Apply Theorem 8.2 of [16] to conclude that U* is a cozero-set
and U* C U, = U.

Now we claim that for every open cozero-set U of G there
exist a group Hy of countable weight, an open subset Viy C Hy
and a continuous homomorphism Ay of G onto Hy such that
U = A3' (V). Indeed, let g be a continuous real-valued func-
tion on G such that U = g71(0, +00). Since G is R-factorizable,
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one can find a group Hy of countable weight, a continuous
homomorphism Ay : H — Hy and a continuous function
h : Hy — R such that ¢ = h o Ay. It remains to put Vy =
h~1(0, +00).

By induction on n, define a sequence {7, : n € N} of con-
tinuous homomorphisms of G onto second-countable groups.
Embed X into R®, and find a continuous homomorphism 7
of G onto a second-countable group Hy and a continuous map-
ping ho : Ho — X such that f = ho o m. Let a continu-
ous homomorphism 7, : G — H, be defined, w(H,) < Ro.
Choose a countable base C, at the identity of H,, and put
B, = {Uy : V € C.}, where Uy is an open, connected cozero-
set, and e € Uy C 7;}(V) for each V € C,. Then define a
homomorphism 7., as the diagonal product of 7, and Ay’s,
U € B,. Obviously, Hpy; = Tn41(G) is a subgroup of the
product H, X Ilyep, Hy; hence w(Hy4;) < Ro. Note that the
equality U = 7}, mn41(U) holds for each U € B,.

Let 7 be the diagonal product of homomorphisms 7,,n € N,
and H = 7(G). Then the group H is second-countable and
U = n~'x(U) for each U € B* = U{B,, : n € N}. Furthermore,
B* consists of open connected neighborhoods of the identity e,
and 7(U) is open in H for each U € B*. From the construction
it follows that B = {x(U) : U € B*} is a base of H. Let 7g°
be a homomorphism of H onto Hp such that my = 7§° o 7.
Then 7§° is continuous and we complete the proof by putting
h = hoo 7.

Theorem 3.8. Every locally finite family of open subsets of a
locally connected R-factorizable group G is countable.

Proof. Suppose that there exists an uncountable locally finite
family of open subsets of G. Then there exists an uncount-
able discrete family {O, : @ < w;} of non-void open subsets
of G (see Lemma 1 of [22]). For every a < w; pick a point
z, € U, and define a continuous function f, : G — [0,1] such
that fu(za) = 1 and fo(G\O.) = {0}. Then f = Y, <o, fa

is a continuous function, 0 < f < 1. By Lemma 3.7, there
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exist a continuous homomorphism = : G — H, a countable
base B for H and a continuous function h : H — [0,1] such
that f = hox and 7~(V) is connected for each V € B.
Put B={V, : n € N} and U, = 7"!}(V,), n € N. Obvi-
ously h(m(za)) = f(zs) = 1, so for each o < w; there ex-
ists n € N such that A(Vaya) C (0,1], where yo = 7(za).
Hence n(Unz,) C (0,1], @ < w;. The set U,z, is connected,
Zy € Unzo N Oy # 0, and U,z, is contained in the union of
mutually disjoint sets Op’s. Consequently, U,z, C O,. Since
the set of integers is countable, one can find ¥ € N and an
uncountable set A C w; such that Uyz, C O, for each a € A.
Then Uiz,NUizs = O whenever o, 8 € A,a # 8. Let W be an
open symmetric neighborhood of the identity of G such that
W? C Uk. Being R-factorizable, the group G is No-bounded
[29, §1]. Therefore there exists a countable subset K C G
such that G = WK. Since A is uncountable, one can find
'z € K and distinct a, 8 € A such that {z,,z3} C Wz. Then
:c,,,:::‘;1 € W2 C Uy, i.e.,z, € Uizp. It contradicts the fact that
Uiz, NUizp = 0.

Let G be either the class of all Lindelof groups or the class of
all subgroups of Lindel6f Y -groups. fG€ Gandn: G — H
is a continuous homomorphism of G onto a group H, then
H € G. 1t is not known if the class of R-factorizable groups
has the same property.

Problem 3.9. Does a continuous homomorphic image of an
R-factorizable group inherit the property of R-factorization?
Conversely: is every No-bounded group a continuous homo-
morphic image of an R-factorizable group?

A special case of open homomorphisms is considered below.

Theorem 3.10. An open homomorphic image of an R-factor-
izable group is R-factorizable.

