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ON THE ANCEL-CANNON THEOREM

STEVEN C. FERRY"

1. INTRODUCTION

We begin by stating the basic tameness condition for
codimension-one embeddings of manifolds.

Definition 1. If M™~! is a closed manifold, an embedding f :
M™! — N™ is said to be locally flat if for each z € f(M)
there is a neighborhood U of z in N so that (U,U N f(M)) =
(R*,R*"1).

The Alexander horned sphere and its generalizations to high-
er dimensions show that not all codimension-one embeddings
are locally flat. The purpose of this note is to provide an alter-
nate proof of the locally flat approximation theorem of Ancel
and Cannon (3] and, at the same time, to give some insight
into how Quinn’s Resolution Theorem works in this particular
case. Here is the statement of the theorem:

Theorem 1 (Locally flat approximation theorem). Let
Mm™! and N™ be manifolds, M closed, 0N = 0, n > 5, and let
f: M — N be an embedding. Let ¢ > 0 be given. Then there
is a locally flat embedding f : M — N with d(f(z), f(z)) < e
for eachx € M.

*Partially supported by National Science Foundation Grant DMS
9003746. The author would also like to thank the University of Chicago
for its hospitality while this paper was being written.
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42 STEVEN C. FERRY

The proof of this theorem given in [3] is geometric and tech-
nically demanding. See the comments on page 61 of [3]. Ancel
[1] has observed that the locally flat approximation theorem
follows quickly from Quinn’s Resolution Theorem ([11], [12])
and Siebenmann’s CE Approximation Theorem [13]. Here is
Ancel’s argument:

P
9, Ca ) p D
ce | & : CE
NIx ['llzvllz] NIx ['l’l] M

If M"~1 C N™ is a separating submanifold, let C; and C,
be the two components of N — M. Form an ANR homology
manifold X = C;UM x[—1,1)UC,. Thereisa CEmapp: X —
N obtained by collapsing M x [—1,1] to M. By the Resolution
Theorem, there is a manifold P and a CEmap q: P — X. The
map ¢ can be taken to the identity on a neighborhood of M x0.
Approximating the CE composition po ¢ by a homeomorphism
h gives the desired locally flat approximation to M.

We combine the e-approximation theorem of [6] and [9] with
some surgery below the middle dimension to give a proof of
Theorem 1. In dimensions > 5, at least, no obstructions are
encountered. This removes the resolution theorem from the
argument, though some surgery does enter the picture in the
form of homotopy torii.

2. LOCAL ALGEBRAIC TOPOLOGY

The results in this section are all well-known. See (2], [7],
[10], and [14]-[16]. They are included in order to keep the
proof as self-contained as possible. Following [3], we restrict
our attention to M = S™"! and N = S™. The proof we give
extends easily to the more general case. By abuse of notation,
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we will denote f(M) C S™ by M. Let C be a component of
St~ M. . L

Proposition 1. If B, C B, C S™ are closed balls and BN M
contracts to a point in BN M, then im(Hi(B,NC) — H;(B;N
C)) isZ for k =0 and 0 for k > 0.

Proof: We begin by considering the diagram

Hi(Bz = M) ———— H"=*(B,,8B2 U (M N Bz)) +————— H"~*-1(8B, U (M N By))
Ia
A™~*(Ba,(Ba - B1) U(M N By)) ——— F™=*=1((B - B1)U(MN By)

Hi(By - M) —=— f™=*(B,,0B, U (M N By)) ————— A™~%-1(3B, U (M N By))

which shows that it is sufficient to compute the map « in the
upper right hand corner. Noting that

H™*((MNB,)/(MNdB)) = H™ (M B) = Hyo(M( B)
for k # n, we can use the diagram

A™=¥(8B3) «——— H™~*(8B2 U (M N B3)) ——— H™~*((M N B2)/(M N8Bz2)) ——— Hi_,(M N Bz)
[ [
H™=*(By = By) — H™=*((By - B1)U(M N By)) — E™~*((M 1 B3)/(M N (B - B1)))

A™=*((M 0 B1)/(MN8By)) —— H_y(M N By)

to complete the proof. O
Proposition 2. There is a sequence {/;}2, of maps l; : S* —
C so that

(i) Each l; is an embedding.
(ii) lim diam(l;(S*)) = 0.
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(ii1) For each € > 0 and N > 0 there is a 6 > 0 so that if
1:8" - C is a loop with diam(l(S*)) < 6, then there
is a disk-with-holes D C D* and a map l: D — C so
that diam(I(D)) < € and 1|0D consists of | together with
liyy..., i sothati; > N forallj.

