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MENGER CURVE ABOUT INFINITELY MANY
 

OF ITS HOLES IS NOT HOMOGENEOUS
 

KAREN VILLARREAL 

A continuum is a compact, connected metric space. A con­
tinuum X is homogeneous if for each x and .y in X, there exists 
a homeomorphism h: (X,x) --+ (X,y). A continuum X is a­
posyndetic if for each pair of distinct points x and y in X, there 
is a subcontinuum S of X such that x E int (S) and y E X \ 5. 

Let M be the Menger curve, and let B1 be a circle embedded 
in one of the faces of M. Let r: M ~ B1 be a map which is 
the projection of M onto the face of M containing B1 , followed 
by a retraction of the face onto B1 • Let S be a solenoid, and· 
let f: S -+ B1 be projection onto the first coordinate. Then 
the space 

At = {(x,y) E M x S: r(x) = f(y)} 

 is a Case continuum [1]. This was the first known example of a 
homogeneous continuum which is aposyndetic but not locally 
connected [2], [3]. 

For another construction, let B1 be a bouquet of n circles em­
bedded in a face of M. Let Tn be the n-dimensional torus, and 
let 1 represent the identity element of 8 1 

• Note that there is a 
natural embedding of B1 into Tn' which identifies B1 with the 
set {(Xl, .. e ,Xn ): Xi = 1 except for at most one coordinate} e 

Let r: M -+ Tn be the projection of M onto the face containing 
B1 , followed by a retraction onto B1 , followed by the natural 
embedding of B1 into Tne Let 5 = lli:15i be a product of n 
solenoids. Let Pi: S -+ Si be projection, and let 11,i: 8i --+ 8 1 
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be projection onto the first coordinate. Let f: S --+ Tn be the 
map ni=1 fl 

t
i 0Pi. IfM = {(x, y) E M x S : r(x) = f(y)}, then 

M is a homogeneous continuum which is aposyndetic, but not 
locally connected [4]. 

A question implied in [4] was whether if would still be a 
homogeneous continuum which is aposyndetic, but not locally 
connected, if we replace S with an infinite product of solenoids, 
and Bl with a Hawaiian earring-a union of a sequence of 
circles with decreasing diameters, such that there is a point 
which is equal to the intersection of every pair of the circles. 
We will show that, in this case, M is not homogeneous. 

Theorem . Let B1 be a Hawaiian earring embedded in a face 
of the Menger CUMJe M. Let r: M --+ T be the projection of M 
onto the face of M containing B l , followed by a retraction onto 
B1 , followed by the natural embedding into the infinite dimen­

.sional toros T. Let S = n~=1 Sn be a product of solenoids. Let 
Pn: S --+ Sn be projection, and fltn: Sn --+ 8 1 be projection on­
to the first coordinate. Let f: S -+ T, where f = n~=l fl,n 0Pn. 
Then the space 

M = {(x,y) E M x S: r(x) = f(y)} 

is not homogeneous. 

Proof. We need some more notation. Let Vn E 8n be (1, 1, 1, ... ) 
and let v E S be (VI, V2,V3, ••• ). Let vET be f(v). Note that 
r maps the point of intersection of the circles of B l onto v. Let 
Gn = fi:~(l), and let G = f-l(V) =n~=l Gn • Let 1rl: M -+ M 
and 1r2: M --+ S be projections. Also, let qi: T -+ 8 1 be pro­
jection onto the ith coordinate. We will first prove a lemma. 

Lemma. If (m, s) E M such that r(m) =F v, then there exists 
an open neighborhood U of m in M and a homeomorphism 

h: 1r}I(U) --+ U x G, 

such that 1rl 0 h-1: U x G --+ U is projection onto the first coor­
dinate. Furthermore, we can choose U so that it is connected. 
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Proof Since f(s) = r(m) =F v, I(s) lies on exactly one of the 
circles of B1 , so, for some n, 

n-l 00 

f(s) E II {I} X (81 
- {I}) x II {I}. 

k=1 k=n+l 

Since8n is a fiber bundle over 8 1 with projection fl,n and fiber 
Gn, there exists an open neighborhood U' of fl,n (Pn (s )) in 8 1 

and a homeomorphism 

h'· /-1 (U') --+ U' x G· 1,n. n, 

such that fl,n 0 (h')-I: U' x Gn --+ U' is projection onto the first 
coordinate. Since !l,n (Pn (s)) =F 1, we can choose U' so that 1 ¢ 
U'. Let U = r-1(q;1(U')). Then U is an open neighborhood of 
m in M. We will show that 1r}l(U) is homeomorphic to U x G. 

Note that 
n-I 00 

1r}l(U) = U[{x} x II Gk x fi:~(qn(r(x))) x II Gk]. 
zeU k=l k=n+l 

Define h: 1r}l(U) --+ U x G as follows: If (X,(Sl,S2' ... )) E 
1r}l(U), let 

h((x, (SI,S2' ... ))) = (x, (SI,S2' ... ,Sn-l'P2(h'(sn)),Sn+l' )) 

where P2: U' xGn ~ Gn is the projection. Since f( (SI' S2, )) = 
r(x), then fl,n(Sn) = qn(r(x)). Since x E U, qn(r(x)) E U', so 
Sn belongs to the domain of hi. Then h: 1r}l(U) --+ U x G is a 
continuous map. 