Proof. Let © be an open continuous homomorphism of an R-
factorizable group G onto a group H and f be a continuous
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real-valued function on H. Since G is R-factorizable, there ex-
ist a continuous homomorphism ¢ of G onto a second-countable
group P and a continuous real-valued function g on P such that
fom = gop. Choose a countable base {U, : n € N} at the
identity of P and put V,, = m¢~!(U,), n € N. Then every set
V.. is open in H, and an easy verification shows that for every
point £ € H and every real ¢ > 0 one can find n € N such
that f(zV,.) C (f(z) — €, f(z) + €). Being a quotient group
of G, the group H is Ro-bounded; hence there exist a second-
countable group @ with a base {W, : n € N} at the identity
eg and a continuous homomorphism A of H onto @ such that
A"} (W,) C V, for each n € N (apply Corollary 1 of [15] char-
acterizing Ro-bounded groups as subgroups of products with
second-countable factors). It is easy to see that there exists
a function ¢ : @ — R such that f = qgo . The continuity of
q follows from the choice of the families {W, : n € N} and
{Va: neN}

4. THE PRODUCT OPERATION AND R-FACTORIZABLE
GROUPS

A final dose of results and problems concentrates on the
behaviour of the R-factorization property under the product
operation. A general problem is the following.

Problem 4.1. Is a product G x H R-factorizable for every
R-factorizable group G and H?

A concrete version of the previous problem seems to be more
natural.

Problem 4.2 Is a product G x K R-factorizable for every
R-factorizable group G and a compact group K?

Here Problem 4.2 is solved under some additional assump-
tions. Recall that a space X is said to be Ro-stable [5], if
nw(Y) < R, for every continuous image Y of X, which admits
a continuous one-to-one mapping onto a separable metrizable
space.
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Theorem 4.3. Let K be a compact group and G be an R-
factorizable group satisfying one of the following conditions:

(1) G has a dense o-precompact (or Lindeldf) subset;
(2) G has countable cellularity;

(3) G is locally connected;

(4) G is Ry-stable.

Then the group G x K is R-factorizable.

Proof. 1. We consider the cases 1)-3) simultaneously. Note that
if G has a dense o-precompact subset, then G is c.c.c. Indeed,
let B = U32,B, be a dense subset of G, where each B, is
totally bounded in G. Then the subgroup G, of G generated
by B, has c.c.c. by Assertion 9 of [28]. Hence G* = U2 G, is
a dense c.c.c. subset of G, and so is G.

Let f : G x K — R be a continuous function. Denote by
C(K) the space of all continuous real-valued functions on K
with the sup-norm topology and consider a continuous map-
ping ¥ : G — C(K) defined by ¥(z) = fl(zjxk, ¢ € G. In
each of the cases 1)-3) the image ¥(G) has countable weight.
Indeed, if G is locally connected, then every locally finite fami-
ly of open subsets of G is at most countable (Theorem 3.8), i.e.,
G is pseudo- w;-compact. However, G has the same property
in cases 1) and 2). Thus ¥(G) is a pseudo- w,-compact subset
of the metric space C(K), whence it follows that w¥(G)) < R,.

Since G is R-factorizable, one can find a continuous homo-
morphism 7 of G onto a second-countable group H and a
continuous mapping ¥ : H — C(K) such that ¥ = 3 o .
Let idx be the identity mapping of K onto itself. We claim
that the equality (7 x idk)(z,y) = (7 X idk)(z1,¥1) implies
f(z,y) = f(z1,y1) for any z,z, € G and y,y; € K. Indeed,
assume that 7(z) = 7(z,) and y = y;, but f(z,y) # f(z1,%1)-
Then ¥(z,)(y) # ¥(z)(y), i-e., ¥(z,) # ¥(z). Hence from the
equality ¥ = v o 7 it follows 7(z;) # m(z), which is a contra-
diction. Thus, there exists a mapping & : H x K — R such that
ho(m x idx) = f. Now we need to verify that k is continuous.

Pick a point (¢*,y*) € H x K and a positive real number
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e. Since v is continuous, there exists an open neighborhood O
of t* in H such that || ¥(t) — ¥(t*) ||[< €/2 for each t € O,
ie, | f(z,y) — f(z*,y) |< €/2 whenever 7(z) € O,n(z*) =
t* and y € K. There exists a neighborhood V of y* in K
such that | f(z*,y) — f(z*,y*) |< €/2 for each y € V. Let
(t,y) € OxV and z € G, =(z) = t. Then we have: |
h(t’y) - h(t‘a y‘) |=| f(:L‘, y) - f(.‘l?‘, y‘) Isl f(.’l:, y) - f(.’l:', y) |
+ | f(z*,y) = f(z*,¥*) |< €/2 + ¢/2 = €. Consequently, h is
continuous.

The group H x K is Lindelof, being a product of the second-
countable group H with the compact group K. Hence the
group H x K is R-factorizable by Assertion 1.1 of [29] (see also
[28]) and one can find a continuous homomorphism A of H x K
onto a second-countable group P and a continuous function
J : P — R such that A = jo A. Then 7* = X o (7 X idk),
a continuous homomorphism of G x K onto P, satisfies the
equality f = j o 7*. So the group G x K is R-factorizable.