(iv) For each € > 0 there is an N > 0 such that if i > N
then 1;(S) C N(e, M).

We begin the proof with a lemma.

Lemma 1. C is locally contractible, that is, that for every e >
0 there is a 6 > 0 so that for each z € C, B(6,z)NC contracts
to a point in B(e,z)NC.

Proof of Lemma: Let r : U — M be a retraction from a
neighborhood of M to M. Defines: CUU - CUM = C by
s(x) = r(z) if r ¢ C and s(z) = z otherwise. Clearly, s is a
retraction from a neighborhood of C in S™ to C.

Given € > 0 choose § > 0 so that if z € C, then s(B(6 z)) C
B(e z). Contracting B(é,z) in itself and composing with s
gives a contraction of B(6,z) N C to a point in B(e,z) N C.
The result follows. O

Remark 1. In our special case of M & S™~1 in S", Alexander
Duality shows that Hy(C) = Hi(pt) for all k. By the Van
Kampen Theorem, which is valid for ANR’s intersecting in an
ANR, m,(C) is trivial, so C is contractible.

Lemma 2. Ifa: D?* — C is a map with o(S*) C C and p > 0
is given, there is a disk-with-holes D C D? and a map & : D —
C so that a|3D consists of a|0D? together with a collection
L, : S! - C, i =1,...,k, of loops so that diam(l;(S})) <
“, I(Sl) C N(u,M), and d(a(z),a(z)) < p for all z € D.
Here, N(u, M) denotes the set of points whose distance from
M is less than u.
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Proof: Let 4 > 0, and o > 0 be given. C is dense in C
- and Proposition 1 shows that C is uniformly locally connected.
This means that if T is any triangulation of D?, we can approx-
imate o arbitrarily closely by a map o’ so that o/(|T(")|) C C.
Choosing T to be a fine triangulation and D to be a reg-
ular neighborhood of |T™| in D? completes the proof with
a=cd|D. O

Proof of Proposition 2. Let {a;}2,, a; : D* — C be dense in
the space of maps a : D* — C with o(S*) C C. By Lemma
2.5 there is a countable collection {D;;} of disks-with-holes,
D;; ¢ D? and maps &;; : D;; — C so that &;;|0D;; consists of
a;|0D? together with a collection ; 7 :S' = Cik=1, ...,n;
of loops so that diam( zJ,C(SI)) a5 Uw(Sh) (HI_J.,M),
and d(ai(z), a;5(z)) < m for all z € D;;. Letting {I;} be
U;;kli;; completes the proof. [J

We will also need the following local version of the Hurewicz
theorem, which appears as Proposition 3.1 of [9].

Proposition 3 (Eventual Hurewicz Theorem). For each
k > 0 there is an integer ny > 0 such that if Ay, CA, C---C
A,, is a sequence of connected polyhedra with iy : m(A;) —
T1(Aj+1) and 1. © Hi(A;) = Hi(Aj41) equal to zero for all
J < ng and for all l between 0 and k, then each map of a k-
dimensional complez into A, is homotopic to a constant map
in A,,.

3. TAMING EMBEDDINGS BY SMALL SURGERIES

In this section, we consider S™ to be standardly embedded
in R***, k large. For 4 > 0 some small number, thicken S*
radially to obtain a copy of S™x [0, u] C R™*t*. Let {l;} be a col-
lection of loops as in the statement of Proposition 2. Since the
loops I; have small diameter, they are canonically contractible
in S™ and there is a canonical trivialization of the normal bun-
dle to each /;. Attach 2-handles H; = D? x D""! along each
;(S') x D™ ! x u extending the given framing to obtain a
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“cobordism” W' from S™ to a new space N'. Note that neither
W' nor N'is a manifold. We may assume that the H;’s are em-
bedded in R™** in such a way that diam(H;) < 2 diam(1;(S")).

Here is a schematic picture:

Since each [;(S') represents the trivial element in H,(C),
H3(N) has a generator corresponding to each /;. We need to
show that these homology elements are represented by +; :
S? — C' with diam(;(S?)) small for each . Here, C' C N'is
the result of doing surgeries on C.

Proposition 4. For evéry € > 0 there is a 6 > 0 so that if
diam(1;(S')) < 6, then 7; can be chosen with diam(v;) < e.