If h((x, (SI' S2, ... ))) = h((x', (s~, s~, ... ))), then x = x' and 
Sk = Sk for k =F n. Also, P2(h'(sn)) = P2(h'(s~)). Let PI: U' x 
Gn ~ U' be projection. Then 

Pl(h'(sn)) = (!I,n 0 (h')-l)(h'(sn)) = !1,n(Sn) 

and, likewi'se, Pl(h'(s~)) = !l,n(S~). But we must have fl,n(Sn) = 
qn(r(x)) and fl,n(S~) = qn(r(x')) = qn(r(x)), so fI,n(Sn) = 
fl,n(S~). Then h'(sn) = h'(s~). Since h' is a homeomorphism, 
Sn = s~. Then h is an injection. 
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Let (x, (91,92, ... )) E U x G. Then x E r-1(q;1(U')), so 
(qn(r(x)),9n) E U' x Gn • Then there exists an Sn E f1~~(U') 
such that h'(sn) = (qn(r(x)),9n). Then 

qn(r(x)) = P1((qn(r(x)),9n)) 
= (!1,n 0 (h')-1)((qn(r(x)),9n)) = f1,n(Sn). 

Also, since qn(r(x)) E U' and 1 ¢ U', r(x) lies on exactly one 
of the circles of B1 and qi(r(x)) = 1 for i f:. 1. Then 

r(x) = (1,1, ... , !1,n(Sn), 1, 1, ) 

= !(91, 92,· .. , 9n-1, sn, 9n+1, ), and 

(X,(91,92, ... ,9n-1,Sn,9n+1 ... )) E 1I"11(U). 

We have 

h((X,(91,92, ,9n-l,sn,gn+l, ))) = 
(x, (91,92, ,9n-l,9n,9n+1, )). 

Then h is a surjection. If (x, (91,92, ... )) E U x G, then 

h-1 ((x, (91 ,92, . . . ))) = 
(x, (91,92, ... ,9n-1, (h')-1((qn(r(x)),9n)),9n+1' ... )), 

which is continuous, so h is a homeomorphism. Also, note that 
11"1 0 h-1 is projection onto the first coordinate, and the first 
part of the lemma is proved. 

Since M is locally connected, we can replace U with the 
component of U containing m, proving the last assertion in 
the lemma. 

Now we are ready to prove the theorem. Let (m, s) E if 
such that r(m) f:. v, and let U be as in the lemma. Then the 
components of 1r11(U) are each homeomorphic to U x {g} for 
some 9 E G, so they are locally connected. 

Suppose if is homogeneous. We will not distinguish between 
the points of B1 embedded in M and the points of B1 embedded 
in T, so we will denote the point of intersection of the circles of 
B1 in M by v. There must be some neighborhood W of (v, v) 
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in if homeomorphic to 1r11 (U). Let 1< be the component of 
W containing (v, v). Then 1< is locally connected.

W contains some basic open set (WoXTIk=1 Wk xTIh:n+l 8k )n 
if, where v E Wo, open in M, and Vk E Wk , open in 8k for 
k = 1, ... ,n. Wo must contain all but finitely many of the 
circles of B1 , so there exists an m > n such that the mth circle 
of B1 is contained in WOe Then 

m-l	 00 

B = IT {Vk} X 8m X IT {Vk} C 1r2(W). 
k=l k=m+l 

B is connected since it is homeomorphic to Sm. Note that we 
can think of f 1 1r2(M): 1r2(M) ~ B 1 as a map into M since 
B1 is embedded in M. Let B' = {(f (b), b): b E B}. Since r 
restricted to B1 is the identity, r(f(b)) = f(b), and B' C M. In 
fact, (v, v) E B' C W. B' is connected, since it is a continuous 
image of B, so B' C 1<. Then Pm (1r2(I<)) = Sm. 

Let A be an open arc of 8 1 containing 1. Then 

E = 1r21(p~1(f~~(A))) n 1< 

is an open subset of ]{ containing (v, v). Let C be the compo­
nent of E containing (v, v). C must be open in !(, since K is 
locally connected. Then C contains some basic open set 

00 

L = (Lo x II Lk ) n !(, 
k=l 

where Lo is open in M, the Lk are open in 8k , and (v, v) E L. 
Note that since Pm(1r2(I<» = 8m , Pm( 1r2(L)) = Lm.. Since 
Pm(1r2(C» is a connected set contained in f~~(A), Pm(1r2(C)) 
must be contained in a component of fl,~(A). Then Lm must 
be contained in this component. But all components of fl,:n(A) 
in 8m must have empty interior. Therefore, M cannot be ho­
mogeneous. 
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