II. Now consider the case of an Ro-stable group G. Again, let
f:G x K — R be a continuous function. Define a continuous
mapping ® : K — C,(G) by the rule ®(y) = f |gx{y}, Where
C»(G) is the space of all continuous real-valued functions on G
with the pointwise convergence topology. Since G is Ro-stable,
the space Cp(G) is Ro-monolithic, i.e., every separable subspace
of C,(G) has countable network ( [5, Theorem 11} or [7, The-
orem I1.6.8]). Every compact topological group is dyadic by
the result of Ivanovskil and Kuz’'minov (see [17,18] and also
[8], where a short modern proof of the dyadicity theorem is
given). Hence, ®(K) is a dyadic Ro-monolithic compact space.
Now from [1] it follows that ®(K) has countable weight. Since
every compact group is R-factorizable, there exist a continuous
homomorphism p of K onto a group L of countable weight and
a continuous mapping ¢ : K — C(G) such that ® = pou. An
argument analogous to the one applied in the part I shows that
there exists a function h : GXL — Rsuch that f = ho(idgxp).
Note that the homomorphism g is open because K is a com-
pact group. Hence the homomorphism :dg X p is open, and
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h is continuous. To complete the proof, consider the mapping
¥ : G-— C(L) defined in the part I, note that C(L) has a
countable base, and deduce the existence of a continuous ho-
momorphism 7 of G onto a second-countable group H and a
continuous function j : H x L — R such that & = jo (7 x idL).
Then 7 X p is a continuous homomorphism of G x K onto the
group H x L of countable weight, and f = j o (7 x p).

Remark 4.4. a) The first part of the previous proof makes

clear that a product of an arbitrary R-factorizable group with a
compact metrizable group is R-factorizable. This follows from
the fact that the weight of C(K), the space of continuous real-
valued functions on a compact space K, is equal to the weight
of K.
b) Denote by LH the hypothesis that 2% < 2%, With the help
of LH and easy cardinal estimates one can show that every
‘R-factorizable group of weight < 2™ is pseudo-w;-compact.
Therefore, an argument of the previous proof can be applied
to get the assertion that, under LH, a product of R-factorizable
group of weight < 2™ with a compact group is R-factorizable.
c) It seems to be likely that Theorem 4.3 remains valid if
the second factor is assumed to be pseudocompact. Howev-
er, our argument does not work in this case (Theorem 4.13
below presents some positive results in this direction).

Let us consider a case of non-compact factors. The notion
of o-tightness will be useful in what follows. A space X is
said to be of countable o-tightness, briefly, ot(X) < Ny, if for
every family v of open subsets of X and each point = € cl(U7)
there exists a countable subfamily g C 4 such that = € cl(Up).
Some properties of o-tightness are established in [25] where this
notion appeared. We begin with three lemmas.

Lemma 4.5. A product X xY of a space X with ot(X) < Ro
and a first-countable space Y has countable o-tightness.

Proof. Let v be a family of open subsets of the product space
and (z,y) € cl(Uv). One can assume that every element of
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has rectangular form U x V. Choose a countable base {V;, :
neN}atyinY andputy,={UxVey: VCV},neN
Then (z,y) € cl(U7,), and the condition ot(X) < R, implies
the existence of a countable subfamily u, C 4, such that z €
clr(Up,), where = is the projection of X x Y onto X. It is
easy to see that the point (z,y) belongs to the closure of the
union of a countable family u = U52opun C 7.

Lemma 4.6. Let G and H be topological groups, and ot(G) <
Ro. If H is totally bounded, then ot(G x H) < Ro.

Proof Denote by H the group completion of H. Since G x H
is dense in G x H, it is sufficient to show that ot(G x H) < Ro.
Let ~ be a family of open subsets of G x H and (z,y) € cl(Uy).
We may assume that every element O of 4 has the form U x V,
where V is an open cozero-set in H. Since the compact group
His R—factonzable, a cozero-set V is representable in the form
V = n5'mo(V), where o is a continuous homomorphism of H
onto some second-countable group.

An easy inductive construction is required now. Assume that
a continuous homomorphism ), : H — H, is defined for some
n € N,w(H,) < Ro. Lemma 4.5 implies that ot(G x H,) < Ro.
hence there exists a countable subfamily 4, C 4 such that
(2, An(y)) € (U{U X An(V) : U XV € 4,}). (Use the fact that
An is an open homomorphism). Denote by A,4; the diagonal
product of homomorphisms 7o, O € 7y, and A,. Obviously, the
group Hpy = My (H ) is second-countable.