Proof: Given € > 0, Choose 65 as in Proposition 2 for . Choose
6, as in the same proposition for é3, and choose § as in Corollary
2.1 for é;. Thus, if diam(l;(S')) < é,l; extends to a map

l; . F; — C where F; is an orientable surface with one boundary

component and diam(l;(F;)) < é2. Let {B;} be a collection of
curves in F; such that F; — U{f;} is a disk-with-holes. O




ON THE ANCEL-CANNON THEOREM 47

Since diam(B;) < é;, B; bounds a disk-with-holes of diameter
- < 63 where the holes are bounded by [l;’s, k large. Extending
using the corresponding H,’s, we see that each loop f; bounds
a disk of diameter < é3. Cutting along these disks give a disk
homologous to F; which has diameter < é, + 263 in C’ and
which is bounded by /;. The corresponding 7; : $? — C’ has
diameter < 26; + 6, + 263 <e. O

Since n > 5, the 4;(5?)’s have trivial normal bundles. Con-
tinuing the construction, we attach thin 3-handles G; = D3 x
D™? to the 4;(S?)’s to obtain a “cobordism” W” from S™ to
a space N"=C"UMU (5" - C).

Proposition 5. For every ¢ > 0 there is a 6 > 0 so that if
z € C", then B(6,z) NC" contracts to a point in B(e,z)NC".

Proof: Suppose not. Then there is a fixed ¢ > 0 so that no
6 > 0 suffices. By compactness, there is an £ € C"” UM so that
for every 6 > 0, B(6,z) N C" does not contract in B(e,z) NC".
By the Eventual Hurewicz Theorem, this can only occur if
there is a problem with the local fundamental group or the
local homology at z.

Local 7 is clearly no problem. Any loop in C” near z can
be moved into C — UH; by general position. Therefore, by
Proposition 2, it bounds a disk-with-holes in C. Capping off
using Hy's, k large, gives a small disk.

Similarly, there can be no problems with local homology.
If H.(B(6,z) N C) — H.(B(e,z) N C) is trivial, the image
of H.(B(6,z) N C”) in H.(B(e,z) N C") is generated by the
7(S?%)’s and their duals. Choosing the gap between ¢ and §
large enough that G; C B(e,z) whenever H; meets B(é,z)
guarantees that the relevant v;(S%)’s and their duals die in
H.(B(e,z)NC"). O

We are now in a position to apply the Cernavskii-Seebeck
Theorem of [9], p. 579. (Details of the papers of Cernavskii
and Seebeck referred to in [9] have never appeared.) Here is
its statement:
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Theorem 2. Suppose that C is a noncompact n-manifold with-
out boundary, n > 5, and that M is an (n — 1)-dimensional
manifold without boundary. Suppose that X = C UM is a
locally compact metric space such that CN M = 0,C is dense
in X, and M is (n—1)-LCC in X. Then X is an n-manifold
with boundary M.

The (n—1)-LCC condition is trivially implied by Proposition
5, so the theorem applies to show that C” U M is a manifold
with boundary. Of course, we could just as easily have done
surgery to both complementary domains of M in S™. In that
case, we obtain a cobordism W” from S™ to a manifold N”.
Note that if 4 > 0 is given in advance, we can perform the
construction above using 2- and 3-handles of diameter < pu.

4. THE PROOF OF THE MAIN THEOREM

We wish to exploit the following “e-approximation theorem,”
which combines Theorems 2-4 of [9].

Theorem 3. If M™ is a closed n-manifold, n > 5, and ¢ > 0
is given, then there is a § > 0 so that if f : M — N is a map
from M to a connected n-manifold such that diam(f~!(z)) < §
for every x € N, then there is a homeomorphism h : N - M

such that d(h o f,id) < e.

We proceed to construct a map g : S® — N” which has
small point-inverses. Using the Eventual Hurewicz Theorem
as in the proof of Proposition 5 gives us:

Proposition 6. If k is an integer greater than zero and real
numbers 0 < A\g < A} < -+ < Ay < 1 are given, u > 0 can be
chosen so that adding handles of diameter < p has above yields
a manifold N” such that B();,z) N N"” contracts to a point in
B(Aiy1,2) N N" for each x € N” and : < k.

