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THE SPACE OBTAINED BY SPINNING THE
MENGER CURVE ABOUT INFINITELY MANY
OF ITS HOLES IS NOT HOMOGENEOUS

KAREN VILLARREAL

A continuum is a compact, connected metric space. A con-
tinuum X is homogeneous if for each = and y in X, there exists
a homeomorphism k: (X,z) — (X,y). A continuum X is a-
posyndetic if for each pair of distinct points z and y in X, there
is a subcontinuum S of X such that z € int (S) and y € X'\ S.

Let M be the Menger curve, and let B; be a circle embedded
in one of the faces of M. Let r: M — B; be a map which is
the projection of M onto the face of M containing B, followed
by a retraction of the face onto B;. Let S be a solenoid, and
let f: S — B, be projection onto the first coordinate. Then
the space

M = {(z,y) € M x S : r(z) = f(y)}

is a Case continuum [1]. This was the first known example of a
homogeneous continuum which is aposyndetic but not locally
connected (2], [3].

For another construction, let B, be a bouquet of n circles em-
bedded in a face of M. Let T,, be the n-dimensional torus, and
let 1 represent the identity element of S*. Note that there is a
natural embedding of B, into T,,, which identifies B, with the
set {(z1,...,Za): z; = 1 except for at most one coordinate }.
Let r: M — T, be the projection of M onto the face containing
B,, followed by a retraction onto B;, followed by the natural
embedding of B, into T,,. Let § = [];.,; S: be a product of n
solenoids. Let p;: S — S; be projection, and let f;: S; — S?
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be projection onto the first coordinate. Let f: § — T, be the
map [[%, fisopi. ¥ M = {(z,y) € M xS : v(z) = f(y)}, then
M is a homogeneous continuum which is aposyndetic, but not
locally connected [4). i

A question implied in [4] was whether M would still be a
homogeneous continuum which is aposyndetic, but not locally
connected, if we replace S with an infinite product of solenoids,
and B; with a Hawaiian earring—a union of a sequence of
circles with decreasing diameters, such that there is a point
which is equal to the intersection of every pair of the circles.
We will show that, in this case, M is not homogeneous.

Theorem . Let B, be a Hawaiian earring embedded in a face
of the Menger curve M. Letr: M — T be the projection of M
onto the face of M containing B,, followed by a retraction onto
B, followed by the natural embedding into the infinite dimen-
-sional torus T'. Let S =[5>, Sn be a product of solenoids. Let
Pn: S — S, be projection, and f,,: S, — S? be projection on-
to the first coordinate. Let f: S — T, where f = [132, f1,n0Pn-
Then the space

M ={(z,y) € M x §:7(z) = f(y)}
is not homogeneous.

Proof. We need some more notation. Let v, € S, be (1,1,1,...)
and let v € S be (v1,v2,vs,...). Let © € T be f(v). Note that
r maps the point of intersection of the circles of B; onto 0. Let
Gn = fin(1),andlet G= f~1() =[2Gy Let mi: M - M

~

and my: M — S be projections. Also, let ¢;: T — S? be pro-
jection onto the ith coordinate. We will first prove a lemma.

Lemma. If (m,s) € M such that r(m) # ¥, then there ezists
an open neighborhood U of m in M and a homeomorphism

h: 77 (U) = U x G,

such that myoh™: U x G — U is projection onto the first coor-
dinate. Furthermore, we can choose U so that it is connected.
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Proof. Since f(s) = r(m) # 0, f(s) lies on exactly one of the
circles of B, so, for some n,

n—1 0
fs)e [T} x(S"-{1h x II {1}
k=1 =n+1
Since S, is a fiber bundle over S! with projection f;, and fiber
Gh., there exists an open neighborhood U’ of fi,(pa(s)) in S?
and a homeomorphism

B fia(U') = U’ x Gy,

such that f; ,0(h')"!: U'x G, — U’ is projection onto the first

coordinate. Since f.(pa(s)) # 1, we can choose U’ so that 1 ¢

U'. Let U = r~Y(g;*(U’)). Then U is an open neighborhood of

m in M. We will show that 77 (U) is homeomorphic to U x G.
Note that

' (U) = U=} x H Gk % fia(gn(r(2))) x H Ghl-
zeU k=n41
Define h: 77} (U) —» U x G as follows: If (z,(s1,82,.-.)) €
7 1(U), let

h((x’ (317 82y... ))) = (z’ (sla327 e asn—11p2(hl(sn))a Sn4lye-- ))

where p;: U'xG, — Gy, is the projection. Since f((s1,S82,...)) =
r(z), then f1,(sz) = gu(r(z)). Since z € U, ¢.(r(z)) € U’, so
Sn belongs to the domain of A’. Then h: 77} (U) = U x G is a
continuous map.