Let A be the diagonal product of homomorphisms A,, n €
N, Ho, = M(H), and 76 = UZ57,. Then for every n € N there
exists a continuous homomorphism Ay of H,, onto H, such
that A\, = Ao \. Since Hisa compact group, the topology of
H, is initial with respect to the family of mappings A, n € N.
Therefore, (z,A(y)) is a cluster point of the family {¢(O) :
O € Yo}, Where ¢ = idg X A. Obviously, ¢ is open because it
is the product of two open mappings. From the construction
it follows that O = ¢~1p(0) for each O € 7w, so (z,y) €
cl(U4oo). Since Yoo € 4 and | 7o |< Ro, we are done.
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It is easy to see that the conclusion of Lemma 4.6 remains
valid for spaces G and H such that ot(G) < Ry and H has a
o-lattice of d-open mappings onto first-countable spaces (the
necessary definitions are given in [29]). The following result
admits an analogous generalization.

Lemma 4.7. Let G be a topological group of countable o-tight-
ness, and Hbea completion of a pseudocompact group H.

Then G x H is C-embedded into G x H.

Proof. Apply an argument of [25, Theorem 1]. Let f : GXx H —
R be a continuous function. By II and Il denote G x H and G x
H, resp. It is sufficient to show that cdaf~HF)Nelgf~Y(FR,) =

) for every pair of disjoint closed subsets F\, F, of the reals

(note that H meets every non-empty Gs-subset of H, and hence
the same is true for IT and H) Suppose that the closures of
the sets f~1(F,) and f~(F3) in II are not disjoint. Choose
open sets U; D F;, 1 = 1,2, such that clU; N clU; = 0. Then
cnf~Y(Uy))Nelpf~Y(U,;) = 0. There exist open subsets V;, V; of
11 such that V;nII = f~Y(U5), i = 1,2. Then clgViNclzVs # 0,
and we can choose a point p = (z,y) € I from this intersection.
Let 4, and 4, be families of open rectangular sets in i (as in the
proof of Lemma 4.6) such that V; = Uy;, ¢ = 1,2. Then every
set O € MUz is of the form O = UxW, where W = 75 mo (W)
for some continuous homomorphism 7o of H onto a second-
countable group. Since ot(I1) < No (Lemma 4.6), there exist
countable subfamilies y; C 4;(: = 1,2) such that p € cl*(U,ul)ﬂ
clg(Upz). Denote by  the diagonal product of homomorphisms
70,0 € uUpuz, and put K = r(ﬁ ). The definition of 7 implies
that O = ¢~ 1¢(0) for each O € p; U py, where ¢ = idg x 7.
Since H meets every Gs-set in H, there exists a point z € H
such that 7(z) = n(y). It is clear that ¢ is open, and hence
the fact that ¢(p) = (z,7(2)) € clgp(Up1) Nclgp(Up,) implies
(z,2) € clg(Up1) N clz(Ups). However, Up; g Vi ¢ = 1,2),

which unphes (z,2) € clgVi N clgV;. Since f~1(U;) is dense
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in V;, we have : (z,z) € clnf~Y(Uy) N clnf~*(U,) # 0. This
contradicts the choice of U; and U,.

Suppose that the topology of a group G is generated by the
family of all compact subsets of G, i.e., G is a k-group. Is there
any estimate of o-tightness of G? We answer this question in
the affirmative.

Theorem 4.8. ot(G) < Ry for every k-group G. Moreover, for
every family F of Gs-sets in G and a cluster point z of F there
ezists a countable subfamily F' C F such that = € cl(UF’).

Proof. We need some notions. A subgroup H of G is said
to be admissible provided that there exists a sequence {V, :
n € N} of open neighborhoods of the identity eg such that
Vil = Vo, V23, C V, for each n € N, and H = NV,
(see Definition 2.19 of [27]). A Gs-set F in G is said to be
standard if one can find an admissible subgroup H of G and
a Gs-set ® in the coset space G/H such that F = n~1(®),
where 7 : G — G/H is the quotient mapping. It is easily
seen that every Gs-subset of G is a union of standard G-
sets in G. We claim that cl(Up) is a Gsg-set in G, i.e., a
union of Gs-sets in G, for every countable family g consisting
of standard Gj-subsets of G. Indeed, for every F € u choose
Hp, an admissible subgroup of G, and ®F, a Gs-set in G/ HF,
such that F = nz!(®F), where 7r : G — G/HF is the coset
mapping. Then H = N{HF : F € u} is an admissible subgroup
of G, and the equality F = n~!x(F) holds for each F € p,
where 7 : G — G/H. Note that the coset space G/H is of
countable pseudocharacter, and hence every subspace of G/H
is of type G5z in G/H. Put F* = Uy and ®* = 7(F*). Then
F* = 771(®"). Since 7 is open, we have cl F* = 7~1(cl®*),
which implies that ¢l F* is a G z-set.