Proof: Given 6§ > 0, let X\; = 36,0 < 7« < 2n — 2. Choose
g >0, 3u < 6, and construct W"” using handles of diameter
< p so that B(A;, )N N" contracts to a point in B(Ai+1,z)NN"
foreachz € N” and: <2n + 1.
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Triangulate S™ so that the diameter of each simplex is less
than p. Define a map g : S® — N” inductively, as fol-
lows. For each vertex v € S™, let g(v) be a point in N” with
d(v,g(v)) < Ao. If vertices vp and v; bound a 1-simplex in
S™,g(vo) and g(v;) are within A; of each other and can be
connected by a path of length < A;. This allows us to ex-
tend g over (vg,v1). Similarly, we extend over the remaining
skeleta, obtaining a map g so that d(z,g(z)) < 32"*2§ for al-
1 z € S". This guarantees that the point-inverses of g have
diameter < 2 - 3?"*2§. Applying the e-approximation theorem
completes the proof of the Ancel-Cannon Theorem. O

5. REMARKS ON THE PROOF OF THE e-APPROXIMATION
THEOREM

The referee has suggested that we include a few words about
the proof of the e-approximation theorem. The main step in
the proof is the following, which is stated on p. 583 of [6].

Theorem 4. Let M™, n > 5, be a closed topological manifold
with a fized topological metric d. Then for every € > 0 there is
abd>0sothatif f: N> M is a 6-equivalence over M, then
f is e-homotopic to a homeomorphism.

By a é-equivalence f : X — Y, we mean a homotopy equiv-
alence f with homotopy inverse g and homotopies h, : go f =~
idx, k; : fog =~ idy so that the tracks {k;(z)} and {f o h(z)}

have diameter < 6.
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We sketch the proof in dimensions > 6. The proof is a torus
argument modeled on the proof of Siebenmann’s CE Approx-
imation Theorem. The first step in the proof is a (rather!)
technical lemma.

Lemma 3 (Handle Lemma). Let V" be a topological mani-

fold, n > 5, and let f : V — B* x R™ be a proper map such

that 0V = f~Y(0B* x R™) and f is a homeomorphism over
k

(B* — %é ) x R™. For every € > 0 there is a 6 > 0 so that if
f is a 6-equivalence over B* x 3B™ and m > 1, then:

(1) There exzists an e-equivalence F : B* x R™ — B¥ x R™

ok
such that F = id over (B* — 2B ) x R™ U B* x (R™ —

4ém), and
(i) There ezists a homeomorphism ¢ : f~Y(U) — F~}(U)
ok
such that F o ¢ = f|f~}(U), where U = (B* - B ) x
R™ U B* x 2B™.

\ \&\\\
ENTISR)
ONNNNANNR

Remark 2. In general, the torus trick takes a piece of a given
map and extends it in such a way that it has nice properties
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near infinity. Thus, one might expext that the Handle Lemma
.should take a é-equivalence and turn it into an e-equivalence F'
which is a homeomorphism near infinity so that F' agrees with
f on a core and near the coundary and so that F' is a global
e-equivalence which is a homeomorphism near infinity. This
is inappropriate, however, since we cannot assume that the
original map f is a é-equivalence over more than a core, so we
have no reason to believe that V is even homotopy equivalent
to B¥ x R™. The best we can hope for, then, is that the parts
of V over a core and near the boundary embed in a minifold
homeomorphic to B¥ x R™ where the desired extension exists.
This is the content of our Handle Lemma.

Proof: We construct the following diagram:

B* x R™ L » BF x R™
4\

z‘I 1
BF x R™ F > BF x R™
idxel . tdXe
BExTm ok _w, fs » B x T™

Wy —22 . (B* x T™) — D"

n
v 1

wy =L (BF x T™) — (2B* x {z0})

'S

. J

Wo fo » B¥ x T
B lidxﬁ
! » B x R™

homeo over 8
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(i) Wp is constructed by taking the pullback. W, is a man-

. ifold and fj is an é;-equivalence away from the hole in

the torus. One way to see this is to pull back the map-

ping cylinder projection from the mapping cylinder of

f to V. This is the mapping cylinder of fy and the 56-

SDR from M(f) to V lifts to a 6;-SDR from M (fo) to
W, away from the hole.

(ii) Since f is a homeomorphism over the boundary, we can
put the plug in over B¥ — %Bk) x T™. This gives us W,
and f;.

(iii) Parameterize the end of (B* x T™) — (2B* x {z0}) as
S"1 x [0,1) and choose D™ to be a disk in B* x T™
containing (2B* x {zo}). For § sufficiently small, we
can use the Splitting Theorem below to find W, C W,
and a homotopy equivalence of pairs f; : (W, 0W,) —

(B xT™) - D ,0D™). Moreover, we can take f; = f;
outside of a small neighborhood of 0D". Note that
at this stage we have lost some control, since f, is an
uncontrolled homotopy equivalence over D™ and D™ is
not small.