If A((z,(s1,82,...))) = h((=',(51,53,--.))), then z = 2’ and
sk = s} for k # n. Also, p2(h'(sn)) = p2(h'(s)). Let py: U’ x
G, — U’ be projection. Then

pl(h’(sn)) = (fl,n 0 (h,)—l)(hl(sn)) = fl,n(sn)

and, likewise, p;(h'(s})) = fin(s,). But we must have f; .(s,) =
tn(r(z)) and fia(sy) = gu(r(z’)) = gn(r(z)), so fin(ss) =

fin(sh). Then A'(s,) = h'(s}). Since A’ is a homeomorphism,
8p, = s,. Then h is an injection.
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Let (z,(g1,92,.-.)) € U x G. Then z € r~Y(g;*(U")), so
(gn(r(2)),9n) € U’ x G,,. Then there exists an s, € fia(U’)
such that A'(s,) = (¢a(r(2)),gn). Then

gn(r(2)) = p1(((r(2)), 9n))
= (fin 0 (A)7)((gn(r(2)): 9n)) = fin(sn)-

Also, since ¢,(r(z)) € U’ and 1 € U’, r(z) lies on exactly one
of the circles of B, and ¢;(r(z)) =1 for ¢ # 1. Then

r(z) =(1,1,..., fin(sa),1,1,...)
= f(91,92++++ y9n-15Sn, Gn41,--. ), and
(2,(91,92,- -+ 19n=1,5ns Gn41--.)) € 77 (V).
We have

h((.’t, (glvg% oo 39n-1ySnyGn+1y - .- ))) =

(I, (glvgh co+ 99n-119n,9n+1,- - - ))
Then h is a surjection. If (z,(g1,92,-..)) € U x G, then

h—l((x, (glag2’ ve ))) =

(z,(91,925- -+ ,Gn-1, (hl)—l((qn(r(x))agn))a Gntly--))
which is continuous, so h is a homeomorphism. Also, note that
71 0 h~! is projection onto the first coordinate, and the first
part of the lemma is proved.

Since M is locally connected, we can replace U with the
component of U containing m, proving the last assertion in
the lemma.

Now we are ready to prove the theorem. Let (m,s) € M
such that 7(m) # 0, and let U be as in the lemma. Then the
components of 77!(U) are each homeomorphic to U x {g} for
some g € G, so they are locally connected.

Suppose M is homogeneous. We will not distinguish between
the points of B; embedded in M and the points of B; embedded
in T, so we will denote the point of intersection of the circles of
B, in M by 9. There must be some neighborhood W of (9, v)
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in M homeomorphic to 77}(U). Let K be the component of
W containing (9,v). Then K is locally connected.

W contains some basic open set (Wox[Ti=; Wi x[Tieny1 Si)N
M, where ¥ € W, open in M, and v, € Wy, open in S; for
k=1,...,n. Wy must contain all but finitely many of the
circles of By, so there exists an m > n such that the mth circle
of B, is contained in Wy. Then

B=T[{} x Smx I[ {os} Cma(W).
k=1 k=m+1

B is connected since it is homeomorphic to S,,. Note that we
can think of f | 7o(M): m(M) — B as a map into M since
B, is embedded in M. Let B’ = {(f(b),b): b € B}. Sincer
restricted to B is the identity, r(f(b)) = f(b),and B’ C M. In
fact, (0,v) € B' C W. B'is connected, since it is a continuous
image of B, so B’ C K. Then p,,(m(K)) = Sp..

Let A be an open arc of S! containing 1. Then

E =m'(pn (fim(A)) N K

1m

is an open subset of K containing (0,v). Let C be the compo-
nent of E containing (¢,v). C must be open in K, since K is
locally connected. Then C contains some basic open set

o0
L=(Lox [] L¥) NK,

k=1
where Ly is open in M, the L are open in Sk, and (9,v) € L.
Note that since p,,(72(K)) = Sm, pm(m2(L)) = L,,. Since
Pm(m2(C)) is a connected set contained in fi,(A), pm(72(C))
must be contained in a component of f;,.(A). Then L,, must
be contained in this component. But all components of f{ % (A)
in S,, must have empty interior. Therefore, M cannot be ho-
mogeneous.
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