Let F be a family of G-sets in G. We need to prove that the
set X = U{cl(Up) : p C F,|u| < Ro} is closed in G. Without
the loss of generality, one can assume that every element F
of F is standard. Choose an arbitrary compact subset B of
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G and denote by < B > the subgroup of G generated by B.
Obviously, the group < B > is o-compact and XN < B > is a
Gsz-set in < B > by the assertion above. From the definition
of X it follows that there exists a family P of Gs-sets in < B >
such that UP = XN < B >, and each element P of P is
contained in a closure of a union of some countable subfamily
pp C F. By the result of Uspenskii (31, Theorem 2], the family
P in o-compact group has a countable subfamily A whose union
is dense in the union of P. Put p* = U{up : P € A\}. Then
c(UP) = cl(UX) C c(Upx) C X, because p* is countable.
On the other hand, XN < B >= UP, whence it follows that
XN < B >=cl(Upx)N < B > . Thus, XN < B > is closed in
< B >, and XN B is closed in B. Since G is a k-group and B
is an arbitrary compact subset of G, X is closed in G.

Corollary 4.9. A closure of every Gsx-set in a k-group is a
Gsz-set.

Proof. Let F be a family consisting of Gs-sets in a k-group G
and P = UF. Every Gs-set in G is a union of standard Gj-
sets, hence one can assume that each element of F is standard.
Since cl(Up) is a Gs g-subset of G for each countable subfamily
p of F (see the first part of the previous proof), it remains to
apply Theorem 4.8.

Corollary 4.10. Let vG be the Hewitt realcompactification of
a k-group G. Then group operations admit a continuous ez-
tension from G to vG, i.e., vG has the natural structure of a
topological group.

Proof. Apply Theorem 4.8 above and Proposition 7 of [32].

Problem 4.11. Is it possible to improve Corollary 4.9 by
showing that a closure of a Gsg-set in a k-group H is a Gs-set?
What if a group H is sequential or Fréchet?

Problem 4.12. Suppose G is an R-factorizable group of
countable o-tightness and K is a compact group. Is the product
G x K R-factorizable ? What if G is a k-group?
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The following result is closely related with Theorem 4.3.

Theorem 4.13. Let G be an R-factorizable group and H a
pseudocompact group. Then the group G x H is R-factorizable
in each of the following cases :

(1) G is a k-group with a dense Lindelof subset;

(2) G has countable cellularity;

(3) G is an Ro-stable group of countable o-tightness;
(4) G is Lindelof.

Proof. In each of the cases 1)-3) the group G has countable
o-tightness (use Theorem 4.8), and Lemma 4.7 implies that
G x H is C-embedded into G x H, where H is the completion
of H. The conclusion follows now from Theorem 4.3.

The case 4) is more complicated. Let f be a continuous
real-valued function on G x H, where G is Lindelof. Since
f is continuous, for every point y € H there exists a closed
Gs-set ®(y) in H such that y € ®(y) and f(z,y) = f(z,¥)
whenever z € G and y' € ®(y). One can assume that ®(y) =
F(y) N H for every y € H, where F(y) is closed Gs-set in H (
in fact, F(y) = clg®(y)). Every family of Gs-sets in a Lindelof
T-group (in particular, in the compact group H ) contains a
countable dense subfamily by Theorem 2 of [31]. Hence there
exists a countable set M C H such that U{F(y) : y € M}
is dense in U{F(y) : y € H}. The family {F(y) : y € M}
consists of zero-sets in the compact group H, and since H
is R-factorizable, one can find a continuous homomorphism
Ao of H onto a second-countable group Hp such that F(y) =
A5 Xo(F(y)) for each y € M. Put A = Ag|y. We claim that the
continuous homomorphism tdg X A of G x H onto the group
G x H, factorizes the function f.

First, we need to verify that for any points (z,y;) and (z,y;)
of the group Gx H the equality A(y;) = A(y2) implies f(z,y,) =
f(z,y2). Assume the contrary. Then there exist open sets
U>dzandV;3y; (i =1,2)suchthat f(UxWV)Nf(UxVz) =0.
The set W = A(V1)NA(V) is an open neighborhood of A(y;) in
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Ho, because Ao and Ag|y are open homomorphism (note that
His compact, H intersects every non-empty Gs-subset of H,
and Hy = Mo(H) is first-countable). Since U{®(y) : y € M }
is dense in H, the set W N A(®(y)) is not empty for some
y € M. Note that ®(y) = A~'A(®(y)), and pick two points
z1 € V1N ®(y) and 2z, € V2N ®(y). Then (z,2;) e U X V; (1 =
1,2), whence it follows that f(z,z1) # f(z,22). This contra-
dicts the choice of the set ®(y). Thus, we proved the existence
of a function g : G x Ho — R such that f = g o (idg x A).
Second, the continuity of g should be verified. However, this
follows from the fact that idg x A is an open homomorphism.