(iv) We cone off 9W, and extend to f3 : Ws — B* x T™,
We regain the lost control by Stretching out a collar on
a disk 2D™ O D™ and squeezing D™ to be small. The
result is a 6,-equivalence f3: W3 — B* x T™.

(v) Choose h : W3 — B* x T™ to be a homeomorphism

) k
agreeing with f; over (B¥ — 2B ) x T™ and homotopic
to f3. The existence of h is a consequence of topological
surgery theory.

(vi) Pass to the universal cover and get F", which is bounded
o k
and equal to the identity over (B* — 2B ) x R™.

(vii) Let p: R™ — 4B be aradial homeomorphism which is
the identity on 2B™. Conjugating F’ by id X p squeezes



ON THE ANCEL-CANNON THEOREM 53

om
F' to a homeomorphism F* = poF'op™! : B¥x4B —
om
B* x 4B which comes closer and closer to commuting

with projection near the boundary. Squeezing in the
B*-direction - this is essentla.lly an Alexander isotopy

— gives an F : B x 4B Bt x 4B which extends by
the identity to B* x R™.

(viii) The construction of ¢ proceeds as usual. We simply
note that F' contains a copy of f over B™ and extend
near the boundary using f to identify a neighborhood of
the boundary in V with a neighborhood of the boundary
in' the range.

This completes the proof of
the Handle Lemma. 0O

The next step in the proof is to use Siebenmann’s inversion
trick to prove the following Handle Theorem. the idea here is
to reverse the roles of 0 and co and use the Handle Lemma a
second time. The first time gives us a map agreeing with f
on a core which is a homeomorphism near infinity. Inverting
and applying the Handle Lemma again gives us a map agreeing
with f on a band and which is a homeomorphism over a core.

Theorem 5 (Handle Theorem). Let V" be a topological man-

ifold, n > 5, and let f : V — B* x R™ be a proper map such

that OV = f~1(0B* x R™) and f is a homeomorphism over
) k

(B*— 3B ) x R™. For every € > 0 there is a § > 0 so that if

f is a 6-equivalence over B* x 3B™, then there exists a proper
map f : V — B* x R™ such that
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(1) f is an e-equivalence over B* x 2.5B™

(ii) f = f over [(B* — circB*) x R™|U[B* x m_2B IR
(iii) f is @ homeomorphism over B* x B™.

Proof: The case m = 0 follows from the generalized Poincaré
Conjecture and coning, so we assume m > 1.

 We apply the Handle Lemma to obtain F as above and com-
pactify F by the identity to obtain a homeomorphism B* x
S™ — B* x S™. We take out B* x south pole and its in-
verse image and apply the handle lemma again, parameteriz-
ing B*¥ x R™ so that there is an overlap where we still have the
original f. We compactify again.

_ The result is a new space V with a global e-equivalence F :
V — B*xR™so that Fisa homeomorphism over B¥x B™ and

F = f over B* x (3B™ — )U(B" 7 )x3B"‘ Using the

Sphttlng Theorem and the Generallzed Pomcare conjecture,

we can find an S*~! C f~1(B* x (3Bm—2B YU (B¥ — B ) %
3B™) which bounds a ball in V containing f~!(1B* >< B™).
By coning, we can identify F~*(B* x 3B™) with a subset of V,
completing the proof. O

Proof of a-approzimation: The proof of the a-approximation
theorem is now an easy handle induction. We begin by taking
a small handle decomposition of M. A 0-handle is a closed n-
ball. Taking an open collar on the boundary, we have a B® xR".
The Handle Theorem produces a new é;-equivalence which is
a homeomorphism over a neighborhood of the original handle.
After doing this for all 0-handles, each 1-handle is a B! x B"~!
meeting the 0-handles in dB! x B"~1. Adding a collar, we
have a §,-equivalence over B! x 3B™~! and a homeomorphism
over a neighborhood of B! x R™. Applying the Handle The-
orem gives a 6;-equivalence which is a homeomorphism over
a neighborhood of the original 1-handle. The induction con-
tinues until the Poincaré Conjecture and the Alexander trick
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allow us to cone off at the last stage. The degree of approxi-
mation is governed by the sizes of the original handles. O

Remark 3. Of course, this requires that we know that topo-
logical manifolds in dimensions > 6 have small handle decom-
positions. This is one of the results of the Kirby-Siebenmann
program [11, p.104]. A way of avoiding this is to use a han-
dle decomposition of R" to prove the result over coordinate
patches and then use the following strong version of local con-
tractibility of the homeomorphism group.

Theorem 6([8]). Let M™ be a topological manifold. If C
is a compact subset of M and U is an open neighborhood of
C in M, then for every € > 0 there is a 6 > 0 so that if
h:U — M is an open embedding with d(h(z),z) < 6, then
there is a homeomorphism h: M — M so that h|C = h|C,
R|((M —U) = id, and d(k(z),z) < €.

Here is how the piecing together process works. Cover M
by finitely many balls {B;}!_, and for each i, let B;p D B;o D

Bi;---D B,,,,_l D B;, = B; be a sequence of nested neigh-
borhoods of B;. We prove inductively that for every ¢ > 0
there is a 6 > 0 so that every é-equivalence f : N — M is
e-close to an e-equivalence f; which is a homeomorphism over

B,;U---UB,;.
The case : = 1 is easy. We take a handle decomposition of

o
B, and use the handle induction above to get a homeomor-
phism over B ;.

The case 1 = 2 is representative of the general case. We
have homeomorphisms h and k over B;; and B,; which are
close to our original f. We therefore have an homeomorphism

] o
hok™' : B;; N By — M which is close to the identity. By
local contractibility of the homeomorphlsm group, we can find

h: M — M agreeing with ho k™! on Bl 2N Bn which is close
to the identity and which is equal to the identity outside of
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[+] [+
B;1 N By,. Deﬁmng a new homeomorphlsm over 31 2U 32 2

to be h over B; , and h ok over ng completes the inductive
step. O

Of course, we're still left using the classification of topo-
logical homotopy torii in high dimensions, but this trick of
blending homeomorphisms using local contractibility is often
useful.

Theorem 7 (Splitting Theorem). Let W™ be a manifold,
n>5and OW =0, and let f : W — S™! x R be a proper
map which is an e-equivalence over [—2,2| via the projection
mapp: S !xR—-R. Ife > 0 is sufficiently small, then there
is an (n—1)-sphere S subset f~1(S™ ! x [—1,1]) such that f|S :
S — S""1xR is a homotopy equwalence, S is bicollared, and S
separates the component of W containing f~1(S*! x [—1,1])
into two components, one containing f~'(S"!' x {-1}) and
one containing f~1(S™"! x {1}).

Proof: In dimensions n- > 6, this is similar to the proof of
Siebenmann’s thesis. Split by transversality over S™~! x {0}
and do surgery to make the map

H(f71(5" % [0,1 = =50), f7(0)) —

Hi(f~1(S""1 x [0,1]), £71(0))
the zero map.

The only real novelty here is that at each stage we must
extend the map so that the surgered boundary manifold is the
new inverse image of zero. This is done by applying a homotopy
h, which drags the image of the handle into S*~! x {0} and
then poking the interior of the handle across S™~! x {0} inside
a collar neighborhood of S*~! x {0}. O

Remark 4. Given the basic tools of topological surgery - han-
dle decompositions, transversality, and especially periodicity —
the proof of the torus geometry we need isn’t too hard.
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It suffices for our argument to show that a homotopy B* x T™
rel 0 becomes standard after passage to a finite cover. After
passing to a finite cover, we can use a relative version of Sieben-
mann’s thesis to split open over T™~! and reduce to the same
problem for B¥*! x T™-! rel 9 and for B¥ x T™~!. The first
factor is no problem. We just induct on down to the case of
B™ rel 0, which we solve by an Alexander trick.

The second is more of a problem because of low-dimensional
difficulties. Here is where S(B**3 x T™-!, 3), which pushes up
the dimension, avoiding low-dimensional difficulties. See [17]
for a nice explanation.

Here, S(B* x T™, ) is the structure set, whose elements are
homotopy equivalences f : (N,d) — (B* x T™,8) with f|0 a
homeomorphism, where f and f’ are said to be equivalent if
there is a homeomorphism ¢ : N — N’ so that f is homotopic
to f' o ¢. Note that S(B* x T™, d) has a group structure for
k > 1. This same argument would work in PL, except that
the periodicity isomorphism fails for £ = 3.

The referee has pointed out that there is an another proof of
the Ancel-Cannon Theorem in [4] which also uses the Cernavskii-
Seebeck Theorem.
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