Since Hj is a compact second-countable group, an applica-
tion of Remark 4.4, a) completes the proof.

Recall that a continuous mapping ¢ : X — Y is said to
be z-closed [20,10] if ¢(F) is closed in Y for each zero-set F
in X. The following result gives additional information on
products of R-factorizable groups in case one of the factors is
pseudocompact.

Lemma 4.14. Let G be a group, H be a pseudocompact group
and H the completion of H. Then the implications (1) =
(2) & (3) hold, where

(1) G x H is an R-factorizable group;

(2) G x H is C-embedded into G x H;
(3) the projection p: G x H — G is z-closed.

Proof. (1) = (2). Let f : G x H — R be continuous. By
(1), one can find a second-countable group P, a continuous
homomorphism ¢ of G x H onto P and a continuous function
g : P — R such that f = go . Extend ¢ to a continuous
homomorphism @ of G x H into P, where the symbol ~ denotes
the group completion. It is clear that G x H is a subgroup of
G x H, and G x H meets every non-empty Gs-set in G' x H.
Since P and P are first-countable, it follows that (G x H H) =
@(G x H) = P. Then f=go @lgxf is the required continuous
extension of f.
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(2) & (3). Apply the arguments of [20].

Theorem 4.13 and Lemma 4.14 together imply the following.

Corollary 4.15. Let G and H be a Lindelof and a pseudocom-
pact topological groups, resp. Then the projection p: G x H —
G is z-closed.

A slight modification of our methods can be done to obtain
another version of Theorem 4.13.

Theorem 4.16. Let G be an Nq-stable Lindelof group and H
a subgroup of a Lindelof X-group. Then the group G x H is
R-factorizable.

Proof. Consider a Lindelof X-group N containing H as sub-
group. The closed subgroup H = clyH of N is a Lindelof
Y-group. Apply an argument of the proof of Theorem 4.13 to
a continuous real-valued function f on G x H in order to define
an open homomorphism Ao of H onto a group Kj of countable
pseudocharacter and a continuous function g on G x Ao(H)
such that f = g o (idg X ), where A = Ao|y. Since the group
Ky is Lindelof and 9(Ko) < Ro, Corollary 1.10 of [3] implies
that there exists a continuous one-to-one mapping of Ky on-
to a separable metrizable space. The group H is Ro-stable [6,
Coro. 16], and hence nw(Kj) < Ro. This implies that the group
K = XM(H) C K, has countable netweight and is separable.
Let S be a countable dense subset of K and 2, be the embed-
ding of G into G x K defined by iy(z) = (z,y),z € G. Since
G is R-factorizable and |S| < Ry, one can find a continuous
homomorphism 7 of G onto a second-countable group G, and
a family {p, : y € S} of continuous real-valued functions on
Go such that go i, = p, o7 for each y € S. We claim that for
each z;,7, € G and y € K the equality 7(z,) = 7(z;) implies
9(z1,y) = 9(z2,9).

Indeed, if g(z;,y) # 9(z2,y), then there exist open sets U;
z; (i =1,2) and V 3 y such that g(U1 x V)N f(U2 x V) = 0.
Choose a point z € V N S. Obviously, g(z1, z) # g(z2,2), that
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contradicts the equalities g(z1,2) = @,(7(z1)) = ¢.(7(z2)) =
g (3:2, z ) '

Thus, there exists a function 2 : Gy x K — R such that
g = ho(m x idk). However, h is not necessarily continuous.
Consider the quotient group Gy = G/ker 7 and the quotient
homomorphism 7* : G — Gj. Also let j be a continuous one-
to-one homomorphism of G onto G such that 7 = jor*. Note
that the function A* = ho(j X idg) satisfies the equality g =
h*o(m* X idk). since 7* and 7* X idk are open homomorphism,
h* is continuous. By the assumption, G is Ro-stable, whence it
follows that nw(Gg) < Ro. Therefore, the group G x K, the
domain of h*, has countable netweight. Being Lindelof, the
group G x K is R-factorizable; hence one can find a continuous
homomorphism 6 of Gj x K onto separable metrizable group
P and a continuous function p : P — R such that A* = po#.
Obviously, the homomorphism © = 6 o (7 * X \) satisfies
"the equality f = p o ©. This completes the proof, which is
illustrated by figure 3.

id(;X/\

— Gx H G x K—
™ XA wxidxl
Gy x K 229G x K

f 9 g
P h
P

R

Figure 3.
Corollary 4.17. The product of a Lindelof Ro-stable group
with a subgroup of a o-compact group is R-factorizable.

Recall that X is said to be a P-space if every Gs-set in X is
open.
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Corollary 4.18. The product of a Lindelof P-group with a
totally bounded group is R-factorizable.

Proof. By Theorem 17 of [6], every Lindelof P-group is Ro-
stable. Apply Theorem 4.16 to complete the proof.

Problem 4.19 Must the product of a Lindelof group with
a totally bounded group be R-factorizable?

An examination of the proof of Theorem 4.16 shows that a
totally bounded factor in the previous problem can be assumed
second-countable.

The final comment to Theorem 4.3 seems to be useful. Call a
topological group G weakly Ro-stable if the following condition

is fulfilled: given continuous homomorphism G & H 3 K
with 7(G) = H, ker A = {eg} and w(K) < Ry, every discrete
family of open sets in H is countable, i.e., H is pseudo-w;-
compact. The theorem below generalizes Theorem 4.3. We
omit some parts of its proof duplicating earlier proofs.

Theorem 4.20. If G is a weakly Ro-stable, R-factorizable
group and H is a compact group, then the group G x H is
R-factorizable.

Proof. For a given continuous function f : G x H — R con-
sider a continuous mapping ¥ : G — C(H) defined by ¥(g) =
flis)x#,9 € G, where C(H), the space of real-valued contin-
uous functions on H, is endowed with the sup-norm topology.
Being R-factorizable, the group G is Ro-bounded, and hence
¢(G) < 2% by Theorem 2.8 of [26]. Since C(H) is metrizable,
the inequalities w(¥(G)) < ¢(¥(G)) < 2% hold. Now use the
R-factorizable property of G to define a continuous homomor-
phism ¥ of G onto a group G; with w(G;) < 2%, and a con-
tinuous function f; : G; x H — R such that f = fy0(¥ xidy).
Let Cp(G,) be the space of continuous real-valued functions
on (G; endowed with the topology of pointwise convergence.
Then nw(Cp(G:)) < w(G,) < 2%, by the theorem of E.
Michael [19]. Define the mapping ® : H — Gp(G1) by the
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rule ®(h) = filg,x{s)» B € H. Obviously, ® is continuous.
Since the compact group H is R-factorizable, one can find
a continuous homomorphism ¢ of H onto_a group H; with
w(H;) £ 2% and a continuous mapping f : H; — Cp(G,)
such that ® = fop ( use the equality of the weight and the
netweight of a compact subset ®(H) of Cp(G,)). The mapping
f can easily be transformed to the function f, : Gy x H; = R
such that f; = f; o (idg, X ¢). The homomorphisms ¢ and
tdg, X @ are open, and hence f, is continuous. Compact
groups H and H; are dyadic by the theorem of Kuz’minov.
Since w(H;) < 2%, the group H, is separable (see [2]). Clear-
ly, the continuous function g = f; 0 (¥ X idy,) on G x H,
satisfies the equality f = g o (idg X ¢). Use the method of
the proof of Theorem 4.16 along with the separability of H,
to define an open continuous homomorphism %¥; of G onto a
group P of countable pseudocharacter and a continuous func-
tion p : Px H; — R such that g = po(3,; xidy,.) Since P is an
Ro-bounded group of countable pseudocharacter, there exists
a one-to-one continuous homomorphism of P onto a separa-
ble metrizable group. This fact and the weak Ro-stability of
G together imply that P is pseudo-w;-compact. To complete
the proof, consider the continuous mapping ¥, : P — C(H,)
defined by ¥, () = pl(z}xH,, € P, and note that w(¥,;(P)) <
R, because VU,(P) is a pseudo-w;-compact subspace of the
metrizable space C(H,). Use the R-factorizable property of
P (Theorem 3.10) to define a continuous homomorphism A of
P onto a second-countable group @ and a continuous function
g : @ x H; — R such that p = go(Axidy, ). The product @ x Hy
of the separable metrizable group @ with the compact group
H; is Lindelof; hence this product is R-factorizable. There-
fore, one can find a continuous homomorphism g of @ x H;
onto a second-countable group T and a continuous function
t : T — R such that ¢ = t o u. Obviously, the homomorphism
= po(Aoy; X p) of G x H onto T and the function ¢ satisfy
the equality f =t o 7. Figure 4 clarifies the proof.

Added in Proof. Recently V. V. Uspenskii solved Problem
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1/) X idH lda‘ X @

GxH GixH

G1XH1

idG; X @] f

GXHl_—L’ R

¥ x idy, p \

A X id}[l

PXH1

Q x Hj
Figure 4.

3.4 by constructing a subgroup H of Z“* with ¢(H) = R;.

[1]
2]
8]

[4]
(5]
[6]

[7]
(8]
&)

(10)

REFERENCES

A. V. Arhangel’skii, Approzimation of the theory of dyadic bicom-
pacta, (in Russian), Dokl. Acad. Nauk SSSR 184 (1969), 767-770.

, On p-reducibility of topological spaces, J. of Math. and Sci. 1
( 1974), 59-67.

, On relationships between invariants of topological groups and
their subspaces, (in Russian), Uspekhy Matem. Nauk 35 (3) (1980),
3-22.

——, Classes of lopological groups, Russian Math. Surveys 36 No. 3
(1981), 151-174.

, Factorization theorems and funclion spaces: stability and
monolithicity, Soviet Math. Dokl. 26 (1) (1982), 177-181.

, Continuous mappings, factorization theorems and spaces of
functions, (in Russian), Trudy Mosc. Matem. Obsch. 47 (1984), 3-
21.

, Topological Spaces of Functions, (in Russian), Moscow, Publ.
of Mosc. Univ., 1989.

J. Cleary and S. A. Morris, Locally dyadic topological groups, Bull.
Austral. Math. Soc. 40 (1989), 417-419.

W. W. Comfort, Compaciness-like properties for generalized weak
topological sums, Pacific J. Math. 60(1) (1975), 31-37.

and A. W. Hager, The projection mapping and other continuous
functions on a product space, Math. Scand. 28 (1971), 77-90.




230 MICHAEL TKACENKO

and K. A. Ross, , Pseudocompactness and uniform continuity

in topological groups, Pacific J. Math. 16 (3) (1966), 483-496.

and V. Saks, Countably compact groups and finest totally
bounded uniformities, Pacific J. Math. 49 (1) (1973), 33-44.

[13] R. Engelking, General Topology (PWN, Warszawa, 1977).

[14] M. 1. Graev, Theory of topological groups I. (in Russian), Uspekhy
Matem, Nauk 5 (2) (1950), 3-56.

[15] I. I. Guran, On topological groups close to being Lindelf, Soviet
Math. Dokl. 23 (1981), 173-175.

[16] E. Hewitt and K. A. Ross, Abstract Harmonic Analysis, I. Springer-
Verlag, 1963.

[17] L. N. Ivanovskii, On one hypothesis of P. S. Alezandroff, (in Rus-
sian), Dokl. Acad. Nauk SSSR 123 (5) (1958), 785-786.

[18] V. Kuz’minov, On a hypothesis of P. S. Alezandroff in the theory
of topological groups, (in Russian), Dokl. Acad. Nauk SSSR 125 (4)
(1959), 727-729.

[19] E. Michael, On a theorem of Rudin and Klee, Proc. Amer. Math.
Soc. 12 (1961), 921.

[20] N. Noble, A note on z-closed projections, Proc. Amer. Math. Soc. 23
(1969), 73-76.

[21] L. S. Pontrjagin, Continuous Groups, Princeton Univ. Press., Prince-
ton, N.J.

[22] E. V. Stepin, Real-valued functions and canonical sets in Tychonoff
product spaces and topological groups, (in Russian), Uspekhy Matem.
Nauk, 31 (6) (1976), 17-27.

[23] D. B. Shakhmatov, A survey of current research and open problems in
the dimension theory of topological groups, Q & A in General Topology
8 (1990) (Special Issue), 101-128.

, Imbeddings inlo tlopological groups preserving dimensions,
Topology Appl. 36 (1990), 181-204.

[25] M. G. Tkacenko, The notion of o-tightness and C-embedded subspaces
of products, Topology Appl. 15 (1983), 93-98.

, On topologies of free groups, Czech. Math. J. 34 (1984) 541-

[11]

[12]

(24]

[26]
551.

[27] , Compaciness type properties in topological groups, Czech.

Math. J. 38 (1988), 324-341.

, A generalization of a theorem of Comfort and Ross, (in Rus-

sian), Ukrain. Matem. J. 41 (3) (1989), 377-382.

, Factorization theorems for topological groups and their appli-

cations, Topology Appl. 38 (1991), 21-37.

, On zerodimensional groups and factorization of homomor-

phisms in accordance with weight and dimension, (in Russian), Siberi-

[28]

[29]

[30]



SUBGROUPS, QUOTIENT GROUPS 231

an Math. J. 32(3) (1991), 151-159.
[31] V. V. Uspenskii, On continuous images of Lindelsf topological groups,
(in Russian), Dokl. Acad. Nauk SSSR 285 (1985), 824-827.
, Topological groups and Dugundji spaces, (in Russian), Matem.
Sb. 180(8) (1989), 1092-1118.

32]

Tver State University, Faculty of Mathematics
Zeljabova, 170001 Tver, Russia





